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Using a thin gas target, the total cross section for the He? + H® reaction was determined over 
the range of triton energies from 150 to 970 kev. In this energy interval, the total cross sec- 
tion increases monotonically from 3.2 to 63.0 mb. The energy dependence of the ratios of 
cross sections for different branches of the reaction were measured. We determined the 
energy of the decay of He® into an a particle and a neutron. 


lisse have been just two experimental papers on 
the reaction 


He? —— H?— Lit = He* +H? + 14.31 Mev, (1) 
— He* + Ht+n-+ 12.08 Mev, (2) 

— He + H'+ Q 
fe +n+Q’. (3) 


The work of Almaqvist et al.! is qualitative. In the 
work of Moak,” which was carried out on a solid 
lithium target, values were obtained for the total 
cross section of the He® + H® reaction and for the 
ratio of the cross sections for various branches of 
the reaction, and the energy of decay of He? into 
an a@ particle and a neutron was determined. The 
precision in the determination of the total cross 
section is estimated to be +20%. 


The present work, unlike these preceding efforts, 


was carried out on a thin gas target. The total 
cross section for the reaction was determined by 
the method of integral counting of neutrons from 
the branches (2) and (3) of the reaction, taking ac- 
count of the ratio between the various reaction 
branches. This ratio was found from the spectra 
of charged particles measured at an angle of 90° 


in the laboratory system. On the basis of the meas- 


ured spectra of reaction products, an estimate was 
made of the energy of decay of He® into an a par- 
ticle and a neutron. As a control experiment, we 


measured under the same conditions using the in- 
tegral method the cross section for the reaction 
H+ HP. 


EXPERIMENTAL METHOD 


Tritium ions accelerated by an electrostatic 
generator, after passing through a series of limit- 
ing diaphragms, entered the entrance window of the 
gas target. The thin gas target was placed ina 
vacuum chamber located in the center of a tank 
containing a 2% aqueous solution of KMnQ,. At an 
angle of 90° to the direction of the triton beam we 
placed a FEU-25 photomultiplier with a CsI crys- 
tal, which served as a monitor to check the con- 
stancy of the yield of reaction products. The en- 
trance window of the gas target was covered by a 
nickel foil 0.9 1.4 mg/cm? thick. The side win- 
dow of the target which faced the scintillation coun- 
ter was covered by a nickel foil 1 mg/cm? thick. 
The energy dependence of the energy loss of the 
tritons in the foils was determined by using an 
auxiliary magnetic analyzer.’ A thermocouple was 
inserted in the gas target for determining its tem- 
perature. The target was filled with a 100% con- 
centration of He® to a pressure of 60 mm of Hg. 

The energy loss of the tritons in the gas target 
filled with He® was determined from the computed 
curve.’ The flux of neutrons resulting from the 
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FIG. 1. Cross sections for the He® + H® re- 
action as a function of triton energy Ey3; @— 
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total cross sections after Moak*; O—cross sec- 
tions for neutron branches; O —total cross sec- 
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tions obtained from the cross sections for the 
neutron branches and the ratio between the 


various reaction branches; A—total cross sec- 
tions obtained by counting charged particles. 
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interaction of H® and He® nuclei was determined 
in relative units by measuring the f activity in- 
duced in the manganese in the KMnOQ, solution. 

The absolute value of the neutron flux from the tar- 
get was obtained by comparing it with the flux from 
a standard Ra + Be source in the same solution. 
To determine the ratio between the various reac- 
tion branches and also to measure the differential 
cross section we used a spectrometer consisting of 
a FEU-S photomultiplier and a CsI crystal. The 
crystal was 20 mm in diameter and 1.8 mm thick. 
The spectrometer was placed at an angle of 90° 
with respect to the beam of accelerated tritons. In 
measuring the energy spectra, pulses from the 
photomultiplier passed through a cathode follower 
and amplifier, and entered a 50-channel pulse ana- 
lyzer. The whole system was calibrated in energy 
and had excellent linearity. 


RESULTS OF THE MEASUREMENTS 


Figure 1 shows the results of measurements of 
cross sections for the neutron branches of the re- 
action, obtained by integral counting of neutrons.**® 
The root mean square error of the measurements 
is +5% in the energy range 240 — 970 kev, and 
+31% at 149 kev. 

The ratios of the various branches for the He? 
+ H® reaction (as a function of the energy of the 
incident tritons ) was determined from measure- 
ments of the energy spectrum of charged particles 
at an angle of 90° in the laboratory system. One 
such spectrum is shown in Fig. 2. The spectrum 
of particles has two peaks, due to the a particles 
and deuterons of branch (1). Between these peaks 
there is a continuous spectrum of protons from 
branch (2). The proton peak, corresponding to the 
ground state of He’, is close in energy to the 
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FIG. 2. Energy spectrum of particles from the He*® + H® 
reaction for Ey3 = 506 kev: @—total spectrum; O —the same 
spectrum after passing through an aluminum foil 59.08 mg/cm? 
thick. The abscissa gives the number of the channel in the 
analyzer, and the ordinate the relative number of counts per 
unit energy range (arb. units). 


deuteron peak from branch (1), so that it is not re- 
solved by the spectrometer. The resolution needed 
for separating these peaks can be obtained by mak- 
ing use of the difference in range of protons and 
deuterons in any material. For this purpose we 
placed along the path of the particles from the gas 
target to the scintillation counter an aluminum foil 
59.08 mg/cm? in thickness. After passing through 
this foil, the particles had quite different energies 
(for example, the protons had 7.37 Mev and the 
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deuterons 5.48 Mev for Ey? = 636 kev) and could 
easily be resolved. In Fig. 2 we show one of the 
spectra obtained using the foil. Similar spectra 
were taken for eleven values of the triton bombard- 
ing energy in the interval 150—950 kev. As the 
measurements showed, in the range of energies in- 
vestigated the ratios of the various branches of the 
reaction He® + H® remain constant and are equal, 
on the average, to 


He? + H®—, Het + H?4Q,...... (41 352) %, (1) 
= Het Hen 405. (65222), = (2) 
Hes tH Qa 0. ce (441) % 2) 


Using the cross sections obtained for the neu- 
tron branches (2) and (3), and the ratios of the con- 
tributions from the different branches, under the 
assumption of spherical symmetry of the angular 
distributions of the reaction products, we calculated 
the total cross sections. The computational results 
are shown in Fig. 1. On this same figure we show 
the total reaction cross section determined by 
counting of charged particles. These were obtained 
from the measured differential cross section at 
90° by multiplying by 47. Since the beam of tri- 
tium ions also contains some deuterium ions (the 
impurity amounts to 0.5—0.6%), in measuring the 
yield of charged particles we eliminated the con- 
tribution from the He? + H?— He’ + H! reaction. 
The root mean square error of the measurement 
of differential cross sections was +6% on the av- 
erage. 

As a check on the operation of the whole appa- 
ratus, we made a measurement of the cross sec- 
tion for the H® + H® reaction by the integral 
method. The cross section for this reaction is 
known to good accuracy (3—5%) over a wide 
energy range, and, naturally, the agreement of the 
results obtained by our method with the data in the 
literature is a convincing proof of its suitability 
for determining the cross sections of the neutron 
branches of the He? + H? reaction. As our meas- 
urements showed,’ the results obtained by us agree 
within the limits of error (+8%) with all the main 
papers concerning this reaction. 


DETERMINATION OF ENERGY OF DECAY OF 
He® AND DISCUSSION OF RESULTS OF THE 
EXPERIMENT 


From the experimentally determined energy of 
the protons from branch (3) we calculated the 
energy € of decay of He® into a neutron and an a 
particle. The calculation was made using the 
formula 

e (He®) = 0.4Ey: — 1.2Em + 12.08 Mev, 
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where Eq is the energy of the incident tritons; 
EY! = (9.6 + 0.1) Mev is the energy of the protons 
from branch (3) (also in the lab system). The 
value found for the decay energy of He® is (0.8 

+ 0.1) Mev. 

The total cross sections given in Fig. 1 for the 
He? + H® reaction, as measured by two independent 
methods, agree with one another within the limits 
of error. On the same figure, we also show the 
results of Moak.’ The cross sections found by 
Moak are three times higher than those of the 
present work. Such a large discrepancy is rather 
difficult to explain. We feel that the agreement of 
the values for total cross sections obtained in the 
present work by two independent methods, as well 
as the positive result of the control experiment for 
determining the cross section of the H’ + H® reac- 
tion, speak convincingly in favor of the reliability 
of the values obtained by us for the total cross 
sections. 

The data of the present work with regard to the 
ratio of the various branches of the He® + H® re- 
action are in good agreement with the data of Moak. 

As for the decay energy of He’°, the value (0.8 
+ 0.1) Mev obtained here is close to the value of 
€(He°) given in the summary of Ajzenberg and 
Lauritsen® which is (1 + 0.1) Mev, and the value of 
(0.95 + 0.07) Mev given by Moak.? 

The authors express their gratitude to Prof. 

V. P. Dzhelepov, Prof. I. M. Frank, and L. P. 
Lapidus for continual interest in the work and dis- 
cussion of the results, as well as to the operating 
group of the electrostatic generator consisting of 
I. A. Chepurchenko, N. N. Schetchikov and M. V. 
Savenkova. 
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The absolute production cross sections and relative yields of At’! and At?!! from bismuth 
irradiated by 120 — 660 Mev protons were determined by radiochemical means. In the given 
case the astatine isotopes are produced in the (a, xn) reaction when an @ particle with an 
energy Eq > 20 Mev, produced as a result of profound disintegration, is captured by a target 
nucleus. The cross sections for the production of a particles with energies Eq> 20 Mev 
were calculated on the basis of the experimental data, and the shape of their energy spectrum 


was estimated. 


INTRODUCTION 


Te disintegration of complex nuclei by high- 
energy protons produces alpha particles, some of 
which possess a sufficiently high energy to give 
rise to secondary reactions in the target nuclei. 
Determination of secondary-reaction yields ena- 
bles one to reach conclusions about the shape of 
the spectrum of fast qa particles, and to estimate 
the cross section for their production. In particu- 
lar, this method was employed to determine the 
shape of the spectrum and the production cross 
section of fast a particles produced in the decay 

of bismuth! and gold.? 

Despite the fact that in both references single 
isotopes and elements with near atomic numbers 
were studied, the shapes of the spectra of the fast 
alpha particles differ from each other consider- 
ably. In addition, the cross section for the produc- 
tion of particles with Eqj> 20 Mev in bismuth 
turned out to be 5 to 6.3 x 10 *° em?, which is 
more by a factor of 3 —4 than the cross section 
obtained from the data of Perfilov and Ostroumov? 
who used the method of three photoemulsion layers. 

In view of these differences, we thought it use- 
ful to repeat the work of Kurchatov et al.! and to 
clarify the reason for the observed discrepancies. 


4 


EXPERIMENTAL PART 


We conducted our work with bismuth of high 
purity, the total impurity content of which did not 
exceed 10 4%. The targets were irradiated in the 
synchrocyclotron of the Laboratory for Nuclear 
Problems at the Joint Institute for Nuclear Re- 


search. The proton energy was varied between 
120 and 660 Mev by placing the target at different 
orbit radii of the accelerated protons inside the 
vacuum chamber of the accelerator. 

To prevent losses of astatine due to heating of 
the target during irradiation, the bismuth was 
sealed in a quartz ampule with an outer diameter 
of (3.9 + 0.1) mm, a wall thickness of 0.5 — 0.6, 
and a length of 30 mm. The metal occupied 
approximately half the volume of the ampule. The 
time of irradiation varied from 5 to 15 min. The 
proton-beam intensity was estimated from the 
production of Na?‘ in aluminum foil which was 
wrapped about the lower half of the ampule occu- 
pied by the metal. 

Three hours after the irradiation, the astatine 
was extracted from the bismuth and precipitated 
together with elementary tellurium.® A suspension 
of elementary tellurium in water was uniformly 
deposited on a stainless-steel disc with a diameter 
of 2 cm and was dried at a temperature of 80 — 
90°C. To prevent mechanical losses of tellurium 
during the measurements, the preparation was 
covered with a film of nitrocellulose (0.02 mg/cm?). 

The absorption of @ particles in the tellurium 
layer and the covering film was determined exper- 
imentally. For this purpose we compared the a 
activity of equal amounts of astatine precipitated 
together with tellurium and covered with a film, 
and astatine deposited from a nitric-acid solution 
on a polished platinum disc. In the latter case the 
astatine preparation was without a carrier and 
there was no absorption of @ particles in the 
layer. The experiment showed that the tellurium 
layer and the film which covered it absorbed 25% 
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of the @ particles from At?!! (Eq = 5.86 Mev) and 
Po*!! (7.44 Mev), and 30% of the a particles from 
Po?! (5.3 Mev). 

The alpha activity of tellurium preparations 
which contained astatine was measured with the 
aid of a scintillation counter consisting of an 
FEU-19 photomultiplier with a ZnS(Ag) scintilla- 
tor. The natural background of the measuring ap- 
paratus amounted to 10 — 20 pulses/sec. The 
total efficiency determined with the aid of an a 
standard (Pu??’, Ey =5.15 Mev) was found to be 
~ 35%. It was observed in the measurements that 
the activity of all preparations decreased with two 
half-lives: (7.3 + 0.2) hr and 140 days; these are 
the half-lives of At?!! and Po?!0, respectively. 
Po?!) is formed in the decay of At?!0 (Typ = 8.3 
hrs; K capture ). 

The activity of the monitor specimens (Na*‘) 
was measured with a end-window MST-40 Geiger- 
Mueller counter. The total efficiency, determined 
with the Sr®’8 standard (Ty =51 days, Eq = 1.46 
Mev), amounted to ~ 20%. 


RESULTS 


The absolute cross sections for the production 
of At?!° and At*!! for various energies of the bom- 


barding protons Ep are listed in the table. The 
| l 
Ep, Mev | o (At@1), 10-29 om?) o (At*9), 10-28em*4|a (A t2!9)/o( A t#t!) 

| | 

130 Ohag | Oxao 0.63 

470* | 1.28 | 1.05 0.8 

300 1.96 1.18 | 0,60 

400 | 1.92 Al pays) 0.82 

480* | Pita 2AO 0.8 

530 | 2.82 2.28 | 0.81 

580. | 2.26 CEG 9.66 

660 | 2.60 DWE | 0.82 


*Corrected results of reference 1. 


absolute cross section for the production of asta- 
tine isotopes from bismuth under the action of fast 
protons is here understood to be* 


Ce) 
CA 
aR,=n \ asd = Ss, 
20 Mev 0 


where n is the number of bismuth nuclei per 
cubic centimeter, % is the cross section for the 
production of @ particles on wee target nuclei 
under the action of protons, OA is the cross sec- 
tion for the production of astatine isotopes under 
the action of @ particles, and dE/dx is the energy 
loss of the @ particles in the target material. 


*Starting from the alpha spectrum, one can show that in the 
irradiation of thick specimens (6 > 1 mm)o%, is independent of 
the target thickness. 
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The ratio of the production cross sections of 
At?” and At?! is listed in the last column of the 
table. The production cross sections of the indi- 
vidual astatine isotopes are determined within a 
precision of +30%, the error in the determination 
of their ratio does not exceed 415%. 

As can be seen from the results listed in the 
table, the production cross section of astatine iso- 
topes increases by about a factor of five when the 
energy of the bombarding protons Ep is increased 
from 120 to 600 Mev. The cross section increases 
most rapidly up to energies of 300 —400 Mev. The 
ratio of the cross sections 9 Ateto/ © At2i1 2S a func~ 
tion of Ep remains constant within the limits of 
the experimental error. This indicates that the 
shape of the spectrum of the a particles produced 
in the disintegration of bismuth remains practi- 
cally unchanged in the 120 — 600 Mev range of 
proton energies. 

The larger values of the production cross sec- 
tions of At?!!, and consequently also of the cross 
sections %,(Eq> 20 Mev), obtained in reference 
1, are explained by the fact that in the processing 
of the experimental data no allowance was made for 
the registration of At’!! from the a activity of the 
daughter element Po’!! (Ty = 0.52 sec, Eq 
= 7.44 Mev). If the results of this work are suit- 
ably corrected, the obtained production cross sec- 
tions of At?!! are in good agreement with our data 
(cf. the table ). 

Comparison of our data on the cross sections of 
the secondary reaction products for Ep = 400 Mev 
with those of reference 2 for gold (Ep = 380 Mev) 
shows that the production cross sections of prod- 
ucts of the secondary (a, 2n) reaction are in satis- 
factory agreement with each other; 1.92 x 10 °° 
em? for bismuth, and (2.25 +0.5) x 10 2% cm? for 
gold. The cross sections of the products of the 
(a, 3n) reactions differ, however, markedly, 
amounting to 1.58 x 10 7* cm? for bismuth and 
(4.20.8) 101° em? for gold. 

From our experimental data we calculated the 
cross sections for the production of a particles 
with an energy greater than 20 Mev in bismuth, 
and the shape of their spectrum. The following 
results were obtained: 


E,, Mev 130 170* 300 
o(E, > 20Mev), 10-5cm? 0.42 1.03 1.58 1.5 


400 480* 530 580 6€0 
ND Boe Zo 162 Bail 
The method used in the calculation is described 
in detail in reference 1. The a-particle ranges in 
the material for energy losses between E + AE 
and E were calculated with the aid of the well- 
known formulas.’ The excitation functions of the 
(a, 2n) and (a, 3n) reactions were taken from the 


~*Corrected results of reference 1. 
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literature (cf. references 8—11). The decreasing 
portion of the excitation function of the (a, 3n) 
reaction in the 43 —60 Mev range was calculated 
from the formulas of reference 12. The nuclear 
temperature was taken to be 1.5 Mev, and the 
neutron binding energy was calculated from the 
tables in references 13 and 14.* 

The shape of the alpha spectrum was taken in 
the form 


P(E) == exp ( =="), (1) 


The values of the parameters V and T were 
chosen to satisfy the experimentally observed 
mean value of the ratio of the cross sections 

Fy 4210/ Oeil a 0.74 in the falling form of the spec- 
trum. Such values of the parameter are T = 6 Mev 
and V =12 Mev. The spectrum calculated with 


these values of tT and V is shown in the figure. 


The spectra of the fast @ particles (in relative units): 1— 
the spectrum calculated from the At?*® and At?** yields from 
bismuth; 2—the spectrum calculated from the yields of the 
thallium isotopes from gold (reference 2); 3— averaged spec- 
trum of particles emitted by Bi and W (reference 5). 


The same figure shows the spectrum of the @ par- 
ticles produced in the decay of bismuth and tung- 
sten,® and the alpha spectrum calculated from the 
experimental data on secondary reactions in gold.” 
The curves are normalized in such a way that the 
areas under the curves are proportional to the 
production cross sections of @ particles with 
corresponding energies. 

Our attention is drawn by the difference in the 
energy spectra of @ particles calculated from the 
secondary-reaction yields in bismuth and gold. In 
the latter case the spectrum has a smaller slope, 
and the cross section for the production of @ par- 
ticles turns out to be larger than in bismuth. It 
seems to us that this discrepancy is due to a pos- 


*Cross sections for the capture of ® particles by the Bi 
nucleus were calculated with the aid of a formula proposed by 
Babykov in reference 15. 
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sible error in the determination of the relative 
yields of thallium isotopes because of the diffi- 
culty in analyzing the total decay curve of these 
nuclei. It is impossible to explain this observed 
discrepancy from the features of the excitation 
function of the (a, xn) reactions in gold, since a 
calculation we made with the aid of the formulas 
of reference 12 showed that the excitation func- 
tions for gold are almost the same as for bismuth. 
However, the authors of reference 2 take account 
of a@ particles starting from 27 Mev while the ex- 
perimental excitation function of the (a, 2n) reac- 
tion in bismuth and the calculated excitation func- 
tion in gold begin at an a-particle energy of ~ 20 
Mev. 

The production of @ particles with an energy 
larger than 20 Mev cannot be exclusively explained 
by an evaporation mechanism. Actually, an alpha 
spectrum satisfying the experimentally obtained 
ratio of the production cross sections of the two 
astatine isotopes could only be explained by the 
evaporation of a particles at an excitation energy 
of the bismuth nucleus of ~ 600 Mev. Such an ex- 
citation energy is unlikely for 600-Mev protons, 
and completely excluded for protons with lower 
energies. 

On the other hand, the evaporation spectra of 
a particles with an energy larger than 20 Mev cal- 
culated for mean excitation energies of the bismuth 
nucleus (Eexc) due to 120- and 660-Mev protons 
fall more steeply than was experimentally ob- 
served. The spectra were calculated according to 
formula (1) with T = (cEexc )'/ (c = 12.4/A, A is 
the atomic weight ).'® The lowering of the Coulomb 
barrier was taken account of both by means of the 
formula’® V = 0.83Vclass/ (1+ Eexc/200), and by 
means of the formula V = 0.83Veclass (1 - ie ee ), 
where To = 9 Mev.!" The mean excitation energy 
of the bismuth nucleus was taken (on the basis of 
the data of reference 18) to be 190 and 80 Mev for 
proton energies of 660 and 120 Mev, respectively. 

Thus, even at the maximum excitation energies 
possible in our instance, the obtained spectrum 
cannot be explained by the evaporation theory. 

The fact that the shape of the energy spectrum 
of the @ particles produced in the decay of bis- 
muth nuclei, within the sensitivity of our experi- 
ment, does not depend on the energy of the bom- 
barding protons also speaks in favor of this con- 
clusion. 

If it is assumed that all 20-Mev a particles are 
due to evaporation, then it follows from the calcu- 
lations that on the average half of the a particles 
with Eq> 20 Mev are produced by a different 
mechanism than the evaporation of a particles 
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from a homogeneously hot excited nucleus. We 
assume that the fast a particles can be reasonably 
assumed to have been knocked out from the peri- 
pheral region of the nucleus in the process of an 
intranuclear cascade.!® 

The authors thank B. V. Kurchatov for constant 
interest in the work and for valuable advice, and 
V.N. Mekhedov for a number of critical remarks. 


‘Kurchatov, Mekhedov, Chistyakov, Kuznetsova, 
Borisova, and Solov’ev, JETP 35, 56 (1958), Soviet 
Phys. JETP 8, 40 (1959). 

2A. E. Metzger and J. M. Miller, Phys. Rev. 
113, 1125 (1959). 

3 Kuznetsova, Mekhedov, and Khalkin, Aromuas 
gHeprua (Atomic Energy) 4, 455 (1958). 

*Batzel, Miller, and Seaborg, Phys. Rev. 84, 
671 (1951). 

°N. A. Perfilov and V. I. Ostroumov, Dokl. 
Akad. Nauk SSSR 108, 227 (1955). 

® Belyaev, Wang, Sinotova, Német, and Khalkin, 
preprint, Joint Institute for Nuclear Research, 
1959. 

"B. B. Rossi, High-energy Particles, New York, 
Prentice-Hall, 1952. 


( 


a, xn) REACTIONS IN BISMUTH 169 

8 Barton, Ghiorso, and Perlman, Phys. Rev. 82, 
13 (1951). 

*E. L. Kelly and E. Segré, Phys. Rev. 75, 999 
(1949). 

0J, Walter, Phys. Rev. 108, 704 (1956). 

''Ramler, Wing, Henderson, and Huizenga, Phys. 
Rev. 114, 154 (1959). 

23. D. Jackson, Can. J. Phys. 34, 767 (1956). 

13.4. H. Wapstra, Physica 21, 367 (1955). 

“43_R. Huizenga, Physica 21, 410 (1955). 

VV. Babikov, JETP 38, 274 (1960), Soviet 
Phys. JETP al, 198 (1960); 

6k. J. Le Couteur, Proc. Phys. Soc. A638, 259 
(1950). 

 Dostrovsky, Rabinowitz, and Bivins, Phys. 
Rev. 111, 1659 (1958). 

'8 Metropolis, Bivins, Storm, Miller, Friedlander, 
and Turkevich, Phys. Rev. 110, 204 (1958). 

19V. I. Ostroumov and R. A. Filov, JETP 87, 
643 (1959), Soviet Phys. JETP 10, 459 (1960). 


Translated by Z. Barnea 
49 


SOV IE leer oC. Sard i ee VOLUME 


12, NUMBER 2 FEBRUARY, 1261 


MAGNETOCALORIC EFFECT IN THE RANGE OF THE LOW-TEMPERATURE TRANS- 


FORMATION OF MAGNETITE 


Vv. P. KRASOVSKII and I. G. FAKIDOV 


Institute of Metal Physics, Academy of Sciences, WAS asial Rc 


Submitted to JETP editor February 19, 1960; resubmitted April tl, L960. 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 235-241 (August, 1960) 


The temperature dependence of the reversible magnetocaloric effect was studied on magnetic 
single crystals between 80 and 290°K. Two minima have been discovered and are attributed to 
a change in the anisotropic properties of the crystal. The effect of the conditions of cooling 
of the magnetite on the magnitude of the magnetocaloric effect has been studied. An irrevers- 
ible change of the temperature in a relatively narrow temperature range (95 — T15°K) has 


also been detected. 


INTRODUCTION 


As is well known, magnetite (Fe30,) has a cubic 
structure of the inverted-spinel type. At tempera- 
tures close to 110°K, a transformation takes place 
in magnetite and leads to a sharp anomalous change 
in its electric,'~? magnetic,» galvano- and thermo- 
magnetic,>»® and also thermal! properties. Asa 
result of this transformation, the magnetic symme- 
try also changes from cubic to uniaxial.’ Lee® has 
shown that if the single crystal of magnetite is 
cooled in a sufficiently strong magnetic field, then 
one of the axes of the cube, closest to the direction 
of the external field, becomes the direction of easy 
magnetization or the symmetry axis at temperatures 
below the transformation temperature. On going 
through the transformation region, the magnetiza- 
tion in weak fields changes radically, while the 
saturation magnetization remains practically un- 
changed. 

The nature of this low-temperature transforma- 
tion of magnetite is still not fully explained. Verwey 
et al.! have shown that the transformation is due to 
the ordering of divalent and trivalent iron ions over 
the octahedral lattice sites. This ordering is due to 
the change in the structure, in which the crystal 
symmetry goes from cubic at temperatures above 
the transformation into orthorhombic.’ Bickford!” 
investigated the temperature dependence of the 
anisotropic constant of a single crystal of magnet- 
ite, starting with room temperatures and below, and 
found that the anisotropy constant increases sharply 
in the region of the low-temperature transforma- 
tion. As follows from the theory,'! in the temper- 
ature region where the anisotropy constant of the 
crystal experiences a sharp change with tempera- 


ture, one can expect a large reversible magnetoca- 
loric effect in the region of the rotation fields. On 
the other hand, an investigation of the magnetoca- 
loric effect permits a qualitative study of the behav- 
ior of the anisotropic constant. 

The purpose of this investigation was to ascer- 
tain the singularities in the behavior of the magne- 
tocaloric effect in the regionof the low-temperature 
transformation of magnetite, and also to investigate 
qualitatively the temperature dependence of the 
first anisotropic oonstant in this temperature region. 

As is well known, adiabatic magnetization is 
always accompanied by a change in the temperature 
of the magnetized body, the value of which can in 
general be represented in the form 
AT 4, 


TN gt a a ee (( al) 


where AT,;, AT), and ATs are the changes in tem- 
perature due respectively to the reversible proc- 
esses of displacement, rotation, and true magnet- 
ization, while AT, is the temperature change due to 
all other irreversible processes. The contribution 
made by each term in (1) depends, in particular, on 
the temperature and on the applied magnetic field. 
In the region of sufficiently low temperature 
(T<«®f, where ©, is the Curie temperature), the 
value of AT; is relatively small for magnets in 
which the susceptibility of the para process tends 
to zero as T— 0°K. In the region of rotation fields 
H< Hg (Hg is the saturation field), in the absence 
of irreversible processes, the main contribution to 
AT is made by ATs, i.e., the change in temperature 
is determined essentially by the magnetic energy 
of the crystallographic anisotropy. 

It follows from the work of Akulov et al.!! that in 
this case AT is connected with the derivative of the 
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anisotropy constants with respect to the tempera- 
ture, 8K/dT, by the following relation (we discard 
terms containing a’K/dT? and derivatives of higher 
order): 


AT =— (T/Cp1) (OK /OT i AD) ofa2, (2) 
i+] 

where Cp] is the specific heat at constant p and 

magnetization I, while aj and aj are the direction 

cosines of the spontaneous magnetization relative 


to the cubic axes of the crystal. We can thus assume 


that, subject to several conditions, the experimen- 
tally-measured magnetocaloric effect AT is essen- 
tially determined by (2), and that the magnitude of 
the effect is a function of both the temperature and 
the intensity of the applied magnetic field. If the 
measurements are carried out at constant fields, 
the value of AT is proportional to the derivative 
8K/3T for the corresponding temperature, and this 
makes possible a qualitative investigation of the 
temperature variation of the anisotropy constant. 


MEASUREMENT SETUP AND PROCEDURE 


We investigated two natural single crystals of 
magnetite of different stoichiometric composition. 
The samples were in the form of spheres, 9.50 + 
0.5 (sample 1) and 10.64 + 0.2 (sample 2) mm 
in diameter. The measurements of the magnetocal- 
oric effect for sample 1 was with a potentiometer 
circuit of sensitivity 5 x 10°° v/mm, corresponding 
to a change of 3 x 10-3 deg in the sample tempera- 
ture. Sample 2 was investigated with the aid of 
another potentiometer circuit, including a de photo- 
electron-optical amplifier (type FEOU-18) anda 
EPP-09 automatic recorder. The sensitivity of the 
second setup was 10-8 y/mm, corresponding to a 
temperature change of approximately 1 x 10% deg. 
The measuring element was a copper-constantan 
thermocouple, soldered to the surface of sample 1 
or inserted inside sample 2. To reduce heat losses, 
the thermocouple wires were made of the smallest 
diameter possible without allowing the wire resist- 
ance to decrease greatly the sensitivity of the 
apparatus. 

The sample was placed inside a silvered Dewar 
vessel 20 mm in diameter, the open end of which 
was immersed in a second Dewar of larger diam- 
eter.° The sample temperature was varied by 
means of a bifilar heating coil located inside the 
inverted Dewar. The coil was fed with alternating 
current through a ferroresonant voltage stabilizer. 
A cryostat of this kind maintains the temperature 
stable within + 10~° deg over a time sufficient to 
perform a measurement cycle. 


IEA 


The experimental difficulties with measuring 
small values of adiabatic temperature changes in 
ferromagnetic semiconductors of low thermal con- 
ductivity have been described, in particular, by 
Clark and Sucksmith.!? In our procedure these 
difficulties were coped with by measuring AT in 
several samples with different thermocouple loca- 
tions, by choosing thermocouple wires of different 
thickness, and also by using a Dewar with reflect- 
ing walls. 

After the equilibrium temperature of the sample 
was established, the electromagnet was turned on 
and the change in the sample temperature was de- 
termined from the deflection of the galvanometer. 
After 20 minutes, the sample again assumed its 
initial temperature and the electromagnet was 
turned off. A temperature change in the opposite 
direction was then observed. The absolute changes 
in the sample temperature due to turning the 
magnetic field on and off were equal, within the 
limits of experimental accuracy, and their average 
was taken as the value of the magnetocaloric effect 
AT. To eliminate the ballistic overshoot of the 
galvanometer coil, a compensating coil with a small 
number of turns was connected in the thermocouple 
CluGeuilts 

The same procedure was used to investigate the 
temperature dependence of the magnetocaloric 
effect in both samples. The sample was first de- 
magnetized at room temperature and then cooled to 
the boiling temperature of liquid nitrogen in the 
absence of a magnetic field. The temperature de- 
pendence of the magnitude of the effect was investi- 
gated as the sample was heated. This was followed 
by an investigation of the influence of conditions of 
cooling in a magnetic field of different intensity on 
the magnitude of the effect. The sample, previously 
demagnetized at room temperature, was cooled in 
a magnetic field of given intensity Hy to the boiling 
temperature of liquid nitrogen, and then the tem- 
perature was raised to a value somewhat lower than 
the transformation temperature. The dependence 
of the magnitude of the effect AT on the intensity 
of the magnetic field was plotted in the transforma- 
tion region, the measurement being started with the 
lowest value of the field and terminated with the 
largest. The sample was then heated to room tem- 
perature, demagnetized, and cooled in a magnetic 
field of different intensity. 

We know that magnetite displays a jump in mag- 
netization in weak magnetic fields, and consequently 
this effect must be investigated in fields strong 
enough to produce saturation. Our measurements 
of the temperature dependence of the magnetization 
I of the investigated specimens in the interval 
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from 85 to 125°K have shown that a plot of 

I(T) measured in a field of 15,000 oe, no longer 

has a jump. The direction of the magnetic field in 
all the measurements coincided with the crystal- 
lographic [111] direction of the single crystal. The 
absolute error in the measurements of AT did not 
exceed 2 x 1079 deg in the entire temperature inter- 
val. 


MEASUREMENT RESULTS AND THEIR DISCUSSION 


Figure 1 shows the temperature dependence of 
the magnetocaloric effect AT for samples 1 and 2. 


AT,°k 
O02 


700 


200 


FIG. 1. Temperature dependence of the magnetocaloric 
effect for samples 1 (curve 1) (H = 13,800 oe) and 2 (curve 2) 
(H = 17,000 oe). 


Both curves show the course of heating of samples 
first demagnetized at room temperature and then 
cooled to 80°K in the absence of a magnetic field. 
The curves for samples 1 and 2 were obtained in 
magnetic fields of 13,800 and 17,000 oe, respec- 
tively. As can be seen from the figure, a reversible 
temperature change of opposite sign takes place at 
low temperatures, i.e., the sample temperature 
decreases as the field is turned on. The effect 
vanishes at T =125°K for sample 2 and T = 145°K 
for sample 1. Further increase in the temperature 
makes the effect positive. A striking fact is the 
presence of a sharp minimum of the curve at 

T = 104° for sample1 (| AT| ax = 0.100°) and at 
T =110°K for sample 2 (| AT| ax = 0-105). 

It must be noted that a ‘‘first measurement 
effect’’ is observed in the region of the minimum of 
the curves. If the specimen was kept at the meas- 
urement temperature in the absence of a magnetic 
field for approximately 20 minutes, the first turning 
on of the magnetic field led to an irreversible re- 
duction in the temperature, the value of which was 
approximately double that obtained in the subsequent 
applications of the magnetic field. In all the sub- 
sequent applications, the magnitude of the magneto- 
caloric effect was always reproducible and fully 
reversible. The results of the measurements of the 
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reversible change in temperature and of the ‘‘first- 
measurement effect’? are shown in Fig. 2 for sample 
1, cooled in the absence of a magnetic field. The 
same phenomenon was observed also for sample 2, 
but in the vicinity of 110°K. As can be seen from 
Fig. 2, the ‘‘first-measurement effect’’ (curve 2) 
reaches a minimum in the vicinity of 105°K, as 
does the reversible change in the temperature 
(curve 1). At this temperature the difference be- 
tween these curves reaches a maximum value. On 
both sides of the minimum, the curves tend to come 
together and the ‘‘first-measurement effect’? prac- 
tically disappears at 95° and 115°K. 


FIG. 2. Temperature depend- 
ence of the reversible magneto- 
caloric effect for sample 1 
(curve 1) in the vicinity of the 
temperatures where the ‘first- 
measurement effect’’ is ob- 
served (curve 2). 


"| H=73800 Oe 


The dependence of the magnitude of the effect 
AT on the intensity of the magnetic field is shown 
for sample 2 in Fig. 3 (the curves were taken at 
T =109.6°K). As can be seen from Fig. 3, in weak 
fields (up to 3,000 oe) the magnetocaloric effect is 
positive. The magnitude of this effect is relatively 
small (on the order of 0.01°) and reaches a maxi- 
mum at the weakest field (to 1,000 oe), vanishing 
at approximately 3,000 oe. Above 3,000 oe, the 
effect is negative and increases with increasing 
field. Curve 2 of Fig. 3 shows the influence of 
cooling the sample on the magnitude of the effect. 


FIG. 3. Dependence of the 
magnetocaloric effect AT on 
the intensity of the magnetic 
field H for sample 2 at 
T = 109.6°K; curve 1—sample 
cooled in the absence of mag~ 
netic field; curve 2—sample 
cooled at H = 17,000 oe. 
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The sample was cooled to a temperature below that 
of the magnetic transformation in a field Hy = 17,000 
oe (parallel to the [111] crystal axis). As can be 

seen from a comparison of curves 1 and 2, cooling 
in a magnetic field reduces the effect substantially, 
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without influencing the dependence of the effect on 
the field. Cooling the sample ina magnetic field of 
lower intensity leads to analogous curves, located 
between curves 1 and 2. It must be indicated that 
as the sample is cooled in a magnetic field, the 
“‘first-measurement effect’? is retained; all that is 
observed is a reduction in both the reversible and 
irreversible effects. The relation between the mag- 
nitudes of these effects remains the same. The 
value of AT for sample 1 depends analogously on H 
and on the method of cooling the sample with and 
without a field. 

The reversible negative temperature change 
shown in Fig. 1 is undoubtedly connected in the main 
with the rotation processes. In this temperature 
region the para process has a relatively small in- 
fluence. It makes a contribution on the order of 
+ 0.01°, as estimated with the aid of the values of 
Cy and I, taken from references 7 and 10. With 
increasing temperature, the influence of the para 
process increases relative to the rotation processes, 
as a result of which the magnetocaloric effect re- 
verses sign and becomes positive. The presence of 
a sharp minimum on the temperature-dependence 
curves of the magnetocaloric effect is connected 
with the low-temperature transformation of magnet- 
ite, at which the crystallographic symmetry of the 
lattice changes. The curve taken for sample 2 has 
still another minimum, near 90°K, which is much 
smaller in magnitude than the first. No second 
minimum was observed for sample 1, (possibly 
because of the lower sensitivity of measuring appa- 
ratus), but a sufficient dispersion of the experimen- 
tal curves was observed in the vicinity of 90°K. In 
the same temperature region, as already indicated, ® 
one observes anomalies of the electric, galvanomag- 
netic, and thermomagnetic properties. We cannot 
exclude the possibility that the magnetite experi- 
ences a transformation, which has not yet been 
investigated, in this temperature region. 

It seems to us that an unequivocal explanation of 
the difference between curves 1 and 2 of Fig. 2 is 
at present still impossible. We can only assume 
that the irreversible effect (curve 2) is connected 
with the occurrence of an orthorhombic structure in 
the magnetite. Narovskaya® has shown that the 
irreversible thermal losses, in the region of the 
magnetite transformation and below, may be due to 
a shift of the c axis of the orthorhombic crystal from 
its initial direction to a direction along the edge of 
the cube closest to the direction of the applied field. 
However, we did not observe this effect at tempera- 
tures below 95°K. 

The character of the dependence of AT on the 
intensity of the magnetic field (Fig. 3) can be appar- 
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ently attributed to a shift in the predominance of 
certain magnetization processes over others. At 
fields from 0 to 3,000 oe, where the effect is posi- 
tive, the main contribution should be made by the 
irreversible displacements of the domain boundaries. 
It is possible here to correlate our measurements 
with the results of Bryukhatov, !4 who has shown, by 
measuring the magnetic moments in a rotating mag- 
netic field, that in magnetite the hysteresis losses 
have a maximum at H® 1,000 oe and vanish at 

H® 3,000 oe. In fields of 3,000 oe and above, rota- 
tion processes predominate and lead to a reversible 
change in the temperature (except for the first meas- 
urement) with a negative sign. In this range of 
fields, the magnitude of the effect is in the first ap- 
proximation linear in H~!. The indicated character 
of the connection between AT and H indicates that 
the contribution of the displacement processes pre- 
vails over those of true magnetization, for according 
to theory, the magnetocaloric effect due to the para 
process should depend linearly on the intensity of 
the magnetic field in the region of low temperatures. 
In particular, as shown by Ivanovskii,!® the mag- 
netocaloric effect for crystals with hexagonal sym- 
metry depends linearly on H™ in the range of rota- 
tion fields. 

The influence of prior cooling of the sample in 
a magnetic field on the magnitude of the effect, 
shown in Fig. 3, can be apparently explained by the 
fact that cooling in a strong magnetic field leads to 
the appearance of an easy-magnetization axis, while 
cooling without a field makes the magnetite magnet- 
ically harder. The occurrence of an easy-magnet- 
ization axis causes the processes of rotation and 
orientation of the spontaneous magnetization along 
this axis to be accompanied by much smaller 
changes in the crystal temperature. 

By using relation (2), it is possible to explain 
the temperature variation of the derivative of the 
anisotropy constant K and thereby obtain a quali- 
tative idea of its variation with temperature. As 
was shown by Bickford,'® only the first term (K,) of 
the series expansion of the anisotropy energy need 
be considered, owing to the smallness of the remain- 
ing terms compared with K;. The corresponding 
results for sample 2 are shown in Fig. 4, where 
the values of the specific heat are those given by 
Millar." 

It is seen from the figure that the derivative of 
the anisotropy constant with respect to temperature 
reaches its maximum value in the transformation 
region (110°K), and experiences thereby a sharp 
variation with temperature in a relatively small 
temperature interval (on the order of 15°). In the 
temperature region below the transformation point, 
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the crystal lattice of the magnetite has no longer a 
cubic but a rhombohedral symmetry, and here it is 
necessary to take into account’® the presence of 
several anisotropy constants, which are nearly 
equal in order of magnitude. 
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The dependence of spatial asymmetry in 7* — y* — et decay on magnetic field strength has 
been measured in the range from 0 to 17 koe. It is shown that this dependence can be ex- 
plained by the Paschen-Back effect for muonium upon the assumption of additional depolari- 
zation due to charge exchange toward the end of the u* range or to electron exchange after 
stopping. For a NIKFI-R emulsion the minimum value of the asymmetry coefficient is 

— 0.09 + 0.01 (in zero field); the maximum value is — 0.29 + 0.01 (in strong fields). The 
10% difference between — 0.29 + 0.01 and the value — 0.33 predicted by the V-A theory 
greatly exceeds the experimental error. No three-electron decays were detected among 


the 340,000 7* —u —e decays examined. 


1. INTRODUCTION 


Ve discovery of parity nonconservation in 

™ — yu —e decay has led to the experimental study 
of the new hydrogen-like atom muonium, which is 
a stable system consisting of a u* and an electron. 
This system can be formed when the velocity of a 
uu. as it slows down is comparable with the veloci- 
ties of atomic electrons. With further slowing 
down the »*, like a slowed-down proton, repeatedly 
loses and captures an electron (charge exchange ) 
and finally reaches thermal velocity in either a 
free or a bound state. A’'sufficiently slow y* can 
no longer acquire or lose an electron through 
ionization; its interaction with electrons is then 
confined to electron exchange with atoms of the 
medium. The initial formation of muonium and 
its subsequent charge exchanges and exchanges 
with unpolarized electrons may account for the 
experimentally observed depolarization of y* in 
various substances. For the purpose of testing 
these ideas experimentally we investigated the 
effect of a static magnetic field on the polariza- 
tion of a p*; this had previously been studied in 
references 1—4. Since the suggested depolari- 
zation mechanism is the interaction between the 
u* and electron magnetic moments in the muo- 
nium ground state (hyperfine splitting), a strong 
magnetic field which destroys the coupling be- 
tween the two magnetic moments (the Paschen- 
Back effect) should also oppose depolarization 
and thus conserve the asymmetry of the angular 
distribution of positrons from p* —e* decay. 

The quantum-mechanical theory of this effect? 
shows that enhanced polarization P with increas- 
ing field strength is represented by 


P = 3a =£(0.5 + 0.5 x2/(1 + x3), (1) 


where x = H/H, is the ratio of the applied mag- 
netic field to the field Hy = 1580 oe, which is the 
average field due to the ~* magnetic moment at 
the electron orbit in muonium, and é is an asym- 
metry parameter which represents the degree of 
longitudinal yu* polarization in 7* — u* decay and 
which is three times as large as the asymmetry 
coefficient a in m—~p—e decay.® 

It follows from this formula that in fields of 
the order of tens of kilooersteds (x? > 1) there 
is practically no depolarization (P — é), and that 
in weak magnetic fields (x2 ~ 0) polarization 
should amount to half of its maximum value é. 

The present work investigates the dependence 
of asymmetry in 7* — u* —e* decays within 
NIKFI-R emulsion on magnetic fields ranging 
from 0 to 20 koe. We measured the asymmetry 
coefficients in emulsions which were carefully 
shielded (H = 0) and in fields of 54, 110, 206, 420, 
680, 1300, 1900, 2500, 3500, 5100, 6300, 14,000 and 
17,000 oe parallel to the plane of the emulsion. 
The emulsions were placed in a double soft-iron 
shield for protection from the magnetic field ex- 
isting in the synchrocyclotron room. The vertical 
magnetic field at the center of the shielded space 
was < 1072 0e. Weak fields of 54—420 oe were 
excited by an air-core coil of 16 cm inside diam- 
eter and 60 cm length placed inside the double 
cylindrical magnetic shield. Fields of 1900 — 
6300 oe were excited by a coil of 14 cm inside 
diameter surrounded by a heavy closed core of 
iron. The field within the emulsion was uniform 
to within 1%. Irradiation in fields of 14 and 17 koe 
required the use of a special electromagnet, for 
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which we are indebted to I. I. Gurevich and B. A. 
Nikol’ skit. 


2. IRRADIATION AND SCANNING 


Pellicle stacks consisting of 50 to 100 NIKFI-R 
emulsions 400 thick and measuring 10 x 10 or 
10 x 15 cm? were irradiated in a 7* beam pro- 
duced by the synchrocyclotron of the Joint Insti- 
tute for Nuclear Research. The absorbers which 
followed the collimator were calculated to cause 
stopping of the 7* mesons in the middle of the 
pellicle stack. 

In the case of a magnetic field it is more con- 
venient to analyze the data with the usual angular 
correlation formula dN ~ (1+acos #)dcos 8 
replaced by 


dN ~(1 + acosycos$)dccs 7 dccsB, (2) 


where y and 8 are the angles formed by the p* 
and electron paths, respectively, with the mag- 
netic field direction. Asymmetry was then meas- 
ured as follows. A scale based on two mutually 
perpendicular lines was placed in the field of 
view of the micrometer eyepiece; the magnetic 
field direction bisected the right angle between 
the lines. The observers recorded the 1* — p* 
—e* decays contained entirely in a given emul- 
sion layer when the projections of the angles y 
and £ on the emulsion plane lay in the interval 

0 + 45° (first quadrant of the scale) or 180 + 45° 
(third quadrant) while the vertex of the uy —e 
decay was at least 50u from the emulsion or glass 
surface. 99,442 7* —yu*-e decays satisfying 
these criteria were registered in different mag- 
netic fields. Ng will denote the number of decays 
for which the projections of y and £ lie in the 
same (first or third) quadrant of the ocular 
scale, while Np denotes the number of decays 
for which the angular projections lie in opposite 
quadrants. The asymmetry coefficient is then 
given by 


a= K (Ne—N,)(N,+ Ny). 


K = 1.57 if we assume in first approximation, 
correct to within a few percent, that all u* tracks 
lie in the plane of the emulsion while the electron 
tracks are distributed isotropically with respect 
to the vertical direction. 

Table I gives the measured values of Ng and 
Np and the corresponding calculated asymmetry 
coefficients a for the magnetic fields H that 
were used. The value K= 1.57 was subjected 
to a 3% correction to allow for the actual distri- 


butions of y* tracks and of positron tracks around 
the vertical direction.” 


TABLE I 

» @ es OA ee eee 

H, oe | Ne | Np N=Ne+Np =e 

i | A 

<10-2 7363 8270 | 15 633 0.093+0.013 
54 3005 3477 | 6 482 0.117+0.020 
110 3133 3592 | 6 725 0.110+0.020 
206 2897 3947 | 6 144 0,093+0.020 
420 2778 3317 | 6 095 0.142+0.020 
680 3921 4718 8 639 | 0.149+0.017 
1300 4052 | 4830 | 8 882 0.142+0.017 
1900 2244 2692 | 4906 0.155+0.022 
2500 3246 4200 | 7 446 0.206+0.020 
3500 2854 3589 | 6 443 0.185+0.020 
5100 2619 3339 | 5 958 0.196+0.020 
6300 9384 | 3319 | 5 703 0.265+0.024 
14 000 1333 | 1848 | 3 181 0.26240.028 
17 000 2977 4228 | 7 205 0.282--0.018 


Note. The value of a for H < 10~’ oe was obtained 
in two runs, in the first of which the entire angular dis- 
tribution was measured, while in the second run the mea- 
surements were performed as for H 4 0. The given value 
is the weighted average for the two runs. 


3. DISCUSSION 


Table I and the figure show the values obtained 
for the asymmetry coefficient in different mag- 
netic fields. We shall first consider the asymme- 
try in zero field and in very strong fields, both of 
which are especially important for an analysis of 
the data. 

In zero field we obtained a(0) = —0.093 + 0.013, 
which agrees with the value —0.092 + 0.018 given 
in reference 1 for the same NIKFI-R emulsion. 

Our value for a maximum field of 17,000 oe is 
— 0.282 + 0.018. Table II shows our values and all 
values given in the literature for strong fields. 


TABLE II 
Source H, koe —a 
Our data sf 0.282+0.018 
Reference 7 ANS 0 .290+0.013 
Reference 8 20 0,280+0,020 
Pat 0.320+0.200 


Combining these consistent data, we obtain a 
= —0.292 + 0.009. It follows from (1) that the value 
of a in strong fields (H > Hy) gives directly ¢ 
= 3a = 0.88 + 0.03, which is denoted by a dashed 
line in the figure. 

The straight line in the figure shows the de- 
pendence of a on x2/(1 + x?) according to (1). 
The experimental data disagree completely with 
this formula and with the hypothesis that a in- 
creases linearly; therefore another depolarization 
mechanism must exist in addition to that described 
by (1). As noted above, this mechanism may be 
either charge exchange or electron exchange be- 
tween muonium and the medium. 
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Dependence of asymmetry coefficient a on x*/(1+ x’), 
where x = H/H). Curves 6,7, and 8 were calculated by means 
of (6), (7) and (8); 0 —present data, e—from reference 7, X — 
from reference 8. In order to avoid crowding the figure for 
x~ 1, the values of a for H = 20, 25 and 27 koe are shown 
beyond the line drawn for x?/(1 + x’) = 1. 


Since the electrons of the medium are unpolar- 
ized, every electron exchange entails further “di- 
lution” of the remaining polarization, and a few 
exchanges are sufficient to greatly reduce or even 
eliminate u* polarization in weak fields. The fol- 
lowing polarization formula given by Sens et al.? 
is a simple extension of (1) to the case in which 
all n exchanges occur in a time that is longer 
than the hyperfine splitting time but considerably 
shorter than the p* lifetime: 


P= E[(1 + 20°)/2(1 + x)I". (3) 


When n= 1 this formula goes over into (1), and 
when x*—« wehave P—é as in the case of 
(1). 

A. M. Perelomov has communicated to us pri- 
vately the following polarization formula, based 
on the assumption that electron exchanges occur 
throughout the entire p* lifetime: 


PSE 1A + Ww Ay, (4) 


where A*=1+ x? and W is the number of ex- 
change collisions during the mean u” lifetime. As 
in the case of (3) this formula goes over into (1) 
for W=0 and polarization is entirely restored 
in strong fields. 

Ferrell et al.!° considered the additional depo- 
larization mechanism to be charge exchange while 
an emitted p* is still fast enough to lose and cap- 
ture electrons several (n) times. If each capture 


lasts an average time T equal to the mean muonium 


lifetime (in units of h/AE = 3.6 x 10°!! sec) their 


formula becomes 
P=E(1—0.5/(1+r2+2x%))" (5) 


with limiting transitions similar to those of the 
preceding formulas. 

The analysis of our data must take into account 
the fact that a fraction of the * stoppings occur in 
gelatin, where depolarization is either weak or ab- 
sent, and the remainder in AgBr crystals, which 
are responsible for most of the depolarization. !! 
Accordingly we have f = (0.093 + 0.013)/(0.292 
+ 0.009) = 0.32 as the ratio between the number 
of stoppings in gelatin and in AgBr. For the pur- 
pose of analyzing the data we obtain 


P=3a=fff +(—A(1—0.5/(1 +72 +22))"]. (6) 


A similar analysis can be performed for the 
field dependence of the asymmetry coefficient that 
is represented by (3) and (4), which are based on 
the assumption of electron exchange as the cause 
of additional depolarization. The collision process 
is then characterized by the single parameter W 
[Eq. (7)] or n [Eq. (8)]. The second parameter 
that we can obtain in this case is k =p(1-f), 
where (1-—f) is the relative number of stoppings 
in AgBr and p is the probability of muonium for- 
mation in these stoppings. 

The formulas corresponding to (3) and (4) are 


£ iret Nie 
Pas(—a tel eel", (7) 
P =E{(1—k) + R(1 — 1/2A%)(1 + W/A2)4, (8) 


The method of least squares was used to com- 
pare the experimental data with (6), (7), and (8), 
and to determine the corresponding values of the 


parameters. The results are shown in Table III 
TABLE III 
Hors Parameters xmin | P,% 
mula | 
(6) 6 Ses 2 7 2 | il 
(7) | W=3,3;k=0.7 | 18 | 45 
(8) |n=6; &=0.65| 18 15 


and in the figure. The first column of the table 
indicates the formulas used in the analysis, the 
second column gives the optimum values of the 
corresponding parameters, the third column gives 
the values of yin = ZNji(Aaj/1.57)* correspond- 
ing to these parameters, and the fourth column 
gives the probabilities p (yee onan 

Satisfactory agreement is found in all three in- 
stances. Thus a few charge exchanges in a path 
ending or a few electron exchanges after stopping 
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can account for the measured field dependence of 
the asymmetr;, coefficient. The difference be- 
tween the values of y%,j, is too small to permit 
any choice among the three possibilities. 


4, CONCLUSIONS 


1. The asymmetry coefficient increases from 
a =—0.09 + 0.01 in zero field to a= —0.29 + 0.01 
in fields of 17 — 27 koe. 

2. The measured field dependence of the asym- 
metry coefficient in the range 0 — 17 koe does not 
agree with the hypothesis that the asymmetry de- 
pends linearly on x*/(1+x*), which would follow 
from (1) for the polarization when the Paschen- 
Back effect occurs in muonium. 

3. The data are in good agreement with the hy- 
pothesis that * depolarization occurs through 
muonium formation if we assume either that sev- 
eral electron exchanges occur after stopping or 
that a few charge exchanges occur toward the end 
of the slowing-down process. Our data do not per- 
mit us to make a distinction between the two mech- 
anisms for additional “dilution” of the initial polar- 
ization. Electronic measurements? indicate that 
the time during which the depolarization occurs is 
considerably shorter than 107° sec. This suggests 
that (7) is to be favored over (8), although both 
formulas agree equally well with our data. The 
charge-exchange mechanism’? also insures very 
rapid depolarization and its great advantage over 
the electron-exchange mechanism lies in its uni- 
versality — charge exchange of muonium may oc- 
cur in all substances, whereas electron exchange 
is far from being everywhere possible. 

4. The observed asymmetry coefficient a 
= —0.29 + 0.01 in the maximum magnetic fields 
is 10% smaller than the value a = —¥; predicted 
by the V-A theory of weak interactions.!* This 
discrepancy is larger than the experimental error 
and cannot be accounted for by systematic errors. 
Its cause lies either in additional 10% depolariza- 
tion in an emulsion that is not restored by a mag- 
netic field (the mechanism of which is not known) 
or in the failure of the V-A interaction to account 
for asymmetry in pp —e decay. 

5. In the course of the present and earlier work? 
we have examined about 340,000 17* — y* — e* 
decays, and have hunted especially for three- 
electron u* decays according to the schemes 
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ut —3e or u—-e+vt+vty with internal con- 
version of a gamma ray into a pair (a few decays 
of this second type were observed in references 13 
and 14). Although these decays should be observ- 
able with efficiency close to unity we did not find 

a single reliable instance, while a few apparent 
cases of the second type can be accounted for by 
chance superposition of a slow-electron track. 

The authors wish to thank A. I. Alikhanov for 
his interest, D. M. Samoilovich, in whose labora- 
tory the emulsions were developed, Ya. B. Zel’- 
dovich and A. M. Perelomov for calculating the 
depolarization associated with electron exchange, 
L. P. Panov for evaluating the parameters on a 
RVM computer, and also the members of the scan- 
ning group. 
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A number of cosmic-ray flares were observed in the stratosphere at 64° geomagnetic lati- 
tude. The flares were due to 100-200 Mev protons, and were preceded by solar chromo- 
spheric flares which provided the source of the protons. It is suggested that the protons are 
carried by solar corpuscular beams with frozen-in magnetic fields. 


[ance increases in cosmic-ray intensity in the 
stratosphere were recorded at 64° geomagnetic 
latitude during July 9-21, 1959. These cosmic-ray 
flares were preceded by solar chromospheric 
flares with intensity 3* (on July 8, 10, 14, and 16, 
1959), similarly to the events which had been ob- 
served previously, on July 8, 1958 and May 11-15, 
1959.12 

The measurments were carried out by means 
of cosmic-ray radiosondes® which rose to the 
stratosphere. The number of counts in a single 
Geiger-Miiller counter and of double coincidences 
in a telescope incorporating a 7 mm aluminum ab- 
sorber was recorded. 

Twenty measurements were carried out during 
the above period, ten of which were made between 
July 9-14, and ten between July 15-21. Data of the 
single counter are shown in Fig. 1. The experi- 
mental points correspond to data averaged over 
2-3 minutes of measurement. 

It can be seen from Fig. 1b that, on July 15 and 
17, an increase in cosmic-ray intensity was ob- 
served even at relatively great depths: on July 15 
down to 160-170 g/cm’, and on July 17 down to 
300 g/cm?. The number of particles increased 
very rapidly with decreasing pressure. At low 
pressures, the normal operation of the apparatus 
was disrupted because of the large counting rate 
(> 4x 104 min! ). Fully reliable data could, 
however, be obtained as long as the counting rate 
was not greater than 1.5 x 10* min“!. 

Two measurments with a ~ 2.5 hr interval 
were carried out on July 11, and two measure- 
ments with a 4.5 hr interval were carried out on 
July 12. It can be seen from Fig. 1a that the re- 
sults of two measurements on the same day are 
practically identical. It follows that the amplitude 
of the cosmic-ray flare remained constant for at 
least several hours, or changed only little, as 


happened, e.g., on July 15 and 17 (see Fig. 1b). 
Taking also into account that the measurements at 
high altitudes in the stratosphere lasted for about 
30-40 min, one can assume that the results of the 
altitude-variation measurements were obtained 
for a practically constant flare amplitude. This 
makes it possible to obtain definite information 
concerning the nature and spectrum of the primary 
particles by studying the absorption curve of the 
additional cosmic rays in the stratosphere. 

Let us compare the data given in Figs. la and 
1b. It is clear that the results of the measure- 
ments for July 9, 10, and 11 at > 100 g/cm? pres- 
sure lie somewhat above, or at least are close to 
the normal intensity curve (dashed line), while 
the data obtained on July 12 and later lie below 
that curve. The latter fact is due to the effect of 
the decrease in main flux of the primary cosmic 
radiation during magnetic storms which occured 
after July 11. 

No increase in cosmic-ray intensity was de- 
tected during simultaneous measurements in the 
stratosphere at geomagnetic latitudes of 51° and 
41°, where the critical energies for the primary 
particles are considerably greater than at 64° lat- 
itude. On the contrary, a decrease in cosmic-ray 
intensity was observed at 51° and 41° latitude at 
the time of the increase in cosmic-ray intensity at 
64° accompanied by magnetic storms. 

According to the data of July 18, the intensity 
decrease at 51° latitude reached 26%. This was 
the greatest decrease observed in the course of 
our measurements during the IGY. 

It should be noted that this maximum cosmic- 
ray intensity decrease corresponds with the max- 
imum amplitude of the flare at 64°. For the flare 
of July 15, which had a smaller amplitude, the in- 
tensity decrease at 51° and 41° latitude was also 
somewhat smaller. The decrease in cosmic-ray - 
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FIG. 1. Variation of the counting rate N of 
the single counter with atmospheric pressure dur- 
ing: a) July 9-14, 1959; b) July 15—20, 1959. 
(dashed curves represent the normal intensity). 
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intensity in the stratosphere at 51° and 41° lat- 
itude was more limited during the flare of July 8, 
1958, whose amplitude was still smaller. The 
small flares at 64° latitude (July 26 and October 
3, 1958 and July 9, 1959) were not accompanied by 
any noticeable decrease in cosmic-ray intensity at 
51° and 41° latitude. It is not possible at present 
to establish an exact correspondence between the 
amplitudes of cosmic-ray flares in the strato- 
sphere and the amplitudes of the intensity de- 
creases observed at 51° and 41° latitude. It 
follows, however, from our data that the two 
phenomena are interrelated. 

Data on the additional number of particles, i.e., 
the difference between the measured and normal 
cosmic-ray intensity, are given in Fig. 2. Data 
for July 8, 1958 and May 11, 1959, are also in- 
cluded in the figure. It can be seen that the meas- 
urements taken during the various flares, at dif- 
ferent times and at different altitudes, fall rather 
regularly along straight lines with a practically 
identical slope. An exception, in this respect, is 
the data of July 15, when a deviation at pressures 
in the range 70 —100 g/cm? was observed during a 
short period of measurements (~ 7 min); later, 
the experimental points fell again on the straight 
line. Hence, one can conclude that the nature of 
the primary flare particles is identical not only 
during the course of each flare, but also in all 
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FIG, 2. Variation of the additional number of particles AN 
(single counter) with atmospheric pressure, according to the 
measurements of July 9—20, 1959. 
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flares. Such a conclusion, which in itself is impor- 
tant, makes it also possible to compare rather ac- 
curately the amplitude of the primary cosmic-ray 
flares. 

During the measurements of May 12, 1959, when 
the telescope apparatus attained a great altitude 
(p = 6 g/cm’), it was established that the number 
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of particles in the flare was 40 times greater than 
normal. In estimating the amplitudes of other 
flares, we shall use this figure and also the cor- 
responding data of the measurements of May 11 
and 12 taken by means of the single counter. (The 
results of all these measurements are sufficiently 
close.) The values of m (the relative increase in 
the primary cosmic-ray flux as compared to the 
normal), according to the measurements of July 

9 — 20, and also our unpublished earlier results, 
are presented in the table. 

The results of the measurement of the number 
of double coincidences (above the normal rate) as 
a function of pressure are shown in Fig. 3. It can 
be seen that the slopes of the straight lines corre- 
sponding to the measurements of May 12, and July 
12 and 15 are practically identical. The results of 
the measurements of July 11, 1959 are somewhat 
different: at small pressures, the slope is smaller; 
at higher pressures, however, the slope is identical 
with that obtained in other measurements. It is 
possible that this feature of the data of July 11 is 
not due to chance, since the measurements were 
taken in the absence of a magnetic storm and, con- 
sequently, of a Forbush decrease in cosmic-ray 
intensity on the earth. The other measurements 
were taken during magnetic storms. 

Thus, the observed difference in the slope of the 
lines can be used as an indication that the spectrum 
of the primary protons varies, depending on whether 
the earth is immersed in solar corpuscular streams 
during the period of measurement. It is found, 
moreover, that the spectrum of primary protons is 
softer when this is the case. If similar results are 
obtained in the future, then this will constitute an 
additional confirmation of our earlier conclusion’ 
that the source of the primary protons are the 
solar corpuscular streams themselves. 

The proton nature of primary particles has al- 
ready been discussed.? Assuming that the primary 
protons are isotropic at the top of the atmosphere 
(which follows from emulsion experiments‘), and 


using the data of Fig. 3, it is possible to use the 
altitude dependence to find the energy spectrum of 
the primary protons, taking their ionization losses 
in the atmosphere into account. The integral 
proton spectra obtained in such a way are shown 
in Fig. 4. The slopes of the lines 1, 2, and 3 cor- 
respond to integral energy-spectrum exponents in 
the range 5.0—5.5. The slope of the upper part of 
the curve 4 corresponds to an exponent equal to 
4.0. 
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FIG. 3. Variation of the addi- 
tional number of double coinci- 
dences with atmospheric pressure. 
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In the study of the flare of May 11—15, 1959,” 
the measurements of the telescope incorporating 
a 7 mm aluminum absorber and of the single 
counter were compared by a suitable recalculation. 
The comparison showed that the additional cosmic- 
ray intensity, according to the single-counter 
measurements, is roughly twice that calculated 
for a 25 g/cm? pressure. Consequently, in addi- 
tion to the primary protons with range > 7 mm Al, 
particles with a shorter range are present in the 
stratosphere. 

This result has also been confirmed by new 
measurements on July 9— 21, 1959. It was found 
that the ratio of the rate measurements of the 
single counter and of the telescope increases with 


FIG. 4. Integral energy 
spectrum of primary protons. 
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the atmospheric depth of the observation level. 
Thus, e.g., the ratio of single-counter discharges 
to the number of double coincidences in the tele- 
scope, according to the measurements of July 15, 
equals 8 at a depth of 20 g/cm’, and 30 at 
60 g/cm?, 

The origin of the short-range particles (most 
probably electrons ) which are detected by the 
single counter can be explained? by assuming that 
they are produced in the decay of evaporation 
neutrons from nuclear disintegrations produced 
by the primary protons. This hypothesis, how- 
ever, has, so far, not been substantiated by calcu- 
lation. 

The Institute of Terrestrial Magnetism, Iono- 
sphere, and Radio Wave Propagation of the 
Academy of Sciences, U.S.S.R. has supplied us 
with the data on chromospheric solar flares and 
magnetic storms during July 1959. Data referring 
to the period of July 8 — 20 are shown in Fig. 5. 
The height of the upper rectangles corresponds to 
the intensity of chromospheric flares, and the 
length of the base to their duration (yg and 7 are 
the heliographic coordinates of the chromospheric 
flares). The base of the lower doubly-shaded 
rectangles corresponds to the duration of magnetic 
storms and the Forbush decrease in cosmic-ray 
intensity. Single shading corresponds to the con- 
tinuation of the Forbush decrease. The letter M 
indicates the onset of the Forbush decrease. 

Disregarding the weak cosmic-ray flare on 
July 9, let us consider the data recorded after the 
large chromospheric flare of July 10. It can be 
seen from Fig. 5 that no increase in cosmic-ray 
intensity was detected in the measurement carried 
out on that day approximately 4 hr after the chro- 
mospheric flare. An intensity increase of m = 7.0 
was found in the second measurement. It is now 
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FIG. 5: Data on solar chromospheric flares, magnetic 
storms and cosmic rays (World Time). The arrows indicate the 
times of our measurements in the stratosphere, the signs | — 
those of Winckler.° The numbers above the signs give the 
ratio of the cosmic-ray intensity during the flare to the normal 
one. 


difficult to decide whether this increase was con- 
nected with the large chromospheric flare of July 
10, or with the weak flare of July 9. (We believe 

the first case to be more probable.) One can 
maintain that the cosmic-ray flare recorded on 

July 11, 12, and 13 is connected with the large 
chromospheric flare of July 10, and that the cosmic- 
ray flare was delayed by more than 4 hr with re- 
spect to the chromospheric flare. 

A great increase in cosmic-ray intensity on 
July 11 (m = 200) was recorded before the onset 
of the magnetic storm and the Forbush decrease 
which started at about 17:00 on July 11. 

Winckler,® using an ionization chamber and a 
scintillation counter, also observed a great increase 
in cosmic-ray intensity in the stratosphere in Min- 
neapolis (55°N) (see Fig. 5). For a correct com- 
parison of our results with those of Winckler, it is 
necessary to remember that the critical energies 
for primary protons in Minneapolis and in Mur- 
mansk are 300 and 100—120 Mev respectively. In 
addition, the comparison should be made for a 
period during which the earth’s magnetic field was 
not perturbed. Thus, the data for July 11 seem 
most suitable for a comparison. 

It can be seen from Fig. 5 that, on that day, we 
have m = 200 for our two measurements, while, 
according to the data of Winckler, m = 2, i.e., a 
difference of about 200 in the additional flux is ob- 
served. One can easily see that the difference can 
be explained on the basis of the energy spectrum of 
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primary protons with power exponent 5.0 and the 
values of the critical energy at the two latitudes. 
A comparison of our and Winckler’s data obtained 
during magnetic storms will be less definite, since 
the additional flux of primary protons recorded in 
Minneapolis will vary very strongly with the per- 
turbation of the earth’s magnetic field because of 
the very steep spectrum of primary protons. This 
is the reason why the time variations of the flare 
amplitude, obtained at that latitude, do not, to a 
sufficient extent, reflect the.true character of the 
time variations of the flare. 

A strong chromospheric sun flare was again 
detected on July 14. Stratospheric measurements 
were carried out by us on that day towards the end 
of the flare. It was found that m = 1, which is 
natural if one takes the long delay of cosmic rays 
into account. However, the measurements on July 
15 revealed a great increase in cosmic-ray inten- 
sity (m = 800); moreover, the amplitude of the 
flare decreased faster than in the previous case. 

Another strong solar chromospheric flare was 
recorded on July 16. It was followed by a very 
strong (m = 2800) cosmic-ray flare. On July 18, 
the intensity decreased to m = 40. It can be seen 
from Fig. 5 that periods of magnetic storms with 
a sudden onset and Forbush decreases in the 
cosmic-ray intensity occured after the three large 


solar chromospheric flares which produced cosmic- 


ray flares in the stratosphere. 

Thus, during the period of July 8 — 20, four 
chromospheric flares, each of several hours dura- 
tion, caused cosmic-ray flares which continued, to 
various degrees, for 12 —13 days. 

The time variation of the cosmic-ray flare am- 


plitudes is shown in Fig. 6. The time corresponding 


to the center of the chromospheric flare has been 
taken as zero-point reference. Curve 1 refers to 
the flare of July 10. For comparison, data for May 
11—15, 1959 (curve 3) are also given, in addition 
to measurements at sea level of the cosmic-ray 
flare on February 23, 1956 (curve 2). It can be 
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FIG. 6. Amplitude of cosmic-ray flares (arbitrary units) as a 
function of time. 1,3—stratospheric measurements, 2—measure- 


ments at sea level on February 23, 1956. 
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seen that considerable differences exist in the time 
variations for the stratospheric flares and the one 
detected at sea level. 

The following conclusions may be drawn: 

1. Great increases in cosmic-ray intensity 
(flares) observed in the stratosphere at northern 
latitudes are due to primary protons of solar 
origin. The energies of these protons, which fol- 
low from the measurements at 64° geomagnetic 
latitude, are greater than 100 — 120 Mev, and the 
differential energy-spectrum exponent equals 6.0. 
The energy spectrum of the primary protons differs 
little for the various flares. 

2. All the five large cosmic-ray flares observed 
were preceded by solar chromospheric flares of 
maximum intensity (3° ). 

3. Cosmic rays are delayed with respect to the 
chromospheric flares by more than 4—5 hours, 
but apparently less than 10—15 hours. Such long 
delays are not compatible with the velocities of 
primary protons. 

4. The detected cosmic-ray flares are corre- 
lated with magnetic storms having a sudden onset, 
and with Forbush decreases of cosmic-ray inten- 
sity on the earth. 

5. Magnetic storms have little influence on the 
primary-proton intensity in flares. A direct corre- 
lation has been established between the amplitudes 
of cosmic-ray intensity increases in the strato- 
sphere at northern latitudes (64°) and the ampli- 
tudes of cosmic-ray intensity decreases in the 
stratosphere in more southern latitudes (51° and 
41°), 

6. The observed cosmic-ray flares have a dura- 
tion of the order of days. 

In order of explain satisfactorily all available 
data, it is necessary to assume that the solar cor- 
puscular streams with frozen-in magnetic fields 
are themselves the source of the primary protons. 
The frozen-in magnetic fields constitute traps 
which can contain protons with the energies under 
consideration, produced or accelerated during solar 
chromospheric flares. Because of the fact that the 
protons in this energy range leave the corpuscular 
streams before these reach the zone of action of 
the earth’s magnetic field, it is necessary to make 
the additional assumption about the existence of a 
magnetic medium in the interplanetary space. 

In conclusion, the authors express their grati- 
tude to Corresponding Member of the U.S.S.R. 
Academy of Sciences S. N. Vernov for his com- 
ments and his interest in the present article. 
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Experimental data are presented from which it is deduced that circulating currents are un- 
stable and break up into clusters which are uniformly spaced in the azimuthal plane. The 
conditions within these clusters are such that peculiar radial phase oscillations are set up. 
Because of this effect, collisions with the injector or wall of the vessel cause the electrons to 
be efficiently captured in betatron-type instruments. 


A consideration of the azimuthal effects of space 
charge in a synchrotron, where longitudinal inter- 
action of particles in clusters clearly occurs, has 
shown that, under certain conditions, these effects 
can noticeably influence the motion of the particles.! 
From the report of Kolomenskii and Lebedev? it 
follows that these effects must also be taken into 
account in other systems, because of the instability 
of the azimuthally uniform distribution of the beam. 

The results given below have been obtained by 
investigating electron capture in a betatron-type 
device of large cross-sectional area (Rint = 10cm, 
Rext= 50 cm, effective height 10 cm) ata constant 
magnet-gap field H~ r~", n~ 0.5. A ribbon- 
cathode injector was used? and the thickness of the 
injector blade was 4mm. The injection voltage 
pulse (U =10 to 50 kv) was rectangular in shape 
and 10 ° sec in duration: the repetition frequency 
was 50 cps. By selecting a value of the constant 
magnetic field for a given U, it was possible to 
vary the radius of the instantaneous orbit, rj 
= 1,9 + a, where ry is the injection radius. 

Using probes to investigate the current circu- 
lating in the vessel at a/ry ~ 0.1, L. N. Bondaren- 
ko and A. A. Naumov found in 1955 that a pulse of 
high-frequency oscillations was produced in the 
probes at the instant of injection. However, neither 
the basic laws governing these hf oscillations nor 
the excitation mechanism were elucidated. In our 
experiments we have established the following facts: 

1. Maximum intensity and stability of the hf 
signal are observed at values of rj which roughly 
correspond to the maximum of the circulating cur- 
rent (a/ry ety). 

2. Hf oscillations are observed over the whole 
range of the variables covered by the experiments, 
i.e., U = 10 to 50 kv and injection current J =5 to 
500 ma. At U = 20 ky, hf oscillations occur when- 
ever J >2 to 5 ma. 


3. The frequency of the oscillations is independ- 
ent of J, of the pressure P in the vessel (P =5 
x 107° to 3x 10° mm Hg), and of the position of 
the probes. 

4. The amplitude of the hf signal is a maximum 
if the probe lies near the beam. The maximum 
amplitude is of the order of hundreds of volts. 

5. The period of the hf oscillations is 
T =kT,)/m, where m = 2, 3, 4, ... and Ty 
= 2mrj/v: kK © 1.1 when ry = 20 cm and a> 0, and 
K ~ 0.85 when rp, = 40 cm and a< 0 (See diagram). 
We observe that x differs from unity because the 
mean energy of the particles that form the clusters 
differs from the mean injection energy (see below). 

From the results enumerated above, it follows 
that part of the circulating current breaks up into 
electron clusters of equal density. These clusters 
are uniformly distributed in the azimuthal plane 


-8 
Tl? sec m=2 


8 
3h, 10 “sec 


Relationship between the period T of the hf oscilla- 
tions and the period of revolution of the particles T, 
(a/t>) = 0.1). The lines marked with an asterisk are ob- 
tained with r, = 20 cm and a> 0, and the remaining lines 
are obtained with rt = 40 cm and a< 0. 
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(the latter fact is a consequence of the absence of 
the first harmonic T =T,). Actually, since a uni- 
form azimuthal particle distribution is unstable,” 
the electrons must group themselves in condensed 
clusters. Since the neighboring particles in the 
azimuthal plane are attracted to the cluster, this 
process will continue until the force acting on them 
changes sign owing to the effects of particles left 
behind. It is clear that these particles can form 
one more or several more self-sustaining clusters, 
which indeed explains the absence of the first 
harmonic T =T». 

The occurrence of azimuthal non-uniformities 
of the circulating current can have an important 
effect on the capture efficiency in betatrons. Since, 
for weakly-focused systems, dw/dW < 0 (w is the 
rotation frequency and W the energy of the parti- 
cles), and since the azimuthal component Eg of 
the field of a cluster changes sign at the center of 
the cluster, it is evident that conditions exist in 
the cluster for the occurrence of unique radial- 
phase oscillations of the particles. If the injection 
current is sufficiently large, noticeable condensa- 


tion of clusters occurs even after a few revolutions. 


Also, the constituent particles ‘‘separate’’ accord- 
ing to their radial position and energy [when rj 
20cm. = 20 kv,n = 0.0, and Kg =1 to 5 V/cm, 
the change in rj (for electrons) is 0.6—3 mm 
within 5 revolutions]. The first particles to be 
lost by collision with the injector or the walls of 
the vessel are those whose instantaneous orbits 

lie nearest to the injector or walls. As a result of 
the loss of these particles, the mean energy and 
mean orbit radius of the remaining part of a clus- 
ter increase ( in the case of internal injection) or 
decrease (external injection), and some part of 
the cluster is trapped after a number of collisions. 
Under conditions of continuous injection, the in- 
jected electrons should group themselves near the 
clusters formed in the initial instants of injection, 
i.e., the clusters must condense until a dynamic 
equilibrium is established between the particles 
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that are being injected and those lost. This argu- 
ment is supported by the constancy of the frequency 
and amplitude of the hf oscillations over the flat 
part of the injection pulse. 

It is an interesting fact that the circulating cur- 
rent (recorded by a Rogovski coil) and the hf 
oscillations of the same frequency are observed 
long after the trailing edge of the injection pulse 
(up to hundreds of microseconds at P = 5 x Lone 
mm Hg). The strengths of these oscillations and 
of the circulating current are 10 to 30% of the 
corresponding values at the instant of injection, 
and decrease more rapidly with time with increas- 
ing pressure. (Currents occurring after the injec- 
tion pulse are discussed also by Ivanov, Komar, and 
Korobochko.‘ ) 

In concluding we note that the capture mechanism 
proposed above, based on a longitudinal interaction 
of the electrons, may prove more effective than the 
mechanism associated with transverse interaction 
of the particles in the beam.°’® Information on the 
relative efficiencies of these mechanisms can be 
obtained experimentally by using an injector 
mounted above the plane of the equilibrium orbit.® 


'C. Nielson and A. Sessler, Rev. Sci. Instr. 30, 
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2a. A. Kolomenskii and A. N. Lebedev, Atomuas 
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‘Ivanov, Komar, and Korobochko, J. Tech. Phys. 
(U.S.S.R.) 29, 975 (1959), Soviet Phys.-Tech. Phys. 
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>A. N. Matveev, JETP 35, 372 (1958), Soviet 
Phys. JETP 8, 259 (1959). 
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A shift of the central nuclear magnetic resonance line of Na”, due to second-order 
effects, was observed in sodium nitrate single crystals. The sign and the magnitude 


of the shift agree with theoretical values. 


Nucrear magnetic resonance of Na?* in sodium 


nitrate crystals was first investigated by Pound.! 
Pound observed a spectrum consisting of three 
lines, a central line and two symmetrically situ- 
ated satellites. Such a spectrum is due to the 
quadrupole interaction of the Na”*® nuclei with the 
electric field gradient in the crystalline lattice. 

Assuming the quadrupole interaction energy of 
the nuclei to be sufficiently small compared with 
their energy of interaction with the external mag- 
netic field, and therefore employing first-order 
perturbation theory, Pound showed that the magni- 
tude of the splitting is given by the following 
formula 


where I is the nuclear spin (equal to *4 in the 
case of Na’), Q is its quadrupole moment, m is 
the magnetic quantum number, eq is the compo- 
nent of the gradient along the symmetry axis, and 
gy is the angle between the symmetry axis and the 
magnetic field. 

According to Pound’s experimental data the co- 
efficient e*qQ/h is equal to 334 kc/sec. 

As may be seen from (1), in the first approx- 
imation a shift of the satellite frequencies occurs 


(the m— m —1 transitions for m # BOY, while the 


central line (m= '4—> m= — ’,) remains undis- 
placed. However, as will be shown below, the en- 
ergy of the quadrupole interaction of the Na” 


nuclei in sodium nitrate is not sufficiently small to 


enable us to limit ourselves to only the first ap- 
proximation of perturbation theory, i.e., to con- 
sider that there is no shift of the central line. 
Second-order perturbation theory yields (cf., 
for example, reference 2) a shift of the central 


line which in the case of the Na”* nuclei is given by 


Ave 


© bay oh 
The shift increases as the operating frequency V9 
is diminished. For the frequency ¥) = 5.2 Mc/sec 


(3 cos? ¢ — 1), (1) 


2 (28) (1 — 9 cos?) (1 — cos? ¢). (2) 


which corresponds to a field of 4600 oe, and for 
the value of e*qQ/h quoted previously, the shift 
lies in the range from +1.0 to -1.8 kc/sec. Such 
a shift of the central line can be easily observed 
experimentally. 

In order to obtain this shift experimentally, we 
have recorded by means of the apparatus de- 
scribed previously? nuclear resonance signals 
from Na” ina single crystal of NaNO; andina 
saturated aqueous solution of NaCl. The absorp- 
tion line of Na’ in solution was used as the ref- 
erence point with respect to which the position of 
the absorption line of Na”* in sodium nitrate was 
measured. 

Experiment showed that in accordance with (2), 
the two lines coincide for g = 0°, i.e., Ave= 0, 
while the biggest shifts, which differ in sign, occur 
for g = 42 and 90°. Within the limits of experi- 
mental error, the magnitudes of the shifts corre- 
spond to the theoretical expression (2). 

The dependence of the shift of the central line 
on the orientation of the single crystal must lead 
to a broadening of this line in a powdered sample, 
since such samples contain small crystals of 
random orientation. Indeed, experiment shows 
that in powdered sodium nitrate the absorption line 
is broadened by a factor of approximately 1.5 
while retaining its full intensity. 

Moreover, it can be seen from (1) and (2) that 
for no orientation of the single crystal isit pos- 
sible to obtain complete coincidence of the satel- 
lites and the central line, and this is also con- 
firmed by experiment. 


1R. V. Pound, Phys. Rev. 79, 685 (1950). 

2. H. Cohen and F. Reif, Solid State Physics 
5,321 (1957). 

3. V. Lemanov, [IpuOoppi u Texuuka 9KCHepuMeHTa 
(Instrum. and Meas. Techniques), in press. 
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The intensity of the nuclear magnetic resonance line of Na? was measured in plastically 
deformed rock salt crystals as a function of the degree of deformation. 


Tue magnetic resonance of nuclei possessing 
quadrupole moments is very sensitive to different 
kinds of crystal defects and, in particular, to de- 
fects due to plastic deformation. The effect of 
plastic deformation on the resonance of Br and I 
nuclei in KBr and KI crystals has been studied in 
a number of papers.'?? However, the quadrupole 
interaction of these nuclei is so large that even in 
the original undeformed crystals only the central 
line is observed, while the satellites are com- 
pletely smeared out, owing to the presence of de- 
fects arising during the process of crystal growth. 
Therefore, in the case of KBr and KI crystals, we 
are unable to observe the behavior of the satellites 
under plastic deformation. At the same time, an 
investigation of the effect of plastic deformation on 
the satellites is of considerable interest, particular- 
ly because a number of papers®** report analogous 
investigations carried out on crystals with impuri- 
ties. Apparently it is possible to observe the be- 
havior of the satellites under plastic deformation 
only in a crystal in which either the concentration 
of the growth defects is smaller than in KBr and 
KI crystals, or the quadrupole interaction of the 
nuclei whose resonance is being investigated is less 
than the quadrupole interaction for the Br and I 
nuclei. A suitable crystal, from the last mentioned 
point of view, is rock salt, NaCl. Experiments on 
the measurement of the intensity of the absorption 
line due to Na® in NaCl crystals, carried out by 
Kawamura et al.,® have shown that in these crys- 
tals both the central line and the satellites can be 
fully observed. Thus, in the case of rock salt there 
exists a possibility of studying the effect of plastic 
deformation on the satellites. 

The measurements to be described have been 
carried out utilizing an apparatus of Pound’s type.’ 
The rock salt crystals were deformed by a linear 
compression along the [001] direction. As a rule, 
only one pair of mutually perpendicular glide sys- 
tems took part in the deformation, so that the de- 


formed samples had the shape of a double-ended 
barrel. For each sample the measurements were 
carried out for three different orientations of the 
magnetic field: parallel to the [100], [110] and 
[010] directions. No angular dependence was ob- 
served in the course of these measurements. 

The diagram shows on a semilogarithmic scale 
the relative intensity of the satellites (i.e., the 
total intensity minus the intensity of the central 
line ) as a function of the degree of deformation. 
Each point represents an average of measurements 
corresponding to the three orientations mentioned 
previously. Deviations from these average values 
do not exceed 6%. 


Jp 
10 


Dependence of the 
relative intensity of 
the satellites on the 
degree of deformation. 


Q2 


As can be seen from the diagram a decrease in 
the intensity of the satellites occurs as a result of 
plastic deformation. It must be emphasized that 
the width of the ‘‘total’’ line remains, within exper- 
imental error, the same as for undeformed sam- 
ples. 

Defects arising in the course of plastic defor- 
mation are linear ones, with a definite orientation 
in the crystal (dislocations). However, the ab- 
sence of any angular dependence compels us to 
regard them in our case either as approximately 
equiaxial (short segments of dislocations ), or as 
randomly oriented ones. The former case appears 
to us to be more probable, and therefore we shall 


188 


NUCLEAR MAGNETIC RESONANCE IN PLAS TICALLY 


Speak henceforth not of dislocations but of some 
centers of distortion. 

Taking this into account, and also the absence 
of any broadening of the absorption line, we can, 
just as in the case of crystals with impurities, 
utilize the critical-sphere model.** According 
to this model, the intensity of the satellites in the 
case of a random distribution of centers of dis- 
tortion must be proportional to the probability of 
the center of distortion lying outside the critical 
sphere, i.e., 


J/Jo = (1 —o)2e/™, (1) 


where J and Jy are the intensities of the satellites 
in deformed and undeformed crystals respectively, 
¢ is the concentration of centers of distortion, vg 
is the volume occupied bya center of distortion, and 
Vc is the volume of the critical sphere. On taking 
the logarithm of (1), and on taking into account the 
fact that c is small we have 


In (J /J9) = — Cd¢/Vo. (2) 


It appears natural to assume that the concen- 
tration of the centers of distortion is proportional 
to the degree of deformation. Then, a plot of 
In (S730) vs. the degree of deformation should be 
a straight line, and this is indeed the case as can 
be seen in the diagram. Since c and vy are not 
known we can not determine ve from our experi- 
mental data. Nevertheless, we have the possibility 
of making a rough estimate of the dimensions of 
the critical sphere by utilizing the data of 
Kawamura et al.,*? who determined, on the basis of 
their experimental results, the radius of the criti- 
cal sphere for Na”? nuclei in mixed NaCl-NaBr 
crystals. 

Following Bloembergen,® we can write the ex- 
pression for the electric field gradient in the lat- 
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tice in the cases of a mixed and of a plastically de- 
formed crystal. Ina mixed NaCl-NaBr crystal 
the gradient at a distance r from an ion of the Br’ 
impurity is given by 


eq = 6 (Gimp — dp) a?/a°r?, (3) 


where ajmp and ay are the radii of the Br. im- 
purity and of the principal Cl ion, anda is the 
lattice constant of NaCl. In plastically deformed 
NaCl, the gradient at a distance r from a disloca- 
tion is given by 


eq = 6e/a?r. (4) 


At the surface of the critical sphere the two 
gradients must be equal. On equating (3) and (4), 
and on taking into account the fact that in the 
former case the radius of the critical sphere is 
approximately equal to 6A, we find that in plastic- 
ally deformed NaCl the radius of the critical 
sphere is of the order of 10°A. Of course this 
figure requires experimental verification. 


‘rE. Otsuka and H. Kawamura, J. Phys. Soc. 
Japan 12, 1071 (1957). 

2. Otsuka, J. Phys. Soc. Japan 13, 1155 (1958). 

3 Kawamura, Otsuka and Ishiwatari, J. Phys. 
Soc. Japan 11, 1064 (1956). 

4M. 1. Kornfel’d and V. V. Lemanov, JETP 39, 
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Paramagnetic resonance in a quasi-single-crystal of CrCl; has been measured at room tem- 
perature at a frequency of 36,000 Mc/sec. An anisotropy of the g factor has been Uases rs 
(g, =1.989 + 0.001; g = 1.984 + 0.001) which is accompanied by a change in the width of the 
absorption line AH, = (98 + 2) oe;AH|| = (140 + 5) oe. 


A wuvorous chromic chloride has several times 
been studied by means of the electron paramag- 
netic-resonance (e.p.r.) method (cf., for example, 
references 1 and 2). As far as we know, however, 
polycrystalline specimens were used in all cases. 
This can evidently be explained by the fact that it 
is impossible to grow sufficiently large single 
crystals of this compound. 

Chromic chloride has a hexagonal layer-like 
lattice in which the chromium atoms form layers 
bounded on both sides by layers of chlorine atoms. 
CrCl; crystallizes in the form of small flakes 
whose surfaces are parallel to the chromium and 
chlorine layers. It is, therefore, natural to assume 
that a CrCl; specimen consisting of a number of 
flakes laid on each other possesses the main prop- 
erties of an axially symmetric single crystal. 

The e.p.r. of such quasi-single-crystal speci- 
mens of CrCl;, consisting of three to five flakes, 
was studied at 36,000 Mc/sec at room temperature 
by a previously described method.* As a result of 
the measurements we obtained the following values 
of the g factor and widths of the e.p.r. lines: 


g,=1.98940.001,  g) =1.984+0.001, 


3 


Ag = 0.005 + 0.002, AH, = (98+2) oe, 


Thus, it can be seen that in the quasi single 
crystal of CrCl; a marked anisotropy of the g 
factor is observed which is accompanied by a 
change in the width of the resonance curve (the 
width of the curve was measured at the half-height 
of the intensity ). 

One can speak of several possible reasons 
leading to a change in the width of the e.p.r. line 
in the directions parallel and perpendicular to the 
symmetry axis of the crystal. It is known, for in- 
stance, that although fine splitting in undiluted salts 


is averaged out by exchange interactions, the fine 
structure does contribute to some extent to the 
broadening of the e.p.r. line. It would, however, 
be incorrect to assume that the difference of this 
contribution for different directions determines 
the observed line widths in CrCl3, since in experi- 
ments conducted at frequencies differing by more 
than a factor of 3500 the widths of the e.p.r. lines 
are approximately the same: at 10 Mc/sec (ref- 
erence 1), and 9308 Mc/sec (reference 2) in poly- 
crystals AH is 132 and 148 oe respectively. The 
widths obtained from our measurements at 36,000 
Mc/sec do not exceed these values. 

The observed widths of the e.p.r. lines also 
cannot be explained by a difference in the dipole- 
dipole interactions in the investigated directions. 
Actually, the widths calculated from Van Vleck’s 
formula,° assuming that the line has a Gaussian 
shape, are 900 oe in a constant magnetic field 
parallel to the symmetry axis of the crystal, and 
1030 oe for the two directions of Hy perpendicular 
to this axis. Such a large discrepancy in the ob- 
served and calculated widths indicates the pres- 
ence of strong exchange interactions between the 
Cr?” ions which has already been previously noted.’ 

On the other hand, a comparison of the calcu- 
lated and measured values of AH allows us to 
assume that the directional dependence of the e.p.r. 
line width in CrCl; is due to the anisotropy of ex- 
change interactions. The same conclusion could 
have been reached from a consideration of the 
structure of CrCl;: neighboring Cr*” ions belong- 
ing to the same layer are at a distance of 3.5 A 
from each other, while the distances between 
nearest Cr®” ions of neighboring layers are 6.1 A. 
However, there remains here the unestimated role 
of the chlorine ions through which a superexchange 
may occur.’ Employing the approximate formula, 
proposed by Anderson and Weiss® 
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Ao [2° Aw*]/e, 


where W and Wy are the observed and dipole- 
dipole half-widths of the e.p.r. lines at the half- 
height of the intensity, it is possible to estimate 
the frequencies We of the exchange interactions: 
the exchange frequency in the direction perpen- 
dicular to the symmetry axis of the crystal we, 
= 3.2 <10** cps, while wej|| =1.7 x 10°! eps. 

The above method of investigation can also be 
applied to other substances with a layered struc- 
LuUGer 

In conclusion, the authors express their grati- 
tude to Prof. B. M. Kozyrev who suggested the 
topic of this work. 
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Results of measurement of the transverse momenta of strange particles produced by cosmic 
radiation are presented. It is shown that the mean value of the transverse momentum of heavy 
unstable particles is (0.52 + 0.06) Bev/c. Within the limits of experimental errors it is in- 
dependent of the type of strange particle and energy of the primary particle in the interval 


(1 —10) x 10 ev. 


Ons of the most reliably established and inter- 
esting properties of nuclear interactions at high 
and very high energies is the constancy of the 
transverse momentum components of secondary 
m7 mesons and their comparatively narrow distri- 
bution near a mean value of 0.3 to 0.5 Bev/c. On 
the other hand, the transverse momentum of nu- 
cleons, antinucleons, and strange particles re- 
mains almost entirely uninvestigated. Perkins! 
and Takibaev! assumed, on the basis of indirect 
data, that Py, the transverse momentum compo- 
nent of particles other than 7 mesons, has a 
broad distribution extending up to several Bev/c. 

In the present work an attempt was made to 
measure directly the transverse momenta of 
strange particles (A°, 6°, and S*), recorded in 
the Elbrus laboratory by an arrangement consist- 
ing of a double cloud chamber in a magnetic field, 
the cloud chamber being triggered by penetrating 
cosmic-ray showers. A description of the arrange- 
ment and the method of treating the data on the de- 
cay of unstable particles has been given in papers 
by the staff of the laboratory.?~" 

Used in the study of the distribution of the val- 
ues of P} were twenty-five A°, twenty-one 9°, 
and thirteen 5* particles for which the point of 
generation and the geometric parameters of the 
shower responsible for their production could be 
established. 

For all the showers generated in the upper ab- 
sorber, and for part of the showers generated by 
neutral particles in the absorber between the two 
working volumes of the chamber, the direction of 
the generating particle was taken along the shower 
symmetry axis that divided the number of shower 
particles in half. The error committed in deter- 
mining the angles between the primary particle 


P,, Bev/e 
Gulenat Dependence of the experimentally observed mean 
probability of the recording of adecay W on the transverse 


momentum component Py. The spread in the points at large 
P, is due to the small number of cases. W = n-*(21/Wj)-. 


and the products of its nuclear interaction by this 
method was estimated by means of those cases for 
which the direction of the primary particle could 
be determined directly from its track in the upper 
volume of the chamber. To do this, we measured 
the angles of the shower tracks with respect to the 
direction of the primary particle and the axis of 
symmetry of the nuclear interaction. The mean- 
square error of the measurement of the angle be- 
tween the primary particle and its products, deter- 
mined from the difference between the respective 
angles, was 9°. It can be shown that such an error 
does not lead to any significant distortion in the 
shape of the distribution and in the mean value of 
Pt in the case of strange particles produced in 
interactions of energy of the order of several tens 
of Bev. 

Since the probability of recording the decay of 
an unstable particle in the chamber may depend 
significantly on the value of its transverse momen- 
tum, the distribution of the values of Pt should be 
corrected for the probability of recording each 
case. To do this, the distribution was constructed 
with each decay assigned a weight Wj!, where Wi 
is the a priori probability of its being recorded, 
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and the error in the number of cases in a given 
interval of values of Py was defined as (zwy?)'/?, 
To demonstate the dependence of the probability 
of being recorded on Pt, Fig. 1 shows the proba- 
bilities Wj averaged over cases with close values 
of Pt. It is seen that, up to transverse momenta 
of the order of 2 Bev/c, the probability of record- 
ing a decay cannot distort the distribution. 


| Number x | _ P (Bev/ec) 
of easea| Pt -Bevie [omitting two canes with 
| 

All cases o9 0.§65+0.07 0.52+0.06 
Showers gener- 

ated in upper 

absorber 29 0.6920,15 | 0.47+0.10 
Showers gener- 

ated in absorb- | 

er between 

chamber | 

volumes 30 | 0.57+0.06 
A° hyperons Paks 0.45+0.06 
6° mesons on 0.86=0.15 0.54+0.11 
u* hyperons 13 0,72+0.19 0.64+0,14 


Figure 2 shows the distribution of the values 
of Pt with corrections for the probability of re- 
cording the decay for all 59 cases of decay of 
strange particles included in this analysis. The 
table lists the corresponding mean values of the 
transverse momenta Pt. The spectrum of the 
value of Py has the most probable value in the 
momentum region 0.2 to 0.4 Bev/c and extends 
up to 3 Bev/c. However, since the maximum 
measurable momentum in our arrangement was 
2 Bev/c and the error in the sine of the angle 
between the line of flight of the unstable particle 
and the trajectory of the motion of the generating 
particle was of the order 0.12, both cases in which 
the transverse momentum is greater than 2 Bev/c 
may be due to errors in measurement. Since 
these cases, owing to their greater weight, pro- 
duce a significant change in the mean values of 
the P; distribution, the table also shows the 
means values without these cases taken into ac- 
count. The mean square value of all transverse 
momenta is shown in the first row of the table. 
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ww 0 40 
A, Bev/c 
FIG. 3. Distribution of the values Pt: a—for particles 
generated in the upper absorber; b-— for particles generated in 
the absorber between the two working volumes of the chamber. 


Owing to the device for selecting the recorded 
interactions, the energy of the shower generated 
in the absorber above the chamber is several 
times the energy of the interactions generated in 
the absorber placed in the gap between the two 
volumes of the chamber. Therefore the separation 
of the overall distribution into cases recorded in 
the upper and lower volumes can give an idea of 
the energy dependence of the values of P; of heavy 
unstable particles in the energy region (1—10) 

x 10!° ev. Shown in Figs. 3a and 3b are respective 
distributions, which, apparently, indicate the ab- 
sence of a dependence of P; on the energy, within 
the limits of experimental error. The weighted 
mean values of the transverse momenta are shown 
in rows 2 and 3 of the table. 


w/EM 


FIG. 4. Distribution of the values 
of Py: a—for A° hyperons; b— for 0° 
mesons; c—for {* hyperons. 
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In Figs. 4a, 4b, and 4c the distributions of Py 
are separated according to the type of unstable 
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particle. These distributions do not differ from 
one another within the limits of statistical error. 
The corresponding weighted mean values of the 
transverse momenta are given in the last rows 
of the table. 

In conclusion, the authors take this opportunity 
to express their gratitude to Z. Sh. Mandzhavidze 
and G. E. Chikovani for their interest in this work 
and for valuable comments, and also D. V. Gersa- 
miya, A. A. Kozlov, D. M. Kotlyarevskil, N. G. Ta- 
talashvili, and A. I. Tsintsabadze for taking part 
in the operation of the equipment and analysis of 
the data. 
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Bursts due to high-energy (E 2 10!! ev) up mesons moving at a small angle to the horizontal 
plane were observed with the aid of a set of cubic ionization chambers. It is shown that with 
a set of ionization chambers similar to that described in the paper, but somewhat modified, 
it should be possible to study the angular distributions of high-energy mesons. 


APPARATUS 


‘Tae apparatus was designed for the study of the 
cores of extensive atmospheric showers and con- 
tained two layers of ionization chambers (see ref- 
erences 1 and 2). The chambers were placed side 
by side and formed an area 2 x 2m’. A vertical 
section through the apparatus is shown in Fig. 1. 

Each layer consisted of 64 chambers of cubic 
shape. The chambers were connected to separate 
channels of amplification and pulse registration. 
The range of the registered pulses corresponded 
to the passage of from 5 to 4 x 10° relativistic 
particles through the chamber volume. The regis- 
tration of the pulses took place whenever the total 
ionizing burst in all chambers exceed a value cor- 
responding to 1000 relativistic particles. 

Working together with the apparatus was a sys- 
tem of a large number of Geiger-Miiller counters 
arranged in groups at various distances. 


RESULTS 


A large part of the events registered by the ap- 
paratus was produced by air showers consisting 
both of electron—photon components and nuclear- 
active particles. The showers observed with the 
aid of the chambers were accompanied in most 
cases by the triggering of the counters located 
above the apparatus and around it. These cases 
have been analyzed previously. 

Among the registered events, however, there 
are cases similar to those shown in Fig. 2. The 
group of chambers with approximately the same 
size of bursts were located along a straight line 
forming an ionization distribution in the chambers 
that was ‘‘extended’’ in shape. The number of 
events of this type turned out to be the same for 
the upper and lower rows of the chamber. AS a 
rule, such events are not accompanied by the 


FIG. 1. Cross section of the apparatus: 1—Al, thickness 
0.3 cm; 2,4,6,8—Pb, thickness 2.5, 5, 2.5, 2 cm, respective- 
ly; 3,7—ionization chambers; 5 - graphite, thickness 73 cm. 


triggering of the hodoscopic counters placed around 
the apparatus. The triggering of the counters 
(sometimes a few) was observed mainly when the 
shower intersected the upper row of ionization 
chambers. It is of interest that in this case the 
triggered counters were situated in a narrow strip 
in the direction of the extended distribution of the 
ionizing bursts. Evidently, the shower particles 
are scattered on the unshielded lead surface and 
enter the counters. The cases of the ‘‘extended”’ 
distribution of bursts in the chambers differ from 
the ordinary ones also in the fact that the passage 
of the particles is registered only in one of the 
layers during the total absence of bursts in the 
other, since the usual burst in one row of cham- 
bers, in a considerable part of the cases, is accom- 
panied by bursts in the other row. 

The character of the events do not allow them to 
be identified with air showers. Such events may be 
showers of relativistic particles generated in the 
lead over the chambers by single particles travel- 
ing at a small angle to the horizontal plane. Par- 
ticles generating such showers cannot be nuclear- 
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FIG. 2. Examples of the distribution of ionization in the 
layer of ionization chambers in the cases of the registration 
of showers from oblique 4. mesons; a represents the largest 
burst recorded by us; b is one of the two cases of registra- 
tion of y-meson double showers. The layout of a row of ioni- 
zation chambers is shown; the numbers in the squares give 
the sizes of the burst in the given chamber (in numbers of 
relativistic particles). 


active particles, since the intensity of the N com- 
ponent drops with an increase in the angle @ to the 
vertical as exp| —ux(seco — 1)}, where for sea 
level-yx =8. For angles @ > 75° the intensity of 
the N component attains only the value ~ 10°! 
times the intensity along the vertical. 

A quantitative analysis of the recorded events 
indicates that the observed bursts with an ioniza- 
tion distribution of ‘‘extended’’ shape may be ex- 
plained as radiation showers from wt mesons. The 
analysis was made in the following way. We selec- 
ted cases satisfying two conditions: 

1. The ionization was concentrated only in one 
row of ionization chambers, and its total size cor- 
responded to the passage of > 1000 relativistic 
particles. 

2. There were four or more chambers, situa- 
ted in a row along one line, in which ionization of 
comparable size was observed (no more than 1.5 
times as great). 

The number of relativistic particles in the 
shower was taken from the sum of the ionization 
produced in the chambers situated along a line 
perpendicular to the direction of propagation of the 
shower. The maximum sum from several measure- 
ments (along the shower) was taken. For each 
event the value of the total ionization was found in 
all chambers of a given row. It turned out that the 
number of cases selected in this way was 0.25 
+ 0.03 per hour for each row of chambers (a total 
of 190 cases were recorded in both rows of cham- 
bers). In all cases, except one, the bursts in one 
row of chambers were not accompanied by bursts 
in the other row. 

According to the data of Schein and Gill,’ for a 
spherical chamber covered by 12 cm of lead, the 


and Grn Te ZATSE PIN: 


number of #-meson bursts caused by showers of 
400 or more particles per cm?” of chamber was 1.36 
%10 Sem “mina: 

The expected number of -meson showers in 
our arrangement can be roughly estimated, ac- 
cording to the data of Schein and Gill,” if it is as= 
sumed that the high-energy # mesons have an iso- 
tropic distribution and that we recorded only u 
meson bursts for which 6 = 75° (tan 62 4), 
where 6 is the angle between the trajectory of the 
meson and the vertical. It turned out that the ex- 
perimental value was less than three times the cal- 
culated value. This should be regarded as satis- 
factory agreement if it is considered that there is 
a possibility of an appreciable increase in the 
number of particles in the shower as a result of 
the method we employed to determine it and also 
if one takes into account the large undefined effec- 
tive area and effective solid angle for the cases 
we selected. 

We note that, according to the estimate, the 
total number of u~-meson showers with a given 
number of particles passing through the apparatus 
is more than twenty times the measured value in 
the selected angular interval. 

Shown in Fig. 3 is the integral spectrum of the 
observed showers obtained from the number of 
particles. Also shown there is the integral spec- 
trum of these events under the condition that the 
number of particles in the shower was measured 
from the total ionization produced in all chambers. 


4 
10 Nrel. particles 


FIG, 3. Integral spectrum of the showers: 1— from the num- 
ber of relativistic particles in the shower; 2 —from the total 
ionization (in relativistic particles) in a row of ionization 
chambers. The number of showers recorded in one hour by one 
row of chambers is marked off on the axis of ordinates, The 
curves were constructed from the data obtained during 370 
hours of operation of the apparatus. 


OBSERVATION OF u-MESON BURSTS 


The observed bursts should refer to 4 mesons of 
energy of the order of 10'! ev and above. The re- 
sults indicate that the number of bursts greater 
than a given size (n) decreases in accordance 
with a law of the n * type or somewhat more 
steeply. 

It is seen from Fig. 3 that the number of 
showers of a given size measured from the total 
ionization produced by a shower in the entire 
layer of chambers is appreciably greater than the 
number of showers with the.given number of par- 
ticles. This results from the fact that a shower 
with n particles, in crossing the chambers at an 
angle @ to the vertical, produces in them a total 
burst corresponding to n/cos @ particles, which, 
in the spectrum of bursts of the n * type, should 
cause the number of bursts to increase as cos 76. 

Curve 2 of Fig. 3 gives the number of bursts 
due only to » mesons at an angle of inclination 
6 = 75°. The total number of particles due to py 
mesons from all directions should be several 
times greater. This should be borne in mind when 
an apparatus with large plane systems of chambers 
is used to determine the direction of the particle 
stream. At sea level the oblique -meson showers 
in such systems resemble the arrival of a ‘‘young’’ 
atmospheric shower‘ or nuclear-active particles of 
high energy. 

Besides the described bursts in the form of 
single showers there were recorded, during a 
period of 370 hr of operation, two cases in which 
two, almost parallel showers were observed 
simultaneously. Since the probability for the 
formation of a radiation shower is very small 
(~10 2), the simultaneous observation of two 
showers suggests that the passage of two high- 
energy mesons at a small distance from one 
another is not a rare event. 

The results obtained indicate that by means of 
the system of ionization chambers it is possible 
not only to measure the size of the showers pro- 
duced by » mesons, but also to find the direction 
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of these showers. High-energy -meson showers 
arise primarily from bremsstrahlung photons. In 
the selection of showers of a given energy the ef- 
fective energy of the 1 meson proved to be very 
close to the energy of a bremsstrahlung photon 
whose direction of travel almost coincides with the 
direction of the 4 meson. Therefore, the use of 
the system of ionization chambers, which allows a 
good determination of the direction and energy of 
the # meson showers, makes it possible to obtain 
the angular distribution of ~ mesons of different 
energies (E> 10'! ev). It is necessary here to 
place the apparatus under a layer of ground suffi- 
cient to absorb the nuclear-active particles (5—8 
m water equivalent). 

The investigation of the angular distribution of 
showers produced by » mesons of different ener- 
gies may give important information as regards 
the mechanism of the  -meson generation.’ The 
investigation of events involving the simultaneous 
passage of high-energy p mesons is also of great 
interest. 
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The effect of small additions of Pb on the quantum oscillations of the magnetic susceptibility 
in Bi was studied at temperatures between 1.7 and 4.2°K and various orientations of the mag- 
netic field relative to the crystallographic axes of the specimens. It was established that the 
form of the Fermi surface and the electron effective-mass tensor are practically unchanged 
when the concentration of lead is increased to 0.037 wt%, while the limiting Fermi energy and 
the concentration of electrons diminish with increasing lead concentration. It was shown that 
the change in the anisotropy of the magnetic susceptibility of Bi when the content of Pb is 
increased cannot be explained by a change in the parameters of the electrons and holes; the 
experimentally observed variations of susceptibility and its anisotropy with the Pb concen- 
tration can be fully explained using an idea (due to Adams’) that strong diamagnetism exists 


in the valence band of bismuth. 


INTRODUCTION 


Tes explain the marked growth of the magnetic- 
susceptibility anisotropy Ay in Bi at helium tem- 
peratures, due to lead impurities (see reference 1), 
Heine” used an idea, due to Adams,° concerning 
the possible existence of strong diamagnetism in 
the valence band of Bi. Heine started from the 
supposition that on increasing C — the concentra- 
tion of Pb —the form of the Fermi surface for 
electrons does not change, and only a decrease 
in the electron concentration occurs. It will be 
remembered that the Fermi surface for elec- 
trons in bismuth consists of three ellipsoids sit- 
uated in crystal momentum space in such a way 
that their smallest axes coincide with the two- 
fold axes, while the largest axes are inclined 
5.5° to the plane perpendicular to the three-fold 
axis; the ellipsoids go into one another by rota- 
tions of 120° around the trigonal axis. 

At present, however, there are no experimental 
data to support Heine’s supposition. It is not pos- 
sible to draw any conclusion on how an increase 
in the lead concentration deforms the Fermi sur- 
face in Bi from the work of Shoenberg and Zakki 
Uddin,' since they only studied the change of fre- 
quency E)/B; (Ep, is the limiting Fermi energy, 
8; is a function of the effective masses and the 
angle ~ between the direction of the magnetic 
field H and the three-fold axis of the specimen) 


of the quantum oscillations (and, consequently, 
also the change of the areas S,,,; the external 
sections of the Fermi surface by planes per- 
pendicular to H) for two orientations of H in the 
plane perpendicular to the trigonal axis, which 
corresponds to the change of the smallest value 
of Sy, and that closest to it. 

Since the value of Ay for pure bismuth is 
mainly determined by the anisotropies of the three 
ellipsoids of the electronic part of the Fermi sur- 
face, °and the contribution to the susceptibility of 
the hole part of the surface obtained in references 
6 and 7 is very small, then it would also be suppos- 
ed that the increase of Ay for bismuth is associ- 
ated with the change of form of the ellipsoids. 

We have made a study of the oscillations of the 
magnetic susceptibility in specimens of Bi with 
various Pb contents and with various crystallo- 
graphic orientations of the specimens in the mag- 
netic field, in order to determine the nature of the 
change in the shape of the Fermi surface and the 
parameters determining it when the concentration 
of Pb impurity is changed. 


MEASUREMENT METHODS, SPECIMENS 


The measurements were made on a torsion 
balance in a homogeneous magnetic field of 
strength up to 12 koe at liquid-helium tempera- 
tures, with the specimen at a fixed position in the 
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field.® The torque N acting on the specimen, was 
balanced by the torque developed by a compensa- 
ting device which consisted of a coil mounted on a 
cylindrical copper damper fixed on the suspension 
system of the balance. The damper was in the field 
of a permanent magnet. The coil consisted of 100 
turns of PE wire of 0.05 mm diameter. 

A bronze ribbon suspension with an elastic con- 
stant K = 19.4 dyne cm/rad served as one of the 
current leads to the coil. The fine spiral spring 
of a type M-25 galvanometer was used for the 
other lead. The current through the coil was con- 
trolled by a KL-48 potentiometer. The position 
of the suspended system was determined with a 
mirror system, with accuracy 10—15". 

The alloys of Pb and Bi were made up in Py- 
rex ampoules, using successive dilution to avoid 
weighing small quantities of substance. ‘‘Hilger’’ 
Bi (purity 99.998%) was used, purified by 30-fold 
recrystallization in vacuum. In the original Bi the 
electrical resistance fell by a factor of approxi- 
mately 150 on lowering the temperature from 290 
to: 420K. 

To guarantee the most complete dissolution of 
the Pb in the Bi, the alloys were held at a tem- 
perature of 450° C for 3—4 hours, after which they 
were rapidly cooled. Seeds from the polycrystal- 
line ingots served (using the method of Kapitza’ ) 
as primers to grow single-crystal cylinders of 
length 15 mm and diameter about 3.6 mm. In 
order to decrease the inhomogeneity in impurity 
distribution, which arises during the growth of a 
crystal, the specimens were cut off from the 
primers, attached to them the other way round, 
and the growing process was repeated. 

Specimens about 8 mm long were cut from the 
central portion of the cylinders and annealed in an 
atmosphere of helium at 260°C for 5 to 30 days, 
depending on the Pb concentration. They were then 
etched in concentrated nitric acid heated to 70— 
90° C, and their crystallographic orientation was 
determined on a goniometer with an accuracy of 
0521101 0.3" % 


RESULTS OF THE MEASUREMENTS 


Nine specimens of Bi were studied, with Pb 
contents of 0, 0.012 (two specimens ), 0.02 (two 
specimens ), 0.025, 0.03 (two specimens ), and 
0.037 wt%. The three-fold axis of the specimens 
was orientated perpendicular to the suspension 
axis of the balance, whilst the two-fold axis was 
parallel to it. Measurements were made for va- 
rious angles ~ between the direction of the tri- 
gonal axis and the magnetic field. No measure- 
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ments were made for the two other main orienta- 
tions of the crystallographic axes, since they 
would give no fresh information. 

As an example, several curves are given in 
Fig. 1 showing the variation of the magnetic 
susceptibility anisotropy Ay’ = N/H? sin ~ cos w 
on 1/H for the annealed Bi specimens with va- 
rious Pb contents at a temperature of 1.67°K, 
and two values of the angle ~ close to ~ = 0° 
and 7» =90°. 

Curves showing the angular variation of the 
oscillation frequency E)/Bj~ Sm are given in 
Fig. 2 for a specimen of the original Bi and 
specimens of Bi with impurity concentrations of 
0.03%. The continuous curves were constructed 
using Landau’s formulae (cited by Shoenberg* ) 
and the tensor effective masses proposed for 
pure Bi by Shoenberg* (the dashed curves cor- 
respondingly for Bi + 0.03% Pb). As is seen 
from Fig. 2, the angle of rotation of the Fermi 
surface ellipsoids about the two-fold axes is 
practically unchanged on increasing the Pb con- 
centration to 0.03 wt%. 

Analysis of the data on the angular variation 
of E)/8; for various Pb concentrations shows 
that, for all angles, ~, the impurity causes the 
frequency of the oscillation, and consequently S,, 
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FIG. 1. Variation of magnetic susceptibility anisotropy in 
Bi-Pb alloys with magnetic field strength for T = 1.65°K: a— 
for p = +82°; b—for y =-3°. Curve 1— original Bi, Curve 2— 
Bi with 0.012% Pb, Curve 3—Bi with 0.03% Pb, Curve 4—Bi 
with 0.037% Pb. 


200 


(E,//3) 10, ‘00! 
ig 


1 13,6 


105 


o Bt 


DV Bit+G0I% Pb 


184 


ba 


] 
60 ID 
% deg 
FIG. 2. Variation of oscillation frequency E,/B8; ~ Sm with 
the angle wy between the trigonal axis of the specimen and the 
magnetic field (the two-fold axis was parallel to the suspension 
axis of the balance). 


also, to decrease in the same percentage ratio. 
The variation of the percentage change of Sy on 
the concentration of added Pb is given in Fig. 3. 

The amplitude of the oscillations decreases 
strongly with increasing Pb concentration (Fig. 
1)— the greatest decrease of amplitude being 
observed for high-frequency oscillations corre- 
sponding to the range of angles close to j~ =0°. 
This fact greatly hampers the analysis of data 
obtained for lead concentrations exceeding 
0.04 wt%. 

The good agreement between the results ob- 
tained on two specimens (0.012% Pb), cut from 
different sides of the original single-crystal cy- 
linder, shows that possible inhomogeneity in the 
distribution of impurities along the specimens 
is small, and its effect does not influence the 
limits of accuracy of the measurements. For two 
specimens (0.03% Pb) with identical annealing 
treatments, a larger oscillation amplitude was 
observed in the specimen for which the original 
alloy was maintained for three hours at a tem- 
erature of 450°C. This result appears to show 


se cm? secm? 
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FIG. 3. The change 
of the extremal sec- 
tions of the Fermi sur- 
face (in %) on increas- 
ing the Pb concentra- 
tion (O— data of refer- 
ence 1 for the orienta- 
tion with H perpendicu- 
lar to the trigonal axis 
of the specimens). 


that an ‘‘anneal’’ of the original alloy diminishes 
the microinhomogeneity in the impurity distribu- 
tion. A small discrepancy between the data ob- 
tained on specimens with 0.02% Pb concentrations 
(one specimen was not annealed, the other was an- 
nealed for four days) shows that the effect of an- 
nealing on the frequency of the oscillations is 
small, although the oscillation amplitude after 
annealing increased. 

A small increase of the oscillation frequency 
occurred on lowering the temperature. This effect, 
absent in pure Bi, increases on increasing the Pb 
concentration. The maximum observed change of 
the quantity E)/8; on lowering the temperature 
from 3.2 to 1.6°K in specimens with concentra- 
tions 0.012 to 0.037% Pb amounted to 0.7 to 3%. 


DISCUSSION OF THE RESULTS 


1. Change of the Form of the Fermi Surface 


for Electrons. The data presented in Fig. 2 show 
that two of the principal sections (the smallest, 
S,, and the intermediate, S,) of the Fermi sur- 
face ellipsoids change in the same percentage 
ratio. Since the anisotropy of the ellipsoids is 
principally determined by the anisotropy of these 
two sections, it can be supposed that the third 
(the largest) principal section, S3, changes in the 
same percentage ratio. 

Thus, under the influence of small lead con- 
centrations (up to 0.03%), the Fermi surface for 
electrons is unchanged in shape. This is, appar- 
ently, connected with the fact that Pb atoms, 
having atomic radius close to Bi atoms, do not 
essentially change the anisotropy of the Bi lat- 
tice. It is interesting to note that the variation of 
ASm/Sm (see Fig. 3) with Pb concentration is 
noticeably nonlinear. Thus, the value of the de- 
civative 8(AS,,/S,,)/8C increases by a factor of 
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approximately 1.5 on increasing C from 0 to 
0.035%. 

2. Change of the Limiting Fermi Energy for 
Electrons. To determine E®, the temperature 
variation of the oscillation amplitude [for angles 
~=—(15 to 27)° and +22° ] was used; knowing 
this, the value of Bj can be calculated, and then 
from the known quantity Ej /8; one can also eval- 
uate EG. 

From Landau’s formulae? (on the assumption 
that the Dingle factor does not depend on tempera- 
ture), it follows that the ratio of the amplitudes 
wy, at two different temperatures, T, and Ty, 
where T, = 2T,; for the same value of the field 
has the form 


wr, /@r, = Cosh (2n°kT, /2,H) (1) 


(k is the Boltzmann constant). The variation of 
E§ with Pb concentration calculated in this way 
is shown in Fig. 4. It is apparent that the varia- 
tion of Ef with C is not linear and that the deriva- 
tive dEf§/aC increases with increase of C. 


FIG. 4. The change of the 
limiting Fermi energy for 
electrons (in %) in Bi as the 
Pb concentration changes. 
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It is necessary to bear in mind that the non- 
linear variation of Ef on C can also be caused 
by the presence in the original Bi of small con- 
centrations of impurity elements of Group VI 
(donors ), which can compensate part of the 
added Pb, and by a variation of the Dingle factor* 
x with temperature, which gets greater as C in- 
creases. (The Dingle factor x takes into account 
the change of oscillation amplitude due to scat- 
tering of electrons by impurities and irregulari- 
ties in the lattice. ) 

A study of the galvanomagnetic properties of the 
original Bi at helium temperatures and the treat- 
ment of the data obtained by the method given in 
reference 10 shows, however, that elements of 
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Group IV predominate in the original Bi, and the 
determination of x from the variation of the os- 
cillation amplitude with magnetic field strength 
for T =const (which, unfortunately, cannot be 
done sufficiently accurately ) appears to exclude 
also the second possible cause of nonlinearity in 
the variation of Ej with C. 

3. Change of Electron Concentration. The elec- 
tron concentration can be determined from the 
formulae 

6V 4 1) 

o peny ete 7 (818280) (2) 
where V is the volume of one of the Fermi sur- 
face ellipsoids. For pure Bi the concentration of 
electrons n©, determined from (2), is 0.39 x 
10'8 cm’ *. Using the data of Fig. 2, we obtain the 
dependence of n© on C (Fig. 5). The fact that this 


FIG. 5. Variation of elec- 
tron concentration n in Bi 
with the concentration of Pb 
impurity. 


variation is nearly linear indicates that it is cor- 
rect to consider Pb impurities at small concen- 
trations as acceptors. However, one must bear in 
mind here that Pb has an exceptionally low ‘‘ef- 
ficiency’’ as an acceptor in Bi: to decrease the 
carrier concentration by one electron requires 
~55 atoms of Pb. Therefore, the assumption that 
one Pb atom changes the electron concentration 
by unity, which was made by Galt et al,'! is too 
crude an approximation. 

4. Change of Effective Masses. The effective 
masses mf, ms, and ms, in the system of co- 
ordinates related to the principal axes of the 
Fermi surface ellipsoids, are given by the for- 
mulae 


S,=2nE,Vneme, S,=2nE, V meme, 


Ss = 2nE, V meme. (3) 
Since, 
AS, / S; = AS, / S2= AS3/ Ss, 
it follows from (3) that 
Am® | me = Amg/ my = Ame/me= AS /S — REE 


The first quantities AS/S and AEj/Ej, as can be 
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seen from Figs. 2 and 3, lie close to one another. 
Therefore, to a first approximation it can be con- 
sidered that the effective masses do not change on 
increasing the Pb concentration from 0 to 0.037%. 
This result agrees with the data obtained by 
studying cyclotron resonance in Bi containing 
impurities." 

5. Change of the Constant Part of the Magnetic 
Susceptibility Anisotropy. The constant part of the 
magnetic susceptibility anisotropy for electrons 
has the form 


e 1 2 


4V2 wchp 


e e e 
OF 4m. 


(4) 


a= X= (Emm )'? 

As shown in reference 5, the measured value of the 
anisotropy* for pure Bi, Ay’ =x‘ - aie = 

Pinte 10s kx 105°) = — 0.5.x 10 “ces.emu 
at helium temperatures agrees well with the 

value Ay© calculated from formula (4), using 

the effective mass values determined by Shoen- 
berg: 


me = 2.4-10%m), me = 2.53m,, m& = 0.025mp. 


In fact, calculation gives 


Aye = x% — y% = — (0.52- 10-6 — 0.02. 10°8) = —0.5- 10°. 


The anisotropy of the hole susceptibility is neg- 


ligibly small. Using the hole parameters previously 
determined; °* 


mh = mb = 0,05m,, 
E> = 2.5.10 erg 


mb— 0.7m, 
(nb = 0.34-10!8 em~3), 


we find 


xn = = :002= 107s iG = — 0.026-10°, 


Ayh = —0.024- 10°. 


It is, therefore, of interest to determine, using 
(4), the change of Ay© on increasing the Pb con- 
centration, and to compare the result obtained with 
the experimentally observed variation of Ay’ 
with C. The results of this comparison are given 
in Fig. 6. As is seen from Fig. 6, not only a 
quantitative, but also a marked qualitative, dif- 
ference is observed between the curves. Thus, 
if the value of Ay’ in pure Bi is determined 
principally by the anisotropy of the electronic 
part of the Fermi surface, then on increasing the 
Pb concentration there appears an additional 
susceptibility anisotropy, which cannot be ex- 
plained by changes in either the electronic or the 
hole parts of the Fermi surface. 


*Primes are used, in what follows, to indicate experimen- 
tal values of the corresponding quantities. 
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13 
FIG. 6. The varia- | 
tion of the constant 
part of the magnetic 
susceptibility aniso- 
tropy Ay® for Bi with 
the Pb concentration. 
Curve 1 — experimen- “47 
tal data, Curve 2 —cal- 
culated from formula 


(4). 


xFrom Ref.1 | 
aCalculated 


It is very possible that the results obtained 
indicate the correctness of a deduction made by 
Adams? about the existence of a large diamagne- 
tism, x4, caused by the presence of filled states 
close to the zone boundaries and unfilled states 
outside it with small effective masses. 

As Adams showed, the value of this additional 
diamagnetism for a given orientation H is given 
by the formula 


14 = (m, /m) Yor 


(5) 


where m is the mean value of the electron effec- 
tive mass at the boundary of the zone in the plane 
perpendicular to H, and xy is the susceptibility 
corresponding to the valence band of Bi. The 
presence of electrons outside the zone and holes 
inside it causes y4 to decrease. Since at helium 
temperatures the experimental values of the dia- 
magnetic susceptibility of Bi in directions per- 
pendicular and parallel to the trigonal axis are 
xX, =-1.7x 108 and yj =-1.2 x 10°°, but the 
calculated values are Kee xi at = —(.522 x 10° 
and Gis xi + x = —0.046 x 10°°, then the value 

of y‘+, decreased due to the presence of 0.39 x 
10'8 cm~® electrons and 0.34 x 10!8 em=? holes, 
should be isotropic and equal to ~1.2 x 10° 

(the paramagnetism of electrons and holes in Bi 
can apparently be neglected, owing to their ef- 
fective mass). 

It follows from the experimental data of Shoen- 
berg and Zakki Uddin! that on increasing the Pb 
concentration the value of x increases to 
~2.5 x 10° goes through a maximu at C zw 0.15%, 
and then decreases. The value of yj) decreases 
monotonically on increasing C; however, this 
change is a slower one than for Ki (See) Fig 27) 

Since for C ~ 0.1% Pb the concentration of 
electrons should tend to zero (Fig. 5), extrapola- 
tion of the falling parts of the curves x, (C) and 
X;,(C) back to C =0 (the broken curves in Fig. 7) 
allows the values of Cdny and (hy to be eval- 


oData, this work 


FIG. 7. Variation 
of a (curve 1) and 
Xj (curve 2) with Pb 
concentration accord- 
ing to the data of 
reference 1. 
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uated for the valence zone of Bi in the absence of 
electrons and holes: (xf yo ebeb x 105°. 
Od} Ve 35107. 

It is interesting to note that the values of 
Oa )’ and (x )’ found in this way agree well with 
the values of yA and yA calculated from formula 
(5). Writing formula (5) in the form 


Na = ZoM, / V rene, F Nolo / V meme, 
XA = Nottty | V meme + xotry | mb ©) 


and substituting in it the values of the effective 
masses my = 0.0024my, m*© ='4mF =1.26m), 
m§ = 0.025m), mi? = mh = 0.05 mp, mg = 0.7my 
and the value y) = —0.034 x 10°§, calculated* 
for electrons in the valence band of Bi with ef- 
fective mass ~my and end-point energy ~7.5 ev, 


we obtain 
a se eI Saito Os = A IO, 
raf = = 0452S = Oise IO Ps SS Bal. 


We remark that Eqs. (6) also describe well the 

variation of x. and Xj, on Pb concentration. 
The first term of formula (6) provides the 

main contribution to Ge and therefore the de- 


*It should be borne in mind that the calculation of y, for 
the valence band of Bi by Landau’s formula, as done in refer- 
ence 3, is not rigorous, nor is the assumption that y, is iso- 
tropic. However, since the values of the effective masses for 
electrons are not sufficiently accurate, there does not exist 
at the present time the basis from which to calculate the 
anisotropy of x, by formula (6). 
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crease of electron concentration on increasing 
the Pb concentration causes a pronounced in- 
crease of ys, and, consequently also of x4: 
For C * 0.1% the electron zone is completely 
emptied and the further slower decrease of y’ 
is associated with the increasing concentration 
of holes in the valence band of Bi. 

The electronic contribution to ys does not 
have a decisive role, and therefore when the 
concentration of holes is increased by increasing 
the Pb concentration the value of y’, diminishes. 

Thus, if it is assumed that in bismuth, apart 
from the two groups of electrons and holes men- 
tioned, there are no other carriers possessing 
large (of the order 1 x 107°) diamagnetic sus- 
ceptibility, the magnetic properties of Bi at 
helium temperatures and their variation on im- 
purity content can be completely explained on 
the basis of the work of Heine? and Adams.® 

In conclusion we take the opportunity of 
thanking A. I. Shal’nikov for his interest in the 
work, M. I. Kaganov for discussion of the re- 
sults, and G. A. Kytin for help with the measure- 
ments. 
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If the proton and the antiproton are described by the Dirac equation, the system (p, p) has 
definite charge and spatial parities. It is proposed that experiments on annihilation, p +p 


= 2 a Shae pD+p— 7° 


1. INTRODUCTION 


As is well known, if the proton and the antipro- 
ton are described by the Dirac equation the pro- 
ton-antiproton system has quite definite spatial and 
charge parities. 

If the proton has spatial parity + 1 or +i, then 
the parity of the antiproton must be ¥1 or +i, re- 
spectively. Thus the product of the intrinsic pari- 
ties of p and p is —1 (cf. the book by Akhiezer 
and Berestetskii,! Sec. 8, Art. 3, in particular the 
note on page 55). 

Generally speaking, charge conjugation gives the 
wave function of the charge-conjugate state apart 
from an arbitrary phase factor: 

Chp = erp, Che = ei thy. (1) 
In order for the wave function vp of the antiproton 
(or the field operator) to obey the Dirac equation, 
we must have 7 =— 7, i.e., G* must be equal to 
+1. Then we get for the complete charge parity 
of a particle-antiparticle system that is in a state 
with definite orbital and spin angular momenta | 
and s the value (-1)!*® (ef. the book by Mat- 
thews,* Chap. 8, Art. 5, and also the paper by 
Wolfenstein and Ravenhall® ). 

From the fact that the antiproton exists it does 
not yet follow that the proton and the antiproton 
obey the Dirac equation (cf. the review by Segre‘). 
We recall that the discovery of positive electrons 
was immediately followed by a series of experi- 
ments for the purpose of establishing their iden- 
tity with the antiparticles whose existence fol- 
lowed from the correctness of the Dirac equa- 
tion for the electron (cf. the article by de Bene- 
detti and Corben,° pagerlOis) ee lneparticila tes tenas 
been verified that the polarizations of annihilation 
y-ray quanta are perpendicular, which is a simple 
consequency of the pseudoscalar nature of the s 


+ 7°, be used to test this consequence of the Dirac equation. 


state of the positron and the conservation laws.°*® 


We are suggesting analogous experiments. Let 
us suppose that there can be values of the spatial 
and charge parities of the system (p, p) different 
from the values that follow from the Dirac equa- 
tion.* Then from the law of conservation of angu- 
lar momentum and from invariance with respect 
to space reflection and charge conjugation one can 
get different selection rules for the two-meson 
annihilation p +p— 7+7, and test them experi- 
mentally. 


2. THE SELECTION RULES FOR TWO-MESON 
ANNIHILATION FOR VARIOUS TYPES OF PAR- 
ITIES OF THE SYSTEM (p, )) 


As before, we shall regard p as the particle 
charge-conjugate to the proton. With our purpose 
of testing the correctness of the Dirac equation we 
cannot, however, define € as the operator that con- 
verts the Dirac particle into its antiparticle. The 
example of K® and K® shows that the operator G 
can be given a more general definition, analogous 
to the definition of the isotopic-spin operator (the 
operator € will convert p into p like the operator 
that converts a proton into a neutron). 

We assume that for the charge-conjugate par- 
ticle the mass (inertial), the momentum (or coor- 
dinate), the square of the spin, the spin projection, 
and, in general, all the mechanical characteristics 
are just the same as for the original particle (we 
may regard the spatial parity also as a mechanical 
characteristic, but this is not obligatory). All the 


*Suppose, for example, that p and p obey two independent 
two-component equations of the type given by Shirokov,’ which 
can describe particles of spin } with different (and entirely in- 
dependent) parities, charges, strangenesses, and so on. 
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other characteristics, namely the electric charge, 
the baryon or lepton number, and the strangeness 
are changed into their Opposites by the charge- 
conjugation operator ee 

This definition still gives no connection between 
n and 7 in Eq. (1). Both the value of G? when ap- 
plied to the wave function of p or p and the charge 
parity of the system (p, p) ina state with definite 
1 and s can be complex numbers of unit absolute 
value (cf. Appendix A). This is an example of a 
difference between the operator C2 and the square 
of the reflection operator I. In fact, repeated in- 
version of the coordinates is an identical transfor- 
mation, and its representation, i.e., the value of 
I’, must be unity for single-valued representations 
and +1 for spinor representations. For C there 
is no corresponding fundamental group (such as, 
for example, a group of coordinate transforma- 
tions ); CG is defined only through its action on 
wave functions. Thus after repeated charge conju- 
gation one gets the same wave function only apart 
from an arbitrary phase factor. 

If p and p are not described by the Dirac equa- 
tion, their spatial parities are not related. A par- 
ticle of half-integral spin can have the spatial pari- 
Hess) Fan —i (reference 2, Chap. 7;-Art.. 2). 
These same values of the parity can occur for a 
system of two particles. 

It will be clear from the further argument that 
from the fact of annihilation of (p, p) into 7 mes- 
ons it follows that the charge parity of (p, p) can 
take only the values +(-1 yl+S, and the intrinsic 
spatial parity of the 7 meson only the values +1. 
Therefore we shall study four possibilities for the 
spatial and charge parities of the (p, p) system: 
{—1, +1} (the ordinary Dirac case), {—1, —1}, 
1 tit and 4+1, —1}..-The first value given is 
the parity of the 7 meson, and the second is the 
coefficient +1 or —1 in the expression +1(-1) 1+8 
for the total charge parity of the system (p, Pp). 

Assuming the usual conservation laws* for the 
total angular momentum 1+s =I’ (I’ is the orbital 
angular momentum io the Aue mesons ), the spatial 
parity oF ee Ces ih = hy and the charge parity: 
(1)! 2 2 (— 1)°, we get ihe selection rules 


*The expression (-1)!" for the charge parity of a system of 
two 7 mesons can be obtained from the following considera- 
tions. Granting that 7° is charge- eee (since it decays into 
two photons) coe assuming that 7°, 7*, and 7 form an isotopic 
triplet (so that 7* = F2-2D,7° + i-*D, 7°, where D, and D, 
are counterclockwise rotations through 7/2 around the 2 and 1 
axes in the isotopic space), we find that Cr, = —-7_ and 
Cz_=-7,, and for the charge parity of the avatar Gra, 1.) 
we get the expression ine (granting that 7 mesons obey Bose 


statistics). 
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TABLE I 
: Selection rules | Additional selection 
Parity for two-meson in o4 
signature eudikilations ih Ranta 
= (L‘is even) 
(eau sp ih} sai, =r 1 — odd 
{—1, — 1} two-meson annihilation is forbidden 
1, +43 5 == 0) l= { — even 
{+ 1, —1} Ses | 1 — even 


shown in Table 1 for two-meson annihilation p +p 
— a+ under the various possibilities for the par- 
ities. 

In principle we can choose between the possibil- 
ities by carrying out a phase-shift analysis of the 
reaction p +p — 2+7 (which requires experi- 
ments with polarized p or p). We shall show that 
distinctions can be made between the possibilities 
from the form of the angular distribution and from 
the energy dependence of the total cross section at 
small energies of the incident antiprotons. 

We emphasize at once that we must exclude 
from consideration cases with preliminary forma- 
tion of ‘‘protonium’’ [we use this name for the 
bound system (p, p) analogous to positronium ]. 
The angular distribution of the 7 mesons from the 
annihilation of ‘‘protonium’’ is always isotropic, 
and if there indeed is a dependence of the cross 
section o on the energy it is determined just by the 
Coulomb interaction and is the same for all the 
parity possibilities. In Appendix B it is shown that 
if annihilation has occurred at a p energy larger 
than 0.25 Mev in the laboratory system the effect 
of the formation of ‘‘protonium’’ can be neglected. 

Furthermore, in many of the proposed experi- 
ments annihilation ‘‘in flight’? must occur in s or 
p states (1 =0, 1) of the proton-antiproton system. 
This requires that the quantity krp, be small, 
where hk is the relative momentum of p and p in 
the center-of-mass system and rg is the range of 
the strong (mesonic) interaction of p and p [we 
assume that rp =h/ywce = 1.4 x 10°'8 em, the Comp- 
ton wavelength of the 7 meson (see the paper of 
Rarita and Schwed?® and the bibliography given 
there )]. Then in case there is no Coulomb inter- 
action (for example, for the annihilation of an anti- 
neutron and a neutron) the matrix element for the 
transition from the nucleon-antinucleon state with 
orbital angular momentum J, total spin s, and 
momentum hk to the 7+7 eiate with orbital angu- 
lar momentum 7’ has for (kr)? « | 42 — 2| the 
following basic sort of dependence on k and / (Gr. 
Table 1 in reference 9): 


206 Mi 


Rey ~ (kro)! t¥2/(t + 1) (2 — 1)! (2) 


The wave function of the initial state p +p 
(charged particles) differs only slightly from a 
plane wave if the antiproton energy E is larger 
than 0.25 Mev.!” Therefore we may suppose that 
the dependence (2) holds for p +p —~ 7+ 7 over 
the range from 0.25 Mev to some tens of Mev. 
More exactly, it can be shown that for the ratios 
of transition matrix elements with different values 
of 7, in which we shall be interested in what follows, 
the Coulomb corrections are smaller than 10 per- 
cent at E = 0.25 Mev. 

From EKq. (2) we get for the energy dependence 
of the total cross section of the exothermal reac- 
tion in the energy range specified the result o 
~ (EY? 29-1, where J) is the lowest orbital angu- 
lar momentum for the given hypothesis about the 
parities, which predominates over all larger values 
in virtue of Eq. (2) if (kro)? « |4l — 2| (cf. the 
previously mentioned paper by Wigner,” Sec. IIIA, 
‘neutral case.’’ We note that for E < 0.025 Mev 
we have the ‘‘charged case,’’ and then o ~ 1/E in- 
dependent of the parities ). 

In estimating the contribution of higher angular 
momenta one must also take into account the coef- 
ficients with which the quantities RU occur in the 
expressions for the differential and total cross sec- 
tions (cf. Appendix B). 


3. PROPOSED EXPERIMENTS 


The first problem is to establish the existence 
or nonexistence of the two-meson annihilation p 
+p—> 1+ at any energy of the p (including the 
case with preliminary formation of ‘‘protonium”’ ). 
If it does not exist, the parities are those for {-1, 
—1}. On the other hand if we suppose that the ex- 
istence of two-meson annihilation* of proton and 
antiproton gets established experimentally, then 
three of our possibilities for the parities remain. 
Under suitable limitations on the energy of p the 
annihilation cross section will be mainly deter- 


mined by the elements RU of the transition matrix 
with the smallest values of 7. Assuming further 


that the matrix elements Roy behave essentially as 
shown in Eq. (2), we get the forms shown in Table II 
for the energy dependence of the total cross sec- 
tion for two-meson annihilation with the various 
parity possibilities, correct to deviations of not 


*More than 3000 pp annihilations are now known; among 
them there has not been registered a single case of two-meson 
annihilation."* Further investigations are necessary to establish 
whether this is due to the Dirac parity type {-1,-1} or to other 
causes. 


SHIROKOV and E.'0. OKONOV 


TABLE II 

Parity | Peed ee oe ptpor+r° 

signature | Section o,Ce) [Enerey, Mev | Cetin ey¢s)_| Energy, Mev 
panied | : 
om +n soE~ | 0.5410 | vob 0.5 -- 50 
’ 1 ; | 2 : : 

dod, pd} cM EB Qe a0) ere 18) ae 0.5 — 50 
(ter asco 0,5 + 40 | oN EE”? 0.5 — 100 


more than 10 percent within the energy ranges in- 
dicated in the table (meaning in all cases the kine- 
tic energy of the antiproton in the laboratory sys- 
tem ). 

Other possibilities for distinguishing between 
the parity possibilities are provided by the angular 
distribution of two-meson annihilations ‘‘in flight.”’ 
It is shown in Appendix C that for {+1, —1} the 
angular distribution o, (%) of the reaction p +p 
— q* +7 at any energy must be of the form sin? 3 
in certain ranges of angles near 0°and 180°. The 
larger the energy of the antiproton, the smaller the 
range of angles. In particular, for 0.25 < E = 10 
Mev the ‘‘combined’”’ angular distribution o, (7) 
+o, (7 — 3) is of the form sin’? ¥ at all angles to 
within maximum deviations of the order of 10 per- 
cent (at angles / close to 90°). For 0.25 < E 
=< 40 Mev it is of the form sin’# in the range 0° 
— 30° (with the same deviation at angles close to 
30°). The lower limit of the energy can of course 
also be larger than 0.25 Mev. 

For this same parity type the angular distribu- 
tion o)(8) of the reaction p +p — 7? + 7° must be 
of the form sin?’ cos’?# for angles close to 0° and 
90°. In particular, o9(0%) ~ sin’? 8 cos? 3 (to accu- 
racy 10 percent) at all angles for 0.25 < E = 20 
Mev, and in the ranges 0° — 30°, 60° — 90° for 0.25 
< E = 50 Mev (to the same accuracy ). 

These features of the energy dependence and 
angular dependence of the cross section enable us 
to indicate some possible series of experiments 
for distinguishing between the three parity possi- 
bilities. 

1. One measures o,() for E < 40 Mev. Ifit 
does not go to zero at J = 0°, the possibility 1-1, 
—1} can be rejected. To distinguish between {-1, 
+1} and {+1, +1} one has only to determine 
whether o)(E) decreases or increases as the en- 
ergy is decreased.* For example, one can measure 
and compare the mean cross sections for the cases 
with antiproton energies 10 < E < 30 Mev and 
those with 30 < E < 50 Mev. 


*In the case {+1,+1} the cross section o,() must be iso- 


tropic as long as we can neglect R},. But this fact cannot 
be used to distinguish between the two cases, Since even for 
E <5 Mev the deviation from isotropy can reach 15 percent; 
furthermore in the Dirac case o,(y) can be accidentally iso- 
tropic (cf. Appendix C). 
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The case in which o,() is small near 0° re- 
quires special examination. This is also possible 
for the parity types {-1, +1} and {+1, +s but 
only for a certain quite definite relation between 
the elements Rj,;, RY,, Rij... and ee Let: 

- . » which can occur accidentally. If, however, 
E < 10 Mev, this relation is in contradiction with 
the relations (2). Thus to be sure about the legiti- 
macy of the type {+1, —1} one has, strictly speak- 
ing, still to see whether o,(0°) remains small for 
0.25 < E< 10 Mev. As can be seen from Table II, 
this experiment can be replaced by a measurement 
of o,(E) in the range 0.5—10 Mev. If it de- 
creases with decreasing E, then we have the case 
{+1, —1}; if it increases, there remain the other 
two cases [which can be distinguished by means 
of the behavior of o)(E), see above]. But this ex- 
periment is evidently more difficult than the meas- 
urement of o,(%) for 0.25 < E = 10 Mev. 

2. One measures o)() for E = 50 Mev. If it 
does not go to zero at 0° and 90°, the possibility 
ie —1} can be rejected, and the other two possi- 
bilities are distinguished by means of oy(E), as 
indicated above. 

If a9 (0°) and o)(90°) are small and this situa- 
tion holds also for E < 30 Mev, the possibility 
hed - 1} is the correct one. For the other two 
possibilities the vanishing of o)(%) at both 0° and 
90° would require the existence of an even more 
special relation between the Rgj7, which is contra- 
dicted by Eq. (2) for E < 30 Mev (elements would 
have to be equal that differ by an order of magni- 
tude according to Eq. (2). 

3. One measures o9(E) with enough accuracy 
to distinguish between the E!? and E3/? laws over 
the range 0.5 — 50 Mev in the case of decrease of 
o)(E) with decrease of the energy. As can be 
seen from Table II, this suffices to distinguish 
between all three possibilities. 

We repeat that all of these arguments are based 
on the assumption that a number of conservation 
laws hold (cf. Sec. 2) and that the relations (2) are 
valid. If the cross section does not behave as re- 
quired by the Dirac case, then one could assume, 
for example, that parity is not conserved in the 
annihilation. This, however, would be a deduction 
of no less fundamental importance than the inappli- 
cability of the Dirac equation to p and i: 


APPENDIX A 


The Charge Parity of (p, p). In the representa- 
tion of the spin components my, m2, the signs of 
charge €, and €, and the angles of the relative 
momentum the correct antisymmetric wave func- 
tion of the system (p, p) must be of the form 
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b = 2-2 { Cnmymge8, 


usm) — <— nmgmye,¢, | lusm)}, 


where yp and m are the projections of the orbital 
angular momentum and the total spin. The inter- 
change of the indices on € that characterize state 
and antistate, which is required for the antisym- 

metrization, can be accomplished by means of the 
operator C: 


C C8182 | > = (8p8,| > ef, 


Here ao=7) +7 (cl. Eq. (1)];-a@ =0 if pand pare 
described by the Dirac equation. Taking this fact 
into account we have 

€ = MgtNy£2 | lusm> = NY 7, (— n) Cs” 


Soe \ 
/2Mo\/omy (828) | Z 


= N (— ])fts>1 Y7,(n) Csm 


1/atMy*/oMe 


G (8489 | SQ 
= (= ta G CNM My84 8 | usm) ete, 
b= 22 [1 + (— 1)48Ce—2] Cnmymge,s, | Lusi), 


from which it follows that the charge parity of the 
system (p, D) with definite J and s is (—1)/*Sel@: 


Ch =2-%2[C + (— 1) 4se%ae-2] | Iusmy = (— 1)+5e!d, 


APPENDIX B 


The process of the formation of ‘‘protonium’’ in 
the collision of a fast antiproton with a proton is 
the inverse of the photoelectric effect y + (p, p) 
— p+p. Using the well known expression for the 
cross section for the photoelectric effect!” and the 
principle of detailed balancing, we find that for en- 
ergies of p much larger than 25 kev (in the l. s.) 
electromagnetic capture leads to the formation of 
““orotonium’’ mainly in the 1s state with a total 
cross section that falls off rapidly with increase 
of the energy of the p: 

Qi ae E 
P= Beagie Gag 2)? 
where a) = f’/Me? = 0.58 x 10 ‘1 cm; k =h * 
x (ME/2)'/2, where E is the kinetic energy in the 
l.8550é¢= uy; if the ‘‘protonium”’ is formed in the 
singlet state, and = if it is in the triplet state. 

For E = 0.25 Mev we get for o a value of the 
order of 0.01 mb. On the other hand it can be ex- 
pected that the cross section for two-meson annihi- 
liation owing to the strong (mesonic) interaction 
is of the order of several millibarns at low ener- 
gies (if it is not forbidden ).!° 


APPENDIX C 


1. The general formula for the cross section 
for two-meson annihilation is (cf. e. g., the review 
article by Blatt and Biedenharn"): 


Bae M. I. SHIROKOV 
(B)oo D | DL Ven (9) RUC CI am V2 
= nee oF 1R,| 
xD, 0, 0 CHEV IF IRS! rare, 
lo’ls 


The z axis is chosen parallel to the momentum Po 
of the antiproton; mg and mp are the spin projec- 
tions of p and p; and C... are Clebsch-Gordan co- 
efficients. 

2. If we confine ourselves only to the matrix 
elements Ry and Ri, we get from Eq. (C.1) for 
the reaction p +p — 7’ + 7° in the “‘usual”’ parity 
possibility (s =1, 7 odd) the result 


9 '2 


» (P)oo| ROP +2 R22 + V10Re (RE,Ri) 


+ cost] 2) RP —3V'10 Re (Ro,R%) |= A + Beos* 


Regarding R}, and R?, we know only that |R}, |? 
+|R?,|? = 1 (the unitarity relation). For the quan- 
tity A we have A =|R?, + (*4)!/R?, |? = 0; B can 
also be negative (but A+B=20), and in particular 
can be equal to zero (isotropy ). 

With inclusion of 7 = 1, 3 the total cross section 
is given by 


1 p-2 
= 7g hk? {| 


5| Re? +5|R2,)?+9/ Rs, Py. 


At E =50 Mev we have (kr, )? = Os Cs the con- 
dition of applicability of Eq. (2), (krg)? « | 41 - 2|, 
is well satisfied for Rj, Rts: and poorly for R},, 
Ri,. Using nevertheless the estimate (2), we find 


(5 + 9)| Risi?/(1 + 5)| Ru}? 9.2%, 


where the error of this estimate itself is probably 
100 percent. Thus we can suppose that o ~ lees 
x | Ry, |? ~ E’/? in the range 0.5 —50 Mev, with ac- 
curacy not worse than 0.5 percent. 
3. For the case {+1, —1} we have s =1 and 

=I’. In view of the fact that cle, =0, the sum 
over m reduces to the sum of equal terms with 
m =#1: 


5 (8)co| 2 Via (, 0) Chip V2 IRE. (C.2) 
The spherical function Y7,,(¥, 0) is proportional 
to the associated Legendre polynomial of the first 


kind. Therefore 
Y71(%, 0) (1 — cos? 9)'dP; (cos 9) /d cos t 
5, (9) eosin? 9 {| Ri, |?-+..3) (Crs) 


In particular, if we can neglect all the elements 
Ri7 with 1 > 2, then 


and EO ntO RONG 


1 2 + (10 / V3) Re (R1,R2) cos 


3, (9) ew sin?) 


Fa 


ee | R2, |? cos” o, 


tes 
5,(9) + 6,(1— %)wsin® 4 1 Ret Seg cosa | 
For E = 10 Mev we get krp = 0.245 and (25/3) | 

x | R2, |?/ | Ri, |? © 7 percent. 

For the reaction p +p — 7’ + 7° in this parity 
signature J must be even. At any energy the cross 
section is a linear combination of products of pairs 
of functions Yo;(3, 0), Ya,( 0), Yei(v, 0), ete. 
They are all proportional to sin ¥ dP] (cos #) / 

d cos 3, and since for even 7 the Legendre poly- 
nomial P7(cos #) depends only on even powers of 
cos ¥, for practical purposes Y7];(v, 0) 

~ sin ¥ cos ¥, so that 


EN ie eae i 


6, (9) sin? 9 cos’ d {; R?, 
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A ten-dimensional formulation of electromagnetic field theory, making use of first-order 
equations, is employed. Within the framework of this formalism, a general expression is 
derived for the quantum-electrodynamic scattering matrix taking into account the so-called 
Pauli interaction without introducing scalar photons. The free field longitudinal photon states 
are used in order to simplify the calculations of the transition probabilities for unpolarized 


light. 


ly an earlier paper by the present authors! a ten- 
dimensional form of the quantum theory of the 
electromagnetic field in vacuum was developed on 
the basis of the ‘‘generalized’’ first-order wave 
equation® 


(YoVe + To) P(x) = 0 
The wave function % consists of the components of 
the potential dp ang of the field dp = — yp; Yp 
are the ten-dimensional matrices of the vector 
meson theory satisfying the Duffin-Kemmer alge- 
bra, while yp is the projection matrix: 
oO 0 0 
0 0" 10 | 
io = 0 Oa oy} 
\o Gi OJ 


/ 
/ 


The advantage of this approach is that scalar 
photons are automatically eliminated from the 
theory, and one does not have to impose on the 
wave function any restrictions associated with the 
Lorentz condition. States of right- and left-handed 


circular polarization appear naturally in the theory 


as the fundamental states of the photon. The 
second-quantized wave function of the electromag- 
netic field # and the conjugate function ~ have the 
form 


Vic \ d?k 


WO) ae ag Dy feq (Kk) (b) 


V oy q=0.41 
GF (k)"p@(— kye“*™*), 


vy =e D 


2 9 Vy g=0, +1 


[eg (Kk) BO (B) emt 


+ 64 (k) po (— B) e**1. 2) 


Here the operators cq (kK) and cq (k) satisfy the 
commutation relations 


[cy (k), ct, (k’)]_= 649 6 (k — k’), 
[€q(k), €q (k’)I_ = [er (k),c7 (k’)]. =9, g.g'=0, 41. 
(3) 
The quantities ~(4)(+k) are defined by the follow- 
ing formulas (cf. reference 1) 


0 2G 


e 5 e* 
PERCE R= | bitte) {> VO? (ER) = pee 
-F ikge i NeEiieet 
k 
po (ER)=] o |, (4) 
0 
= y, i 
p= Pn, 
where 7 is the matrix of the bilinear invariant 
form!: 
pai 0 0 
@ 1 0 0 
NaN cei ue Viera iy (0 he (6) 
0 0 Om ail 


All the components of the vectors w(k), with the 
exception of the first, are three-dimensional vec- 
tors in the notation of (4); correspondingly in the 
matrices yp and 7 all the elements with the ex- 
ception of the first row and the first column are 
three-dimensional square matrices; k = (k, ky) is 
the four-momentum of the photon, e and e* are 
three-dimensional complex ‘‘circular’’ vectors 
having the following properties 


{kxe] = i|k/(e, [kxe*] = —i|kle’, Level. 


We shall need the commutation relations for the 
transverse part of (x). By utilizing the methods 
employed previously® and by taking into account 
the fact that the truncated minimal polynomial of 
the operator B(k) = ikpyp + Yo for the transverse 
part of the electromagnetic field has the form 
S2(k) [B(k) —1]?, we obtain 
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Ly (x')-¥ (x)= 2 ) 5?) (Bie) Sp city 


(2)2i 0 


A Gee (7) 


Here S(k) = ik, | Kl ecOnuoVnve is the projection 
operator giving the component of the spin along 
the direction of motion;' dahe is the Levi-Civita 
symbol; a, b, c =1, 2, 3; the prime indicates that 
only the transverse part of the function = (x) is 
taken. 

In order to obtain functions that are solutions 
of the Dirac equation, we shall use the general 
method described in reference 3. The Dirac equa- 
tion for the plane wave g (x) = 9(p) exp (ipx) 
takes the form 


(ip + %) p(x) = 0, (8) 


where pf = Py Bus By are the Dirac matrices. The 
projection operator giving the component of spin 
along the direction of motion of the particle which 
commutes with 6 has the form 


6 = iSavePaBsB-/4 | p |. (9) 


The minimal equations for the matrices if and 9 
can be written in the following form: 


(ip + )(ip—x)=0, (6 +4/2)(6— 1/2) = 0. 


Therefore, in accordance with reference 3, the 
projection operators corresponding to the four 
linearly independent solutions of equation (8) have 
the following form 


te) (p) = (/s + 6) (% F ip) / 2x = +g (+ p)-~ (+p), (11) 
te (p) = C/2 — 9) (% ¥ ip) / 2x = +p (+ p)-p® (+ p), (12) 


(10) 


where @ =y*f4. Expressions of the form 

p(p) Pp(p) denote the dyads (~-@)ik = PiP,. The 
vectors vy") (p), p® (p) are amplitudes of the 
plane wave ~(x) =y(p) exp (ipx) which de- 
scribes a free electron of four-momentum p, and 
correspond to the two possible components of spin 
along the direction of motion. Similarly, the vec- 
tors gy!) (—p), y®)(— p) are the amplitudes of 
the plane wave ~(x) =~(— p)exp(—ipx) which 
according to Feynman‘ can be used to describe a 
free positron of the same four-momentum and 
polarization. The following normalization holds? 
for the vectors gt) (+p) 


p (+ p) p (£ p) = +84, (13) 


as can be easily verified directly by multiplying 
the operators T(p) when i ~k, and by evaluating 
their traces when i = k. 
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The general solution of the Dirac equation can 
be represented as usual in the form of the three 
dimensional Fourier integral (cf., for example, 
reference 5) 


+ b+ (p) 9 (—p) e~P* ap, 


+- br (p) p” (— p) e’?*] d’p, (14) 
where 
[a,(p), at (pie = 6,70 (p — Pp), 
[b, (p), by (p’)I. = 6,76 (p > Pp), (15) 


and all the other anticommutators vanish. 

The general relation obtained in reference 3 
immediately yields, with the aid of (11) and (12), 
the well-known commutation relations for ~(x) 
and Q(x): 

(9 (2")-@ (2, = gage (BaVa — »)\S* oP sin pyro, 


(16) 


With the aid of the same formulas (11) and (12) we 
can very simply obtain the pairing of the operators 
v(x) and @(x). By utilizing the dyad notation we 

can write this relation in the form 


@ (x')-@ (x") = SF(x’ — x") = T Ie (x’)-9 (x) 


—N [9(x’)- (x")], (17) 
where T and N are the symbols denoting the 
mixed and the normal products respectively, SF 

is the matrix operator of the pairing. On substi- 
tuting (14) into (17) and taking (11) and (12) into 
account we easily obtain the well-known expression 


t ipx p—ipo| Xo 1 4s 
SF (x)= saap (%—BuVp) |e esl d%p. (18) 


The ten-dimensional representation for the 
electromagnetic field functions enables us to gen- 
eralize the Lagrangian in a natural manner to the 
case of the interaction of the Pauli type. As is 
well known, the usual Lagrangian for the inter- 
action between the electromagnetic and the Dirac 
fields has the form 


Li = — tee (x) thy (x) Bug (x), (19) 


while the interaction Lagrangian of the Pauli type 
has the form 


Lit = + tel (x) bur (x) Bu Bop (x), (20) 
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where 7 is a real constant having the dimension of 
length.® 


We introduce the ten-dimensional matrix vector 


D = (34, 31, Ba» Ba» Bobs, 8x81, 8:82, Bibs, Bey, 8984). (21) 
Then, by combining (19) and (20) we can write* 
(1), 2 
Fimt= Line > Line = — iep (x) IF (1 — ro — Le) b(x)] (2). 
(22) 


By starting with the fact that the Lagrangian of the 
free electromagnetic field has in the ten-dimen- 
sional formulation the form!2 Loh = $(X) (vp V 

+ Yo) ~(xX)/87 we can construct the Lagrangian 
for the interacting electromagnetic and electron- 
positron fields: + 


L (x) = (82) * (x) (YeVe + To) } (x) + hcg (x) (Buu + ©) (x) 
— + iep (x) P(L — 4, — ly) b(x aye (x) 
— + ieg (x) $(: 2 hea fase alin Ly) Ve (x). 


In the classical case, we obtain from (23) by 
variation the following system of equations for the 
coupled fields: 


(23) 


(tyVe + Yo) (x) = 4riep (x) (1— Yo + lo) Te (x), (24) 
(= 7,Ve + Yo) $(*) = Arieg(x)T (1 — 7) —l40) (x), (25) 
(BV + x) (x) = (ie/e)T (1 — Yo — lo) P(x) P(x), (26) 

(8,V,—~x) ¢ (x) = — (ie [hey T (1 — 9 —L 70) (x) 9 (x). 
Since! 


(x) =(1—2%) 9 (*), —"t) =0, 
Te = 0 20. 


(24) and (25) coincide. Equation (24) is equivalent 
to the second-order equations for the potentials 
with the only difference that in the right-hand side 
the Pauli current appears as well as the Dirac 
current. In particular, it follows from (24) that 


1 da (*%) — Va (Vu (%)) 
—1V_ [9 (x) Babee (x)]}- 


(1 


= — Amie {9 (x) Bap (x) 
(27) 


Equation (24) can be solved by utilizing the 
Lorentz or the Coulomb gauge for the potentials. 
Usually the Lorentz gauge is used for the poten- 


*We note that 1 — y, picks out the first four components of 
Wy, while y, picks out the last six components. Therefore, all 
the terms in (22) have the same dimensions. 

+We note that because of the properties’ of the function 
Ws (x) the following equation holds 


T (1 — yo — lyo) $ (x) = 4 (#) (1 — Yo + P40) Fs 


so that the interaction terms in (23) are equal to Lint (x) in (22). 
In carrying out the variation W(x) and Wx) in (23) are regard- 
ed as independent. 
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tials, and this causes, after second quantization, 

a subsidiary condition to be imposed on the state 
vector. The longitudinal and the scalar fields de- 
scribing the Coulomb interaction are then elim- 
inated with the aid of this condition (cf., for 
example, references 7 and 8). In the final result 
the Coulomb field remains unquantized. The use 
of the Coulomb gauge enables us to avoid this pro- 
cedure, since the physical distinction between the 
transverse and the Coulomb fields is already ap- 
parent in the equations of motions themselves. 
Thus, the possibility appears of taking care of the 
Coulomb interaction in the classical theory with- 
out subjecting the field components describing this 
interaction to second quantization. 

Such an approach has been employed by Lip- 
manov’” to describe the ordinary Coulomb inter- 
action on the basis of a relativistic generalization 
of the Coulomb gauge. This generalization is 
associated with an arbitrary choice of the space- 
time surface, on which all the characteristics of 
the system (energy, momentum etc.) are given in 
the Heisenberg representation. However, such a 
generalization of the gauge contributes nothing new 
to the construction of the scattering matrix. There- 
fore, we shall limit ourselves to taking the gauge 
in the form 


Y ee (x) = 90, 


as a result of which the Coulomb interaction is de- 
scribed only by the component 7, (x). 

As will be shown later, the choice of the gauge 
(28) allows us to take into account the ‘‘generalized’’ 
Coulomb interaction* already in the classical 
theory. This leads to the result that in the inter- 
action representation the operators of the electro- 
magnetic field obey a first order ten-dimensional 
wave equation whose solutions have been given 
earlier.! 

On taking (28) into account, Eq. (27) goes over 
into an equation for the purely Coulomb part of the 
potential 


Ad, (x) = — Arie {9 (x) Bap (x) — Ve [p (x) Babe (*)1}- (29) 


We break up the potential ~4,(x) into two parts 
~4(x) and #{(x) which satisfy the following 
equations 


(28) 


Adi, (x) = Ariel Va [p (x) Babe (X)1, (30) 


Adi (x) = ce) 


— Anieg (x) Bap (x). 


*The ‘‘generalized’’ Coulomb interaction, just as the or- 
dinary one, includes the Coulomb part of the interaction due to 


the Pauli terms. 
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We obtain the solution of these equations with the 
aid of the invariant function #(x) (cf., for exam- 


ple, reference 9). It has the form 
, : € OD oe Gay Tea 1 1\4 vie 
?, (x) = — Ariel \ oe pede Vp lp (x ) BaBep (x )j oe 


¥i(x) = 4nief PS=")) g(x’) Bap (x')d"x’, (83) 


OX 


where #(x — x') is determined in our case by 
the relation 


D(x : 


—x") = Gay \ ke sin ky (Xp then a etk (x-x’) 8k, (34) 
We define the transverse part of the wave function 
~(x) in the following manner: 


$= (0, Pas Pa» Yor Poss Parr Por Par Pour Poa)” 


Here op = Yuv — Yup» where by definition pj, 
are expressed in terms of the Coulomb part of the 
potential of: Yi, = —Vky =VkvE Yin = 0. Then 
from (24) we obtain the following equation for 

yp! (x): 

GeMacterolt (i) ss Arlen) (ty 4 Ita)T'9 (2) Pia) 
Here I’ differs from I by the fact that zero ap- 
pears in place of 64; P(x) is a ten-dimensional 
vector of the following form 


0 
VV, 4) 

P(x)= 6 : 
SR) 


We have thus obtained the equation of motion 
for the transverse part of the electromagnetic 
field, with a right-hand side completely determined, 
in accordance with (32) and (33), by the current due 
to the charged Dirac particles with anomalous 
magnetic moment. 

On going over to the quantum theory we define 
the canonical commutation relations for the func- 
tions g(x) and y~’(x) in the following manner 
[cf. (7) and (16)]: 


(35) 


(37) 


[Bap (x, %)- P(X", %o)],. = 3(x — x’), 
[rah” (%, Xo) D(X’, Xo] = 4nficS2y2 (1 — 7,Ve) 8 (x —x’), (39) 


where 


(38) 


S a (V/V V2) Skim X Xm? 


while the result of applying the operator 1/VV? 
to the function exp (ik-x) is defined by the formula 


(1 / V V?) etkx — pikx / ik 


(cf., for example, reference 7). 

Since equations (36) contain subsidiary condi- 
tions, i:e., row-equations that do not contain the 
time derivative, the transition to the interaction 
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0 
Rie Yee B8 ,@ (x) 
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representation cannot be carried out in the usual 
manner (c.f., for example, reference 10). 

In order to get around this difficulty we use the 
following procedure. We alter the Lagrangian for 
the interacting fields in such a way that on intro- 
ducing the interaction the subsidiary conditions 
remain unaltered. At the same time we require 
that the altered Lagrangian Lg (x) should lead to 
the ten-dimensional equation for the electromag- 
netic field from which the former second-order 
equations for the potentials can be obtained. On 
taking this into account we can write 


La (x) = (879 (x) (1,Vo + 0) 4 (#) + Beg (x) (PuVut 9) #0) 
+p el(x) Re-+ = ielR (x) $(x) — 3 ieg (2) 9 (x) (1 — To 

25 Ino) Tae (x) ane + ieg (x) Pa ( Saal Gy a ey) (x) Y (x); 
(40) 


Q i fo 22 Qt 
Ve = (Ba, g,, Bo, 5s, 0, 0, 0, 8584, 3oB4, 3384), 


t 


(41) 
(0) 


We note that from (40) we obtain the former 
equations (26) for the electron-positron field. By 
utilizing the previously described method of pick- 
ing out the transverse part of the electromagnetic 
field we obtain from La (x) 


(y,,Vu + to) $! (x) = 4niep (x) Ta (1 — to + Le) 9 (x) 


— P(x) — 4nielR (x), (42) 


where I differs from Ig by the fact that zero 
appears in place of fy. After this the transition to 
the interaction representation for equations (26) 
and (42) with the aid of the commutation relations 
(38) and (39) presents no difficulty. The unitary 
transformation U (x)) which accomplishes this 
transition satisfies the equation 


ific dU (x,) dx) = \ H (x) d3x-U (x), (43) 


where H(x) has the following form* 
A (x) = — ieg (x) 4’ (x) (1 — Yo + L0) Pap (x) + sel (x) R(x) 


— 2 ied (x) (x) 819 (2) 


+ oy bel Vidalx)-¢ (x) Baage (x). (44) 
Since all the operators in (44) satisfy the free 
field equations: 
(r,Vu + Yo) P' (%) = 0,  (BLV, + x) ¢(x) = 0, 
(45) 


(5, Vie ete) ay (x) = 90, (BuV. a x) 9 (x) = 0, 


*All the terms in H(x) are normal products of operators 
taken in the interaction representation. 
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we can write H(x) in the following form 
H (x) = — iep (x) ¥ (x) g (x) — i. ied, (x 
i del nha (x)-9 (x) Baby 


) ee ee 
x)-+ielV, ( (de (x 
where the following notation has been introduced 

§ (x) =P (1 = — ly) 4 (2). 


When H(x) is integrated over all space the term 
ielVn [Yk (X)-O(X) BKBno (x )] disappears, and in 
constructing the scattering matrix we can utilize 
for H(x) the following expression 


(46) 


H (x) = Hyp(x) + He (x), (47) 
where 
H,(*) = — iew (x) $' (x) 9 (x), (48) 
Ho(x) = — = ieds (x)-9 (x) Bap (x) 
+ > ielViths (x)-9 (x) BaBap (*). (49) 


By utilizing (43) we find the following expression 
for the S matrix: 
_\ dx. : 


ei ne 
ace 2 a (he)” 


det {H (x) H (x2)... H (Xn)}.(50) 


Thus, with the aid of the foregoing procedure 
the S matrix is finally expressed in terms of 
quantities referring to the Lagrangian (23). 

The scattering matrix in the form (50) is not 
convenient for practical use since H(x) consists 
of two terms of the first and the second degree in 
terms of the Sommerfeld fine structure constant. 
However, it can be written in the form of a series 
in powers of e/Vic by a method similar to that 
proposed by Lipmanov.? It turns out to be possible 
formally to introduce symmetrical pairings of 
photon operators, with the state function, as be- 
fore, not containing scalar photon states. Just as 
in the case of the usual scattering matrix, it is 
convenient in our case to use a graphical repre- 
sentation of the matrix elements. The part of the 
interaction operator Hph(x) is represented by the 
simplest graph (cf., the figure, graph a) with the 
only difference that in the momentum representa- 
tion the end of the photon line corresponds, as will 
be seen from subsequent discussion, to the matrix 
Yu t+ is (Ypk — Ryp ) instead of to yj,. It can be 
easily shown that the graph corresponding to the 
Coulomb part of the interaction operator H, (x) 
must contain four electron lines, while the eioton 
line must connect two vertices (graph b in the 
figure ). 

Therefore, it is convenient to deal with the 
Coulomb parts of the matrix element by consider- 
ing the sum of these parts and the corresponding 


X) BeBn? (x)), 


\ 4 
/ 
/ » < 
_— ON 
b 
a 


parts arising from the ‘‘pairing’’ of the photon 
operators y’(x). The summation of the pairings 
of the photon operators with the corresponding 
Coulomb parts is similar to that carried out in 
reference 9. We shall carry this out for the sum 
of the second order terms of the S matrix: 


(2) (Say = Fe 
Spe Frppeye \ 4 AaT AE ies (4) ¥ (xx) 9 (ed eg (es Y 


—_—- 


F(a {— 2 (au(a)-9(a) Bee (a) dw 


+ | Vee (1) (2) Bm Bap (x) dt } (51) 

Since for the solution of practical problems we 
are interested in pairings of operators in convolu- 
tion with the matrix vectors I, it appears advan- 
tageous to take this fact into account from the out- 
set. Let us evaluate an expression of the following 
form 


F’ (x —x') =$' (x)... V(x’) = TIP’ (x). P(e) 
Nid (x) (YI, (52) 


where the dots denote intermediate terms appear- 
ing in the scattering matrix, while the symbols T 
and N refer only to the operators appearing in the 
expressions w~’(x). By utilizing the method em- 
ployed in reference 3, and on substituting (2) into 
(52), we obtain 
2he 


Ee (x a 5) = (2n)2 


\ >! OP (k). kee yo” 
= 
—iky | ee | 


3 
elk wn) SE (53) 


0 


x (—k))e 
Let us transform the quantities ~(+4) (+k). For 
example, on taking (4) into account we obtain 
dt (2) =e + il [e181 (AaB, + bs8s + Rs82) 


L @383 (R181 -- Robo + RaBa)], 
(54) 


+ 98. (R134 k383 +R.) 


where the indices 1—4 denote the components of 
the vectors e and k; 6 =egfq. On adding to (54) a 
sum of terms of the form 


il (€,81-RyPa + €289° Robo C333 +383) = Wek — 0, 


we obtain the expression 


qe? (k) = e 
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where k = kyu. Ina similar manner we obtain 
for the remaining expressions pt) (+k) the rela- 
tions 


ge) (tk) =ettil(ek 


bY (4k) =e + = il (ek — ke’). (55) 


Similar relations also hold for ~ (+k), 
where the vectors ~ (+k) describe the free 
field longitudinal photon states: 

pO (Ek) =k =kRtE+U (ER —hR). (56) 
On substituting (55) into (53) and on taking into 
account the fact! that e-e* + e*-e = 1—k‘k/k’, we 
can write 


= 4ehie || Ba + + (6 ¥V—VB,)|... 


. a‘ — (oY — 96)]} (1 — “Gr),, BY isn 


Here V denotes Buu, while DF (x — x’) is the 
well-known singular Feynman function. 

We write expression (57) as a sum of two 
terms: 


Ais ye tntic (|b 1 G,.V V8) |. 


VB.)|} D° (x—*’) 


na 


1 ee 


x [B.— $1 (Cv 


— 4nhe{ |B, + a (B4V — 


11 (BaV — VBu)]- - 
x [Bs + +1 (8,V — VBs)| VaVo/ V7} D" (x—x'). (58) 


After some transformations, the first term of the 
sum can be rewritten in the form 


7 (uk —&8,)]. 


hy d*k 
F(x—x 4rhc \ 


pars aon bet 
x [B.— 5 (Pak — 6B, |e), 
By utilizing the equation of continuity for the cur- 
rent density we can show that the substitution of 
the second term of (58) into (51) leads to an ex- 
pression that cancels the second term of (51). 

Thus, if we formally define the pairing of the 
photon operators in convolution with the matrix 
vectors IT by equation (59), then the expression 
for Spair may be written in the form 


=) \dxdx'T (9 (x) 4 x 


(59) 


9 (x)-p(x') P(x’) (x), 
7 (60) 
where in contrast to formula (51) we have adopted 
a different notation for the pairing since it is de- 
fined in a different manner. From a comparison 
of (51) and (60) it follows that 


(2 1 
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sg yaeds'T [9 x) $' (x p(x) p(x a (x')@ 


oe DY DE) FOYE) 


+ 2i\ He (x) dx (61) 


It may be easily shown that (61) holds also in the 
case when the left-hand side appears as an integral 
factor in the higher order terms of the S matrix. 

This enables us to draw a more general conclu- 
sion, viz., that the complete scattering matrix (50) 
is equivalent to the following expansion: * 


Se aI ala. 


n=0 


\ dea? fe (24) € (a1) 


x P(%1)--- P(%n) Y' (Xn)  (An)- (62) 


The equivalence should be interpreted in the sense 
that the matrix elements of S are obtained from 
the matrix elements of the right-hand side of (62) 
if all the pairings of the photon operators combined 
with IT are replaced in them by expressions (59). 
For the solution of problems involving the elec- 
tromagnetic interaction of two different Dirac par- 
ticles the interaction Lagrangian is constructed 
from two terms of type (22). In this case the scat- 
tering matrix (62) assumes the following form 


ye 


+2 (*1) b. (%1) Po(%1)]- 


- [G1 (Xn) b: (Xn) G1 (Xn) 


ra teen mC ACULANCA) 


+ @2(%n) bo (Xn) 2(%n)]}, (63) 


where the indices 1 and 2 carried by 9 and @ indi- 
cate different types of Dirac fields, while the in- 
dices 1 and 2 carried by Ng indicate different Pauli 
constants 1; and I». 

The application of the matrix (62) to the calcu- 
lations of the Compton scattering by a proton, and 
correspondingly, the application of (63) to the calcu- 
lation of the Mller scattering of two different 
Dirac particles leads to the same results as Feyn- 
man’s method. 

In the scattering matrix (62) only the transverse 
photon operators appear. In reference 1 in addi- 
tion to the transverse photon operators the free 
field longitudinal photon operators were also for- 
mally introduced. The longitudinal photon states 
need not have been taken into account, since the 
energy of these states is equal to zero. However, 
in the case when effects involving interaction with 


*The proof of this is completely analogous to the one given 
in reference 9, and is therefore not given here. 
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unpolarized light are being discussed all the cal- 
culations can be considerably simplified with 

their aid. It may be easily shown that just as in 
the case of the usual scattering matrix (cf., for 
example, reference 4) the ~ states do not give 
rise to any effects in real processes. In the mo- 
mentum representation the matrix element which 
corresponds to a transition from the state in which 
the electron has momentum py to the state in 
which it has momentum Py t+ k, is of the form 


+ bby TI 449° @ 


NES N—1 


+29 Py II AjdjA ' ” (k) NIL 34 


j=s+1 


N 
+ $ (&) TT Bid; 9 (p). (64) 
j=1 : 
Here the quantities Yj = play) (kj) are the Fourier 
components of the electromagnetic field functions 
which represent the corresponding perturbing 
fields 


Aj= [x —i(p, + 8/02 + (0, + 2)", 


= (x— ip) /(®+ p?), pj=p,_,.+ki 


and in the products II the factors are written from 
left to right in the order of decreasing j. In the 
matrix element the Fourier component of the per- 
turbing field yD) (kK) is specifically picked out. 
The terms of the sum in (64) correspond to graphs 
which differ from one another by the position of 
the photon line representing (Q)(k). 

Let ~)(k) correspond to the emission or ab- 
sorption of a longitudinal free field photon, i.e., 
q = 0. Proceeding in a manner analogous to that 
employed by Feynman,’ it can then be easily 
shown that 


My = 0: (65) 


This enables us to simplify considerably the cal- 
culation of the transition probabilities for unpolar- 
ized light. In this case the quantity |M,,|*+|M_,| 
is to be evaluated. We introduce the notation 

. v4 . 
Mi =H (Py +) fy [] AiAcba (1 + ih) 

Jt 
Nw N—1 


sigh by Il Ajo AB. (1 +i {] By 


j=s+1 


+e.(1 + a8) T] Bibi} 9 (po): 


j=1 


(66) 
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By utilizing the dyadic notation and by taking (55) 
into account, we obtain 


| M1)? + | M1? = MoM; (e-e” 


+e*-e)gp. 
On adding to (67) a term of the form 


[Ke] * [MoM (K-K)ay — MIA, 


which in consequence of (65) and (56) is equal to 
zero, we obtain 


|\Mia)?+|Mi? = MyMp(e-e* + e*- e+ k-k/k?)ap 


MM, = MyM. (68) 


Thus, the method of simplifying the calculation 
of the transition probabilities for unpolarized light 
proposed by Feynman‘ is generalized in a natural 
manner also to the Pauli interaction. In subsequent 
papers the method just presented will be applied to 
the calculation of different effects due to inter- 
actions. 
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Stationary quasi-one-dimensional and one-dimensional flows are considered. 


It is shown that 


shock wave formation is possible under certain conditions in the case of media with finite 


conductivity. 


Sreapy one-dimensional and quasi-one-dimen- 
sional flows (by the latter are meant flows with a 
variable, smoothly changing cross section f(x) 
filled by the given lines of flow) of an arbitrarily 
conducting medium, assumed here to be an ideal 
gas, are described for the case of a perpendicular 
magnetic field [ul H, u(u, 0, 0), H(0, hv7, 0), 
E(0, 0, e¥7)] by a set of stationary equations of 
magnetic gas dynamics, two of which have as first 
integrals! 


d(puf)/dx=9,  puf = M, (1) 
pudu/dx + dp, /dx = 0, (2) 


d (hu) /dx =vmd*h /dx?, hu =v,,dh/dx + MB, (3) 


udp — ua?do = vm (k — 1) (dh)? / dx (4) 


(u, p, p, H, E are the velocity, pressure, density, 
magnetic and electric field, respectively; M and 
B are constants; pm =p +h?/2; vy is the “mag- 
netic” viscosity, k is the ratio of specific heats, 
and a= (kp/p)'/? is the speed of sound). 

Let us consider the stationary quasi-one- 
dimensional flows of media with vy, = 0. We 
have from the system (1) — (4) 


dp [du = — (p/ ua) (u* — 
d (pu) / du =p [1 —a*(u2 


h? /0), (5) 
= 1) 9) (6) 


It is not difficult to prove that the current dens- 
ity pu achieves its maximum value at the criti- 
cal point for which u = apo = (a? an h?/p)1/2, The 
following relations can also be obtained from 
Eqs. (1)—(4): 


(u® — a7) du /u = ardf /f. (7) 


(u* — a.) dp /p = — (u® — h? fp) dF / f, (8) 
whence it follows that for u< amo, if df= 0, then 


du 0 tore uw > amo: U df= 0, then du=S 0. It 
is interesting that the extremum of p takes place 


for u?=h?/p, which is seen from (5) (h/Vp is 
the eae of propagation of Alfven waves). It 
follows from (8) that for df <0, if u*® = h?/p, 
then doz 0; for df>0, if u? = h?/p, then 

do = 0, i.e., in a flow with converging flow lines 
we have amaximum p for u?=h?/p, and with 
diverging lines we have a minimum pp. 

We consider stationary one-dimensional flows 
of media with vy ~ 0. If f=const, then it is 
necessary to replace the input M and the constant 
B in the set (1) — (4) by the current density m 
= M/f and the constant b = Bf, which is expressed 
in terms of the constant value of the electric field 
e =e): b=—ce,/m. Here Eq. (2) has the integral 


mu+p, =I. (2a) 


We further transform Eq. (4) by means of (1) and 
(3) in such a fashion that the differential dpm ap- 
pears in place of dp. We obtain an equation simi- 
lar to Eq. (4): 


udp,, —ua?dp = v,, (k — 1) (dh/ dx) dx, (4a) 
where 
Sie h? h a®h | dx*\'/z 
(a ory SR Seep sp ) (9) 


coincides with the expression for the propagation 
velocity of low-intensity shock waves in an arbi- 
trarily conducting medium in the presence of a 
perpendicular magnetic field.! We can also verify 
that am has the meaning of an effective sound 
velocity by linearizing the nonstationary system 
corresponding to Eqs. (1) — (3), (4a) in the usual 
way. When vm =0 we have h=const: p and 
Am = 40; for vy #9 the value of ay, depends 
essentially on the flow conditions. It is evident 
that if A; is due to the magnetic field, then the 
presence of A, can be explained by the finite 
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conductivity; in this case it is natural to assume! 
that 


Amo 2 Qm = Qa. 


(10) 


The “freezing-in” condition follows from (1) 
and (3): 


Rion pt) anide i, (11) 
while the equation 
(u* — a?) do/p =v, (k — 1) m™ (dh/dx)*dx = (k — 1) dQ, 
(12) 
can be obtained from (1), (2a) and (4a), where 
AQ (i, 1) (die dx)? ds = TadS (13) 


is the Joule heat. If the components A; and Ag, 
which are obtained in terms of ay, from (9), are 
transferred to the right-hand side in (12), then, 
by taking (11) into account, we have 


(u? — a) dp /p = (kmm-dh/dx +-b)dh. (14) 


With the help of the well-known thermodynamic re- 


lations that hold for an ideal gas 


dw = dQ-+dp/p = kdQ + a’dp/o (15) 


(w is the enthalpy), and making use of (13) and (1), 


we reduce Eq. (14) to an integrable form 
udu + dw + bdh = 0, 


uw? /2+ w+ bh=u?/2+ Wm = A =const. (16) 


It is easy to prove that wy, has the meaning of 
effective enthalpy only when vy, = 0. 

We can use the integral (16) in place of (4a); 
thus, for example, we can obtain from (1), (2a), 
(3), and (4a) a single equation for dh/dx, which 
can be integrated numerically.' 

We note that Eq. (12) recalls the well-known 
equation of classical gas dynamics for the motion 
of a viscous gas in a heat-insulated pipe of con- 
stant cross section.” Since we shall not consider 
the effect of thermal conduction, and since the 
motions of media with finite conductivity are ac- 
companied by dissipation and the production of 
heat, such an analogy becomes obvious. 

The right side in (12) can only be positive; 


therefore, 
do<0, du>O for u< 4m; 


do>0, du<0O for u>4n. (17) 


Continuous transition through the critical veloc- 


ity u=am is impossible (flow crisis). For u 
at the point x =x;,, we have 


a 


XR 


ae am> 


dh | dx (18) 


and, as follows from (9), 
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Grn (n= on = 1 Xp) (19) 
The values of u, p, p, h at the point Xx; are 
completely determined from (1), (2a), (3), and (4a) 
in terms of the constants m, b, J, and A (we 
also have ay =a at the point in the current 
where dh/dx = —mb/vy, and h=0). The rela- 
tions (18) and (19) satisfy Eq. (14), which gives 

in addition another possible value of dh/dx for 

the flow velocity u=a(x=x*): 


dh | dx |\x* = — mb / kvm. (20) 


If we take into account the entropy S as a func- 
tion of p, then it is seen from (12) that when u 
= €@m this function has an extremum which can 
only be a maximum, since there is no S = S(p) 
that has a minimum when u = am and satisfies 
simultaneously (17) and the condition dS > 0. In 
this connection, we can conclude the following: 
if at any point in the current x =x), taken as the 
initial point, we have u> am while S=Smax is 
attained at a finite distance from x), then the 
formation of a shock wave is inevitable, behind 
which u< am; if S=Smax is attained at infinity 
or is not attained at all, then u> ay, at any finite 
distance from xX); if at the point x) we have 
U> apm, then the value u=ap is a maximum 
and is attained only at infinity. However, it is 
necessary to recall that in media with high con- 
ductance (small value of yp) there is a high 
thermal conductivity, an account of which can lead 
to qualitatively different results. 

We now determine the possible values of 
dh/dx in the current, at the initial point of which 
u(xX 9) and h(x))>0, while e =e) < 0. It is ob- 
vious from (11) that dh/dx > —mb/ry. It follows 
from) (14) that tor w< a, 


dh/dx >0o0r —mb/vn<dh/dx<—mb/Rkvm, du>O0, 
—mb/Rvm <dh/dx <0, du < 0; 
(21a) 
Hole [ol S> Bly 

— mb [kvm <dh/dx < 0, du > 0, 
dh {dx >0 or —mb/vm<dh/dx<—mb/kvm, du<0. 
(21b) 

Comparing (21), (17), (9), and (10) we get 

for <4) am (du->.0, dp < 0): 

— mb | vm <dh | dx < — mb/kym, ah | dx? >0; (22a) 


tof ax U< 45, (du 0, dp <0): 
— mb [kvm < dh/dx < 0, ah | dx* > 0; (22b) 

for W> a, am (du = 0, do 0): 
dh | dx > 0, (22c) 


It is clear from (22) that the value of dh/dx 


ahi ax <e). 


i Be PAV TOYy 


‘Baum, Kaplan, and Stanyukovich, BBegenue B 
KOCMMYeCKyW razo0Byl gAMHaMMKy (Introduction to 
Cosmic Gas Dynamics), Fizmatgiz, 1958. 


with u < am. 
The values of dh/dx can be similarly estimated 21. D. Landau and E. M. Lifshitz, Mexanuxa 
cnuouHbIx cpeg (Mechanics of Continuous Media), 


for other flow conditions. 
Geostekhizdat, 1954. 
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=-mb/’y, (h=0) is impossible while, generally 
speaking, a point x = x* can exist in a current 


In conclusion, the author expresses his gratitude 
to Prof. K. P. Stanyukovich and G. S. Golitsyn for a 
number of discussions. 


Translated by R. T. Beyer 
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The effect of a magnetic field on the spectrum of the acoustic branch of excitations of a sys- 
tem of electrons and ions is studied with the aid of the quantum kinetic equation. 


ae the Lacan time the developed mathematical 
methods!‘ of taking into account the collective 
Coulomb interactions in a system of many particles 
are being used more and more widely in solid state 
theory. In this connection the solid (metal) is ap- 
proximated by an isotropic plasma and in the first 
approximation the periodic distribution of ions sit- 
uated at the lattice points of a crystalline lattice is 


neglected. However, in order to explain those phys- 


ical properties of such a plasma which are temper- 
ature-dependent (for example, electrical conduc- 
tivity ), the motion of the ions should be taken into 
account. 

Silin®»* has studied the weakly excited states of 
electrons and ions by means of a quantum kinetic 
equation with a self-consistent field. By utilizing 
the quantum distribution function in the mixed rep- 
resentation, he has established the limits of appli- 
cability of the results obtained by means of the 
classical equation with a self-consistent field.' 
The analysis of the dispersion equation led to the 
conclusion that in the long-wave domain the excita- 
tions are of an essentially collective character. 

In the present note we give the results of an in- 
vestigation by the same method of the effect of a 
constant homogeneous magnetic field on the spec- 
trum of the longitudinal excitations of the system 
under discussion. In this discussion our attention 
is concentrated only on the long-wave part of the 
spectrum which plays the fundamental role in many 
physical phenomena. 

The dispersion equation can be easily obtained 
by setting up the equations for the distribution 
functions for the electrons fe(p, q) and for the 
ions fi(p, Q) (q, Q are the coordinates and pp, 
are the momenta of the particles). For weakly ex- 
cited states we set 


f2(d, pP) = foe(P) +14, P. 4), 
fel Q, P) = for (P) + ©(Q, P, Dye 


where we consider that the increments g and © of 
the equilibrium functions are small. 

By going over then to the Fourier components 
Yk, &,, and by solving the system of equations de- 
termining them, we obtain the spectrum of the col- 
lective oscillations. In doing this we follow Lan- 
dau’s method’ (we carry out a Laplace-Mellin 


transformation with respect to time). The disper- 
sion equation will then have the form 
‘l— k = VE k e 
| ne fee (1) 
v ;(k) a; (k) 
where 
Ry Pr 
= — ah \ exp {on -[(s +i mn, ao +i m, “sin || p,dp,dp,d9 
hk hk 
«(| [io (|p + )— fu (Jp— =) 


k jo. 
x snes I(s te ae ! a at i. 
exp {(s + ik,p, / m;) 2m / Q)} a 
T 1— exp {(s + ik,p, / ;) y25/ 2} | [for (|P+ 
0 


Saif |p—])] x exp | 9, i(s on 
4j ee sin al dp] ; 
j=e, i; Opel | my; ey = tits m; = M; 


s is the Laplace-Mellin expansion parameter; the 
z axis coincides with the direction of the magnetic 
field H; the angle ¥ is measured from the H, k 
plane; Vij (ke Uij (r) exp (ikr) dt are the 
Fourier components of the potential energies of 
interaction Ujj (r) between corresponding particles. 

In the case of the Coulomb interaction vee (k) 
= 4ne2/k?; v4; (kK) = 40e?/k’; veiYie = Veevii and 
expression (1) reduces to the form 

1 —Vee (k) Ge — vie (R) a: = 9. 

The long waves correspond to small values of 

k so that in the integral we can set 
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i k 


ol) — fo (p= (2) 


r))-+% 


p? | 2m > Wk? | 2m; 
p? | 2M => nk? / 2M, 


a (fo(|P+ 


and, moreover, 
Wk? | 2m<n,,v,, (R) 
hk? [2M <n,,\ v., (k ) 


Npj, Nye are the equilibrium concentrations of the 
ions and of the electrons. 

Relation (2) does not exclude the possibility that 
the distribution in the case of the equilibrium func- 
tions is of a quantum nature. In the absence of a 
magnetic field expression (1) gives for small k 
two branches of oscillations, acoustic and elec- 
tronic.®»® Thermal motion in a metal excites only 
the acoustic branch. As regards the electron os- 
cillations, temperatures of the order of 104°K are 
needed to excite them. 

We assume that the temperature satisfies T 
> @® where @ is the Debye temperature. In prac- 
tice, the electron gas in a metal is degenerate at all 
temperatures, so that we use the Fermi distribu- 
tion function for fpe. For the ions we take the 
Maxwellian function. 

In order to take into account the effect of the 
magnetic field on the acoustic branch we set 


oe [ mi? S> 0? [RY >> pz / M?, (3) 


where Poe is the limiting momentum of the Fermi 
distribution corresponding to the energy €) 
= pre /2m. We neglect the damping of the waves, 


(2a) 


and on setting s = — iw we obtain 
ae 2 M i NT; ( (2m)! (xT)? 
ee “xT M 
foo) 
exp {— Mv By RAL ADE Sd — Mv2/ ox 
-03f fe So: *\a( ae r odo, 


0 


V, Aw YAKOVERV candtAw vy) bALY US 


On taking (3) into account, and on using the expan- 
sion for the Bessel function, we obtain approxi- 
mately 


ae is evaluated in a somewhat different manner. 

Then on substituting the resultant values of aj and 

a, into (1) we obtain 

[(c2k? + BQ)? — 48c?Q7k? cos? a]"}, 
(4) 


e€ 
oP = ay (oh? + BOF+ 
where 

B= 1 + (n° / 24) (xT /&)?, 


Expression (4) taken with a minus sign defines the 
acoustic branch; for small values of k (4) yields 


(5) 


> = (p2,/3Mm) |e, / e,|- 


w = (ck/V 8) cosa, 


@ is the angle between H and k. 
For T =0 and cos a =1 (the magnetic field is 
absent ) we recover Silin’s result.® 


1A. A. Vlasov, Teopus Muorux yactun (Theory of 
Many Particles) Gostekhizdat, 1950. 

2Yu. L. Klimontovich and V. P. Silin, JETP 23, 
151 (1952). 

3D. N. Zubarev, JETP 25, 528 (1953). 

4D. Bohm and D. Pines, Phys. Rev. 82, 625 
(1951); 85, 338 (1952). 

SV. P. Silin, Tpyapt MAH (Trans. Phys. Inst. 
Academy of Sciences) 6, 199 (1955). 

SV. P. Silin, JETP 23, 649 (1952). 

'L. D. Landau, JETP 16, 574 (1946). 


Translated by G. Volkoff. 
63 


POVIEE PHYSICS gk1p 


VOU ME 12, 


NUMBER 2 FEBRUARY, 1964 


DYNAMIC STABILIZATION OF A PLASMA RING 


S. M. OSOVETS 


Submitted to JETP editor December 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 311-316 (August, 1960) 


A method is proposed for dynamic stabilization of long-wave instabilities of a plasma filament. 
The stability conditions are presented and the frequency range of the rapidly varying stabili- 


zing magnetic fields is determined. 


Ir has been shown earlier,! that a current-carry- 
ing plasma ring can have stable equilibrium in a 
magnetic field of definite configuration. The equi- 
librium condition given in reference 1, reduces to 
a relation between the intensity of the magnetic 
field on the equilibrium orbit and the average value 
of intensity of the field linked with the ring. The 
stability conditions impose limitations on the rate 
of decrease of the magnetic field along the radius 
in the region of the equilibrium orbit. These con- 
ditions are valid when the ring moves as a unit, 
and when its radius changes but its form remains 
circular. It is known, however, that a plasma 
current ring is unstable when its shape is dis- 
torted. In the present paper we consider the pos- 
sibility of obtaining a ring which is stable under 
disturbances that distort the form of the ring, 
when the wavelength of the perturbations is suffi- 
ciently large compared with the radius of the ring 
cross section. 

A ring with current is acted upon by an electro- 
dynamic force made up of the forces due to the 
interaction between the current and the external 
magnetic field and the forces due to the interaction 
between the current and its own field. The first of 
these forces is of the form 


F, = 2nR [JxH]/c. (1) 


The second force can be represented as the deriv- 
ative of the potential function of the current U 

= Tlo/ 267 with respect to the corresponding coor- 
dinate. Then the component of this force, acting in 
the plane of the ring, will be 


Fr =—Sh =" (in —1). (2) 
Here ry is the radius of the ring section, R is 
the radius of the ring, and H is the intensity of the 
field on the orbit. 
If the ring is in equilibrium, there are no forces 
acting in the vertical plane along the z axis. 
Therefore the equilibrium condition reduces to the 


relation 


Poa le 


~ Sy 7 (In = 1)| =); (3) 


Expressing J in terms of the flux linked with the 
ring, we arrive at Eq. (9) of reference 1 


|i = | =2(In——2). (4) 


Here 27 is the inductance of one centimeter of 
length of the ring, and H is the average value of 
the field inside the ring. 

If the ring deviates little from the equilibrium 
position, the electrodynamic force acting in the 
plane of the ring can be represented in the form 


(OF, / OR — @U /AR®) AR, 


while the force acting in a plane perpendicular to 
the ring is given by 


(OF, | dz — 0?U | 02”) Az, 


where the values of F, and of 0U/dR correspond 
to the equilibrium position. 

In order to introduce the force that arises when 
the ring is distorted, we use for simplicity the 
model of a straight current-carrying conductor. 

If the wavelength of the distortion is considerably 
less than the radius of the ring, such a model does 
not introduce any significant error. The expres- 
sion for the force acting when a straight current- 
carrying conductor is bent, has the following form 
(see, for example, reference 2). 


=(Fyeme, ) 


where ¢ is the magnitude of the deviation, which 
is small compared with the wavelength of the dis- 
tortion A. 
In addition to this force, the following forces 
will act in the plane of the ring 
2 OH 


OF p Ix J2 OF, 2rd ; 4 A 
ae ee oR (H R aR) Sony 


while the force 
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OF1 yj, — __26RJ OH 


Oz Oa 


(7) 


will act in the plane perpendicular to the ring. We 
use here the condition curl H = 0, and consequently 
OHp/dz = 0H, /AR. Since all the expressions con- 
tain only the z component of the intensity of the 
magnetic field, we drop the subscript. It is clear 
that the fields and the derivatives of the fields with 
respect to coordinates are taken at the point cor- 
responding to the equilibrium position. 

We can now write the complete equations of mo- 
tion of a ring that deviates from the equilibrium 
position. For the radial deviations we have 


MN GEIR dil je INO TOR) dE (= ‘i in A 


dt cR GRE 


and for vertical deviations we have 


(2m \2 Xr 2 
c OR ce ( tl In =| Az. 


d* Az E OH JP 


MN = = (9) 


Here M is the mass of the ion and N is the num- 
ber of the ions in the transverse section of the 
ring per unit length. 

The value of the current J flowing through the 
ring in equilibrium is connected with the magnitude 
of the field by the relation 


J = —2eRH/ (1 + 2) 


[See Eqs. (4) and (9) of reference 1 ]. 

If we substitute this expression into (8) and (9), 
it follows from the latter that when 27R/A > 1, it 
becomes impossible to satisfy simultaneously the 
stability conditions in the horizontal and vertical 
planes. In order for the ring to be stable under 
deviations in the plane of the ring, the form of the 
field must be such as shown by the solid curve in 
the figure. The field near the equilibrium orbit 
should increase with increasing radius and its 
rate of increase should be the greater, the shorter 
the wavelength of the distortion which we wish to 
stabilize. On the other hand, to stabilize the ring 


(10) 


Plasma ring 


in the plane perpendicular to the ring, the field 
must diminish with the radius, i.e., its shape 
should be approximately as shown dotted in the 
figure. 

This contradiction can be resolved by using a 
method, which we shall call ‘‘dynamic stabiliza- 
tion.’’ The shape of the field near the equilibrium 
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state of the plasma ring is varied periodically in 
such a way, that at some definite instant of time it 
has the form shown in the figure by the solid line, 
and after half a cycle it changes to the form repre- 
sented by the dotted line. In this case the expres- 
sion for the field in the region of existence of the 
ring can be approximately written as 


H =H,+[H~ + (R— R,) (0H/OR)~] sin ot. 


Here Hy is the field component which is constant 
in space and in time, H. is the amplitude of the 
field which is constant in space but is alternating 
in time, (9H/@R)_ is the amplitude of the rate of 
spatial change of the ac component of the field, R 
is the running coordinate, and R, is the radius of 
the equilibrium orbit. 

It can be assumed that the magnitude of the cur- 
rent is determined essentially by the quasi-station- 
ary, slowly varying component of the flux linked 
with the ring, while the rapidly varying component 
determines only the instantaneous value of the 
density of the field near the equilibrium orbit and 
affects little the value of the current. Then the 
equations of motion, for example Eq. (9), can be 
written in the form 


d2Az J? (2n\2, hee) ees 
if = [nwa (=) In a wine (ap) Sin or | Ag! patil) 


This is none other than the equation of the small 
oscillations of an inverted pendulum on a vibrating 
suspension. The equation of motion of such a pen- 
dulum is 


d?0/di? = (gL“! —aL* sin of) 8, (12) 


where g is the acceleration due to gravity, L the 
length of the pendulum, a the amplitude of the os- 
cillations of the point of suspension, and w the an- 
gular frequency of the oscillations of the suspen- 
sion. 

The stability condition for systems described by 
such an equation is given by Jeffreys’ and Kapitza:* 
Jeffreys solves the problem by the method of in- 
finite determinants, while Kapitza uses the method 
of averaging. The results of their calculations are 
identical, and the stability condition reduces to the 
inequality 

Go = 2517, (13) 


In order for the methods used in the investiga- 
tion of (12) to be applicable, it is necessary to 
satisfy also the condition 


a/L a | ; 


which ensures the convergence of the solution. 
On going over to the system described by 


(14) 
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Eq. (11), conditions (13) and (14) reduce to 


un Ss (Sa). >o = (2MN In ~\" 


(15) 


From this we obtain the condition for the frequency 
of the stabilizing field 


4xu 5 a K - 
o> l/ leat (16) 

where the well-known relation 
J? = 40NxT (17) 


is used, v—T = V2KT/M denotes the thermal velocity 
of the ions, and k is Boltzmann’s constant. 

The condition for the rate of change of the mag- 
netic field along the radius is written in the form 


A a ee) 
= ( =) In-- 
It follows from this expression that the dynamic 
stabilization is more effective for distortions with 
relatively long wavelengths, whereas the stabilizing 
action of a longitudinal stationary magnetic field is 
more effective for short-wave distortion (see, for 
example, reference 2). It seems natural therefore 
to use a relatively weak longitudinal stationary 
field to stabilize the short-wave distortions in con- 
junction with dynamic stabilization of the long-wave 
instabilities. 

An analysis of the stability of the plasma ring 
under deformations in the plane of the ring [Eq. 
(8) ] leads to relations similar to (16) and (17), ex- 
cept that in this case the only components of the 
magnetic field that can be effective are the one 
constant in space and the one constant in time. 
These components must be chosen in such a man- 
ner, that at the initial instant of time, upon forma- 
tion of the discharge, the plasma ring is on an equi- 
librium orbit. Later on, in view of the finite 
active resistance of the plasma (see reference 5), 
the plasma ring will contract towards the center, 
but if the shape of the field is chosen, for example, 
as shown by the solid line in the figure, the plasma 
ring cannot go outside the region of positive values 
of H, and will be located, in the limit, near the 
zero value of H. Consequently the system de- 
scribed here permits, in principle, realization of 
an equilibrium loop over a time much longer than 
the time determined by the active resistance of the 
plasma. 

Inequality (18) shows that in the case of dynamic 
stabilization the required intensity of the stabili- 
zing field depends little on the degree of compres- 
sion of the plasma, i.e., on the radius of the cross 
section of the ring, rp, which enters only under the 


OH 
(oR). > ee 
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logarithm sign. It appears therefore that dynamic 
stabilization will make it possible to carry out in- 
vestigations with a relatively larger particle 
density; consequently, relatively short lifetimes 
of the particle in the plasma are permissible here. 
This last circumstance may prove to be very im- 
portant, since instabilities of other types, which 
appear in the quasi-stationary mode with low par- 
ticle density (with the exception of the macro- 
scopic instability considered here), may result in 
too large a disturbance to the magnetic thermal 
insulation of the plasma. 

Instabilities of this kind are essentially con- 
nected with the deviation of the particle distribu- 
tion function from equilibrium (Maxwellian) dis- 
tribution and to the appearance of groups of parti- 
cles with considerable ordered velocities. The 
action of rapidly varying fields on the plasma 
should prevent the development of effects which 
are due to the presence of ordered motions in the 
plasma. 

The use of high-frequency fields in research on 
hot thermally insulated plasma entails consider- 
able difficulties. These difficulties are due, on the 
one hand, to the need of constructing apparatus 
with power ratings much higher than those pres- 
ently available. On the other hand, compared with 
quasi-stationary fields, the use of rapidly varying 
fields leads to additional energy losses in the ex- 
ternal circuit. These energy losses are connected 
with the presence of skin effect, which makes the 
active resistance of the high frequency circuit, and 
consequently the losses in the circuit, assume an 
unusually large part in the general energy balance. 
Consequently the Q of the circuit in existing equip- 
ment, in the range of frequency of interest to us, 
cannot exceed several hundred. The generator 
power P necessary to supply a system with a 
given high-frequency circuit voltage, is given by 
the relation 


PQ= \ odV, (19) 
ie 


where the integration is over the entire volume. 

If we neglect the dissipation and represent the 
working volume in the form of a torus with a large 
radius R and a small radius a, and use conditions 
(16) and (18), taking (9H/@R)_ constant from zero 
to a, we arrive at the condition 


J? Qn \5 Kk \*/ 
(Ss - UT - (=) (In=-) ; 


This inequality, using (17), can be expressed in 
terms of the total number of particles in the work- 
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ing volume .N and their temperature. Then 


6NT 2 ( 2ra\> WAVE 5 
al 2) (in ) ) 08s, 
aQM 2 rN Tro 


P (20) 


Vy 


where P is in megawatts and T in electron volts. 
The following example illustrates the order of 

magnitude of the required power. Let us take 

gas — deuterium — with M * 3 x 10 *4g, and let us ~ 

stabilize the wavelengths greater than those for 

which 27a/A = 1. A typical value is In (A/trp) 

= 2; let there be N = 1018 particles in the entire 

working volume and let a=5 cm. Here 


PS 0.5T/Q. 


For an installation of this kind, which is feasible 
in the present technology, we assume as the char- 
acteristic values P = 50 megawatts and Q = 200. 
Then the temperature to which the plasma can be 
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raised is 500 ev, which is fully adequate for ex- 
periments aimed at explaining the principal physi- 
cal problems connected with this trend of research. 


'S. M. Osovets, in ®u3uka nia3Mbl M mpobsema 
yipaBAeMbIX TepMOsLepHbIX peaxuMA (Plasma 
Physics and the Problem of Controllable Thermo- 
nuclear Reactions), vol. 2, M., Atomizdat, 1958. 

2m. A. Leontovich, ibid., vol. 2, M., Atomizdat, 
1958. 

3H. and B.S. Jeffreys, Methods of Mathemati- 
cal Physics, Cambridge, 1950. 

4p. L. Kapitza, JETP 21, 588 (1951). 

5S. M. Osovets and N. I. Shchedrin, op. cit. 
Heit, Ibs Wolls Bi, Mh. AtoneaiACeNs, IE)Ss). 
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A new form of the Van Hove-Hugenholtz perturbation theory expansion is proposed. The ser- 
ies obtained differ from the known ones by the simplicity of the energy denominators; this can 
be useful, for instance, when evaluating excited states. The derivation of these expansions is 


also fairly simple. 


Ir is well known that the usual perturbation theory 
expansions cannot adequately describe systems 
with a large number of degrees of freedom which 
occupy a large volume in space. The main cause 
for this is that the series for such systems contain 
arbitrarily large powers of the volume. 

At the present time this difficulty has already 
been overcome by various means. One of the dif- 
ferent solutions of this problem is the theory pro- 
posed by Hugenholtz.! Using the formalism devel- 
oped earlier by Van Hove’? and amplifying his dia- 
gram method, Hugenholtz reorganized the series in 
such a way that the theory now only deals with quan- 
tities which are proportional to or independent of 
the volume. The new series contain, however, en- 
ergy denominators that are more complicated than 
usual, which makes their practical application dif- 
ficult. The energy of a perturbed system is, for 
instance, expressed in terms of the eigenvalues of 
the operator* 


CVs V2 = HO a. 6) 


Here Hy is the Hamiltonian of the unperturbed sys- 
tem, V the perturbation energy, and z a complex 
number. 

Equation (1) is essentially an equation for G(z) 
in the form of an infinite series. The series for 
other quantities are not in the form of equations, 
but they contain the same denominators [z — Hy 
— G(z)]~1.t This fact is particularly inconvenient 
in those cases where the problem to be solved is 
such that the series can not be broken off after a 


*The index id indicates that only the so-called irreducible 
diagonal diagrams are taken into account when evaluating the 
matrix elements of the series (see reference 1). 

tAn exception is the series for the ground state, where the 
results can be simplified. This, however, is not so very inter- 
esting as the same results had been obtained earlier by Gold- 
stone’ and afterwards (and much more simply) by C. Bloch.° 


few terms, and one must sum (at least a well de- 
fined class of diagrams) in all perturbation theory 
orders. The case of a system with Coulomb inter- 
actions is, for instance, such a case. 

We propose in the present note a simple deriva- 
tion of the basic expansions of the Van Hove-Hugen- 
holtz theory,'~* which leads to series with unper- 
turbed denominators (z — H))~!. The series ob- 
tained can also be used as the basis of the com- 
plete theoretical formalism of the papers men- 
tioned, if this formalism is slightly changed (see 
the survey article®). 


1. DERIVATION OF THE BASIC EXPANSIONS 
USING OPERATOR TECHNIQUES 


We shall consider systems with a continuous 
(or quasi-continuous ) spectrum, the Hamiltonian 


of which can be split into two parts 
He. -EY, (2) 


where V can be considered to be a perturbation. 
We denote the wave function and eigenvalue of the 
unperturbed system by | a >) and €g. We denote 
the same quantities for the perturbed system by 
| a> and Eg. We also introduce the perturbed 
and the unperturbed resolvents 
R@=]C@=—A)-, D(z) ==(z — Hp). 
In references 3 and 1 it was shown that* 
lads = Rex (R(2)|a>ol, Ex = en -+ Ga (Ex): 


The symbol REg+ is defined by the equation 


(3) 
(4) 


Regs f(2)= lim (2 — Ea) 2), (5) 


z>E, +10 


and the function Gq (Eq) is the eigenvalue of the 

*The presence of two signs for |«> corresponds to two 
complex-conjugate functions. This can easily be proved for a 
wide class of systems (see reference 6). 
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operator (1) in the point z = Eq. It is clear that if 
f(z) has a pcle of the first order in the point z 

= Eg, the limit (5) is uniquely defined and gives 
the residue of f(z) in that pole. We retain the 
term ‘‘residue’’ also for the case where the two 
limits in (5) are different. 

We must, according to Eqs. (4) and (5), expand 
R(z)|q@ > in V so that the factor that is singular 
at the point z = Eg is explicitly split off. We start 
from the easily verified formula 


R (z) = D(z) + D(z) VR (2). (6) 
By iteration we get from (6) the series 
R(z) = D(z) (VD (2), (7) 
k=0 
which is useful for what follows, but which does not 
possess the property which we need at Eg # €q. 
We return thus to (6). One can write any operator 


P as a sum of a diagonal and a non-diagonal oper- 
ator (in the |@ >) representation) 


= ads (8) 


We shall arrange the splitting up (8) in such a way 
that the second term on the right hand side of the 
expression for the matrix element, 


6%| P| Bo = Paad (% — B) St 0§%| Pra | Bo (9) 


does not contain terms with a factor 6(a@ — B). 
Here Pqq is the eigenvalue of the operator Pq 
and 6(q@ — 8) a product of the Kronecker symbol 
and the Dirac delta-function, if the quantum num- 
bers of the system are partly discrete and partly 
continuous. In sucha split, (Pyq)q = 0. 

For the sake of simplicity we assume for the 
time being that 


Vere = WV (10) 


[| The requirement (10) does not reduce the gener- 
ality, as Vg can always be included in Hy. Prac- 
tically speaking, however, it is inconvenient and 
we shall later on drop it.] Taking into account the 
fact that a product of operators of which only one 
is non-diagonal is itself a non-diagonal operator, 
we find the diagonal and the non-diagonal part of 


(6) 
Ra = D Ae DV Riad 
Rng = DVRa + D(VRona)na- 


(11) 
(12) 


Assuming the series so obtained to converge, we 
solve (12) for Ryq by iteration. We get then 


Rnd = KnaRa; (138) 
Ika ss ; DY R 14 
; 1d ) a (14) 


VY Une. MM ENT ROVek IL 


Here we have put, by definition, 


sd 


(DV... DVDV),¢=={DVis [DV (DV) na Ina tna - (15) 

By virtue of (11) we get from (13) 
Ry= D+ D(VRna)aRa- (16) 

We introduce the diagonal operator* 
Oe —Iv ys (wwvys 17 
G (2) = (VRna (@))a 3 (De) Vt (17) 


The meaning of the index sd is defined by Eq. (15) 
if the last index nd in that equation is replaced by 
d. Equation (16) now takes the form 


Ri= De DGRg, 


from which follows directly one of the basic Van 
Hove-Hugenholtz formulae’? 


Ra(z) = (2 — A, — G(z))". (18) 
For the resolvent we get 
IRM) = {] = E Kna (z)} Rg (Zz). (19) 


This is the second important formula of the same 
authors. 

One can easily verify the validity of the rela- 
tions 


G* (2) = G(2"), Ra(z) = Ra(z’), (20) 


that follow from the hermiticity of Hy and V. 

Equations (18) and (19) have been obtained by 
relatively simple means and the denominators in 
the expansions for Knd(z) and G(z) are in our 
case the operators z — Hp. 

One verifies easily that the expansion (19), un- 
like (7), possesses the property we need and en- 
ables us to find in fact the residue (4). Indeed, by 
virtue of (14) the first factor on the right hand side 
of the equation 


R (2)]& do = {1 + Kna (2)} | & Yo Raa (2) 


can suffer only a finite discontinuity on passing 
through the real axis. The factor Rgg(z), how- 
ever, has, apart from a discontinuity on some seg- 
ment of the real axis, also a pole in the point z 

= Eq [see (18) }. 

Up to now the derivation has been purely formal 
in character. Fora practical application of the 
formulae obtained it is necessary to establish the 
rules for evaluating the matrix elements of operators 
with indices vd and sd. To understand these rules 
it is enough to consider an example. Let us as- 
sume that we must evaluate the matrix element 


(21) 


*Van Hove had also obtained G(z) in the form (17) by 
other means. The index sd (simple diagonal) was introduced 
by Van Hove (private communication). 


ON PERTURBATION THEORY FOR LARGE QUANTUM SYSTEMS 


06 %|(VDV),a|8 do = \ dx, 06 &|V | a1>9 Da, 0% |V |B >o- 


(vd) (22) 


According to (9) and (15), the index pd indicates 
that if |@ >) =|8 > , the element (22) is evaluated 
by taking the limit a — B for a # B, while in the 
integral over a, we must exclude a small neigh- 
borhood near | a; >) =| > and let this excluded 
neighborhood tend to zero after the integral has 
been evaluated. 

From the very beginning we could have started 


not from (6) but from the equivalent equation 
R=D-+ RVD: (6a) 


and we should then, by analogous considerations, 
have been led to the equation 


Ree Oras (19a) 
Ona (2) ={ >) VDE) , (14a) 
p—1 vd 
DVD) == DV Ding VDieg (ba) 


Using the property Png = (P*)nq one can verify 
that 


Ke) = Qua (2): (23) 


Equation (23) enables us to use Van Hove’s method? 
to prove the important inequality 


Im Gz (z) <0 (Im z > 0). (24) 


From the formulae established above we can obtain 
all basic results of Hugenholtz and Van Hove (see 
reference 6). 


2. DERIVATION USING DIAGRAMS 


In order to get rid of arbitrary powers of the 
volume in the expansions, we must be able to single 
out the singular factor not only from the resolvent 
as a whole, but also from its separate parts, which 
correspond only to diagrams of certain classes. 
| A method of comparing diagrams with the matrix 
elements of the operator (7) is described by Hug- 
enholtz.'] For instance, it is important to sepa- 
rate the singularity of R,,(z), which is that part 
of the resolvent obtained when only diagrams with- 
out vacuum components (linked clusters) are con- 
sidered in the matrix elements of the series (7). 
This part of the resolvent is independent of the 
volume. The method considered in the foregoing 
for separating Rq(z) from R(z) cannot be ap- 
plied immediately in this case. We give therefore 
a more general method, which is based upon the 


use of diagrams. 
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This derivation is essentially already suggested 
by the preceding arguments and leads also to ex- 
pansions with simple denominators z — Hy. Con- 
dition (10) can now be dropped. 

An arbitrary Hugenholtz diagram for Ryq(z), 
Rpnd (Zz), or any other non-diagonal part of the 
resolvent has been schematically depicted in 
Fig. a*. Figure a is completely equivalent to 
Fig. b. In other words, if any diagram is cut by a 
vertical line AA successively after the first, sec- 
ond, .. . vertex, the diagram to the right of AA 
will be non-diagonal p-1 times, but the p-th time 
it will turn out to be diagonal. [ Clearly (see 
Fig. c) this will be the largest diagonal part of the 
diagram, containing the right hand end.] Combin- 
ing in one group all terms of the series with the 
same number p of vertices to the left of the diag- 
onal part, and expanding the group in order of in- 
creasing p, we obtain easily not only Eq. (19), but 
also, for instance, the relation 


Ripe) =< == Kina (2)} Rig (2). 


Similarly we obtain also equations of the kind 
(17), (19a), and so on. In other words, equations 
which are completely analogous to the equations 
for R(z) itself are also valid for parts of the 
resolvent. 

We are now already able to reproduce all for- 
mulae from the Van Hove-Hugenholtz theory on the 
basis of the simplified expansions. In conclusion 
we note that the derivation with the aid of diagrams 
gives another procedure for evaluating the matrix 
elements of operators with vd and sd. To evalu- 
ate the elements of the operator Knq(z), for in- 


(25) 


*This figure is schematic in that the actual lines between 


vertices have been replaced by straight line segments, so as 
to guarantee the generality of our considerations. 
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stance, we need only take into account diagrams of 4 J, Goldstone, Proc. Roy. Soc. (London). A239, 
the type shown in Fig. c. PASH (RES SYA 
Kae, Se Rasen 6yy. L. Mentkovskii, Usp. Fiz. Nauk, in press. 
1N. M. Hugenholtz, Physica 23, 481 (1957). 
21. Van Hove, Physica 21, 901 (1955). Translated by D. ter Haar 
31. Van Hove, Physica 22, 343 (1956). 65 
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Self-mass effects and the singularities of behavior of fermions in a magnetic field, brought 
about by the universal Fermi interaction, are considered in the first order in the constant 
GF. It is shown that parity nonconservation in weak interactions does not induce parity non- 
conservation in the field mass. An expression describing the effect of weak interactions on 
the electromagnetic properties of the fermions is found. The expression is proportional to 
the external current and is ~ 10” times the similar expression obtained by taking into ac- 


count the vacuum terms in electrodynamics. 


I the present note we consider the electromag- 
netic properties of fermions, brought about by the 
universal Fermi interaction, in the first order in 
e and G. The corresponding effects can, in prin- 
ciple, be verified experimentally in scattering 

processes and, by the same token, serve as a test 
for the existence of the universal interaction. 

As is well known, writing of the Lagrangian of 
the Fermi interactions in the form of a simple 
product of two currents results in specific terms 
of the form 


[p, n}? = pra (1 + Ys) 2-nyp(1+%5) p, 
[v, uP? =vyu (1 +5) e-eru(] + Ys) ¥ 


and so forth. In particular, Zel’dovich! directed 
attention to the significance of these terms in 
scattering. 

Let us first consider the term of local Fermi 
interaction of nucleons (the generalization to the 
case of other fermions presents no difficulties ). 
Limiting ourselves to phenomenological account of 
the renormalization of the pseudovector current, 
due to the strong interaction, we can write the 
term [p, n}’ in the Lagrangian in the form 
L = Fe tlptn (1 + 6) 1m, mte (1 ts) Pla 

+ [Pretest AYER la) s (1) 


in the absence of renormalization (the main case 
considered ) 


c=0. (2) 
Condition (2) can be satisfied for leptons; how- 


ever, in this case ¢ is never strictly equal to zero, 
because of electromagnetic effects. In general, (1) 


al 


should also include terms with derivatives, but in 
the limit of a slowly varying electromagnetic field 
such an inclusion does not change the basic results 
obtained. 

Making use of the relations put forth by Firz,? 
and taking commutation properties into account, we 
can rewrite Eq. (1) in the form* 


G {d+1742¢ = = 
b= Vi {t + — [pry (1 + Ys) p-n°rp (1 + 5) n° 
a — /—_ 2 
ny, (1 => 5) > pov. (1 EVs) P98) = Cae 
lig Oe ipa eign alae ier 
+ ny (1 —75)n- pt (1 — Ys) P*4] 
(-.)—E - a 
F “5 [p(1 + Ys) pn! (1 — 75) n° 
+ pe(1 5) pom (1 + 1) nf. (3) 


The terms of the Lagrangian (3) have the follow- 
ing general form: 


Kap, Oiapy P20, 


where K is some coefficient. Here and below, 
summation is implied over the omitted vector 
indices of O!. Now, repeating the reasoning car- 
ried out in the second half of our earlier paper,’ 
we can show that the addition to the mass operator 
for particle 1, brought about by the presence in 
the Lagrangian of a component of the form (4), 
has, in first order in K, the form 


OP ante y,), = (lee yaya (4) 


AM (x, x’) = iKO! Sp [G?(x, x‘) 018 (x — x’), (5) 


*The following definition is employed: Wo = y,Cw*, 
Cy, =y*uC, C= C-!. the asterisk denotes the complex 


conjugate. 
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where G’ (x, x’) is the causal propagation function 
of particles 2, which depends on the external field 
in the general case. Starting out from (5), one 

can write down the contribution to the operator of 
the field mass, for example, of the neutron, induced 


by the interaction (3). We have 
AM" (x, x’) = = ig 
<iSp [G? (x, x’) %.(1 + ¥5)1 
poate, (1 =e) 1Sp iG? (x, «ya (1 — Ts) 


St Byotsp Gey x) 


ae) (he) 


xi Sp G? (x, x’) (1 + 19)1} d(x —x’), (6) 


where GP (x, x’) is the proton propagation func- 
tion. In the absence of an external field, the first 
two components of (6) yield a zero result because 
of the invariance conditions, while the remaining 
component leads to the diverging field mass 


G 4 ( (dp) MP 
S(t 1) — 6] \ 
y 2 (2x)? K El (MPR 


or, if we introduce a cutoff in M, 


AM* = GM? [(1 — A?) — €] MP. 


AM = (7) 


The most important result is the fact that the field 
mass, in the case of a weak interaction, is the 
same for particles of different helicity i.e., parity 
nonconservation is not induced for free particles. 
This conclusion is not changed when the form of 
the Lagrangian (1) is made more accurate for 
strongly interacting particles, or when derivatives 
are introduced into (1). 

We now consider the presence of an external 
electromagnetic field. In the expressions given 
for the field mass, it is necessary to substitute. 
propagation functions that depend on the electro- 
magnetic field. Here, taking account of the 
fact that actually x =x’ in (6), of the condition of 
gauge invariance, and of the equalities 


SPiOn n= OP Vee OPV s lose 0, 
Ouy = (2) (Ngai si og) 


we come to the conclusion that the static moment* 
induced by weak interactions is equal to zero (for 
a constant electromagnetic field Fyp). 


*Only the tensor Fermi interaction with particle 2, of the 
form Our a Vayu yeds). could lead to an anomalous static 
magnetic moment oe of particle 1. In this case, 


GMM, 
Lp = aN In — + OM’ where M is the cutoff parameter. Ab- 
sence of a similar induced moment could serve as one of the 


indirect proofs of the exclusion of the tensor interaction. 


M. BRODSKII 


In the case of a variable electromagnetic field, 
the terms induced by the weak interaction [1, 2\2 
and dependent on the field do not vanish in the 
equations for the fermions 1 that interact with 
charged fermions 2. Starting out from (6), and 
making use of the expansion of the Green’s function 
of the fermion in powers of the external electro- 
magnetic field, which was given in the work of 
Karplus and Klein,‘ we obtain the result (after 
simple calculations) that a component 


eG pMe . ds 
l a ea 1 ¢ == 2h 5 == € 
ey (( )4 ene c i 
% \ (27) "ake exp [= ee] Rat pF ap () abs (abe 
— (8) 


appears in the Dirac equation for particle 1. Here 
M is the cutoff parameter; as M— %, we obtain 

a logarithmic divergence. It is important that (8) 
always depends weakly on the choice of M. 

For a more definite representation of the size 
of the effect, we put down the approximate value of 
the quantity in curly brackets in (8) keeping only 
the term with the lowest field derivative for the 
case of weakly interacting particles (2): 


i 
-—M5S \ (14 — v?) do 


a 


=e 


== (25) \ d*k e'**ReF ap (k). 


GrM,M, aE (1 + ¥5) Yaja(*); 


Ja (*) (9) 

The existence of an effect corresponding to the 
appearance of the effective kinematic moment and 
described by the expression (8), can be judged by 
the neutrino (for 1=v,2=yp, e) or neutron (1 
=n, 2 =p) behavior in a variable electromagnetic 
field. In the latter case we must separate the com- 
ponent of the effect that corresponds to violation of 
spatial parity [see the second term in the square 
brackets in (8)]. It is also interesting that, ac- 
cording to (8), ve and v,, ought to possess essen- 
tially different properties in the electromagnetic 
field. 

In conclusion, we note that the presence of the 
universal nonlinear self-action of the fermions 
Should lead to the appearance of an expression of 
the form (8), where GF is replaced by a nonlinear 
constant and the particles 1 and 2 become identical. 

The author expresses his thanks to D. D. 
Ivanenko for interest in the work. After comple- 
tion of the present paper, the author became ac- 
quainted with the calculations of Ya. B. Zel’dovich 
and A. M. Perelomov, who obtained similar results 
by a different method. The author is grateful to 
Ya. B. Zel’dovich for discussions and for acquaint- 
ing him with his results prior to publication. 
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Possible mechanisms of autophase selection of excited oscillators in a radiation field leading 
to instability of the system with respect to electromagnetic disturbances are considered. It 
is shown that from the quantum point of view the instability of such systems may be due to un- 
equal spacing in the (anharmonic) oscillator spectrum or to recoil during the emission of a 


photon. 


ie It is known that a multi-velocity current of 
charged particles, moving in a straight line at a 
uniform velocity v greater than the velocity of 
light cy in the surrounding medium is unstable un- 
der electromagnetic perturbations (see, for exam- 
ple, references!“‘). From the classical point of 
view this instability can be attributed to the bunch- 
ing (autophase selection) of the particles in the 
field of the electromagnetic wave that is propagated 
at an angle equal to the Cerenkov angle with re- 
spect to the direction of motion of the unperturbed 
current, and to the coherent Cerenkov radiation of 
the bunches formed. An analogous instability takes 
place also in a current of excited electric oscilla- 
tors, with the one difference, that in this case, the 
autophase selection, which leads to the appearance 
of coherent radiation, turns out to be possible also 
for currents slower than light, v < cy (in particu- 
ewe, sore V7 =) 

We consider here possible mechanisms of auto- 
phase selection of excited oscillators and offer an 
explanation of the instability of such a family of 
systems, both from the classical and from the 
quantum points of view. 

2. We consider a current of excited oscillators, 
each of which comprises a charged particle, exe- 
cuting free oscillations of frequency w, in the frame 
moving with the oscillators. We assume that ini- 
~ *In a current of electric oscillators (even unexcited), 
moving faster than light, there is a possibility of instability, 
which is related to the anomalous Doppler effect.*” An ex- 
ample of such a system is an electron current moving in a 
straight line in a uniform magnetic field.° It is interesting to 
note that the possibility of generation and amplification of 
high-frequency oscillations in an electron beam system fo- 
cused by a longitudinal magnetic field was indicated earlier 
by Pierce,’ who, however, did not indicate the relation of this 
phenomenon to the anomalous Doppler effect. 


tially the amplitudes of the oscillations of all the 
oscillators are identical, that the phases gy, are 
distributed so that the alternating component of 
the average (macroscopic) current is everywhere 
zero, and that there is no electromagnetic radia- 
tion. Under the action of a randomly generated 
electromagnetic perturbation e =e(r) elwt h 

= h(r) eit, the motion of the oscillators is 
changed and an alternating polarized current ap- 
pears, the radiation of which is superimposed on 
the initial perturbation. 

Let us assume first that the oscillators are har- 
monic and that only a homogeneous (quasi-station- 
ary) alternating electromagnetic field can exist in 
the system. It is not difficult to demonstrate that 
such a system will be stable. This is because the 
alternating component of the polarization current, 
by virtue of the linearity of the laws of motion of 
the oscillators, will be the same as in the system 
of unperturbed oscillators, which is stable when 
Vv < Cn. From this it follows that the phase sorting 
(bunching) of the excited oscillator under the ac- 
tion of the electromagnetic field, which is neces- 
sary for the instability, is possible only in those 
cases when the motion of the oscillators is non- 
linear. By considering the equation of motion of 
an anharmonic oscillator in a sufficiently weak ex- 
ternal field of frequency w close to the frequency 
of free oscillation wy (or close to one of its har- 
monics pw), p=1, 2, 3,...), we can distinguish 
two different mechanisms of phase sorting. 

Phase bunching of anharmonic oscillators. A 
phase shift in the oscillations of an anharmonic os- 
cillator may be caused by ‘‘phase instability’’ of 
the orbitally-stable motion of such an oscillator, 
which is a nonlinear conservative system.® The 
frequency of an anharmonic oscillator depends, 
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generally speaking, on its energy E. Let, for ex- 
ample, dwy/dE < 0. Then, those oscillators which, 
on average over a period, give up energy to the 
electromagnetic field (which is varying with a fre- 
quency Ww ®& pwy) will oscillate more rapidly 

(dy, /dt > 0), than those which absorb energy 
(dgk/dt <0); for dw o/dE > 0 the sign of dy, /dt 
is reversed. In either case, phase bunching of the 
excited oscillators occurs.* 

We can explain the mechanism of phase sorting 
described above with an example of oscillators 
with one degree of freedom x(t), in an alternating 
field Fx = Fa (x, x)e!“* of amplitude Fa. The 
general integral of unperturbed motion (for ae 
= 0) of such an oscillator is the periodic function 


X(t) == 25 {Wp (E,)¢ == Po, Eg}. 


Perturbation of the constants of integration, E 
= E, + AE and g = g) + Ag, leads to the appear- 
ance of an additional term xt) (t) which equals, 
in the linear approximation ( | xh) [<1 |) 


x§) — x, (t) Ap/o, + (u(t) + Mx, (t) t} AE, 
M =dl|nao,(E) /dE, 
where u(t) is a periodic function of t. Equation 
(1) describes the ‘‘phase instability’’ of the or- 
bitally-stable motion of an anharmonic oscillator: 
small perturbations of the energy (amplitude ) 
lead to a phase shift that increases with time 


(1) 


Ager = Ap + Ma, tAE. 


Using (1) it is easy to find the perturbation x) 
=x — x) (|x| « |x)|) caused by the action of the 
high frequency field. In particular, for frequencies 
that coincide exactly, w = pw», we obtain 


xD = 1/, MG_pe—/P%xq (t) 12 -- Vi (f)t + VW. (6), (2) 


Where , and W, are periodic functions of t, 


and Gy, are the Fourier coefficients of the function 
hg (Woh He Palko) Fx (Xo,. Hoy #)/A (2) 


= 2 Grexp {i(@ + ko) t + ik). 

Here A(t) is the Jacobian of the functions 
X(t) and u(t) + Mx)(t)t and is periodic in t. 
According to (2), the result of the prolonged action 
of a sufficiently weak field [when all the terms.in 
(2) other than the first, may be ignored] is the ap- 
pearance of a phase shift that increases with time 

A@ejp = 1/2 MG_paoe ‘Pt, 
the sign of which depends on the initial phase of 
the oscillator 9. 
~~ *Such a phase sorting mechanism was considered by Agdur 
for a quasi-Stationary strophotron. A more general treatment is 
given in the work of Gaiduk.’° 
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Spatial bunching of oscillators moving in a non- 
uniform field. If the force acting on the oscillator 
depends on the coordinates and on the velocity, 
then, for w = pw», its mean value (over the period 
2n/w) will, generally speaking, not vanish and its 
sign will depend on the phase of the oscillator Q. 
As a result of the action of the generalized forces 
corresponding to the “‘external’’ degrees of free- 
dom of the oscillators, a spatial regrouping of the 
oscillators occurs (displacement of centers of 
gravity or rotation of the direction of oscillation) 
in accordance with their phases. 

For example, for a harmonic oscillator 
undergoing oscillations along the x axis [x 
= Xq COS (Wot + p)] and capable of displacement 
along the z axis under the action of the force f, 
= Fa (x, x, z, 2) el of frequency w = pw, is given 
approximately by 


- 
20) —~ 1/,F_, e—ipof?, 


(3) 
where Fy, are the Fourier coefficients of the force 


Fa{xol(t), 0 (t), Zor O} eft = >) Fz, exp {i (@ + kw) t+ ike). 


The magnitude and sign of the displacement z!? 
depend, according to (8), on the phase of the oscil- 
lator o; it is this fact that ensures the spatial 
bunching of the oscillators according to their phase. 

Both phase and spatial bunching of excited os- 
cillators (in the general case they can exist simul- 
taneously ) lead to the appearance of a non-zero 
addition to the polarization current and consequently 
to additional coherent radiation (induced emission ). 
For a rigorous investigation of the stability of a 
system of oscillators and a calculation of the in- 
crement that characterizes the rate of growth of 
the electromagnetic perturbation, it is clearly nec- 
essary to find the self-consistent electromagnetic 
field; the determination of this self-consistent solu- 
tion requires specification of both the nature of the 
oscillators and the properties of the system that 
guides the radiation. The solution of some specific 
problems of such a type can be found in references 
9—16. Here we limit ourselves to a simple energy 
calculation, which shows that an increasing elec- 
tromagnetic field can occur in the system. 

We consider, for example, a system of immobile 
anharmonic oscillators in a high-frequency field 
e(r)eit, h(r)e!“t and calculate the work A, 
performed by the field on the oscillator. Using the 
perturbation method as before, and putting w > | w 
— pw,| #0, we obtain 


xp {i (@ — pw) t — ipe)} * 
210 <= — MG _y APO PHO 


+ O {(@— pm) 7}; 
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and find for the mean power P = dA/dt? = LEX, 
after averaging over the phases, 


P = — MiG_,|* oayert/(a? + 72)? + O (a? + 2)-"4}5 
(4) 


where Fx is the x component of the Lorentz force 
acting on the oscillator, and a = — Im (w — pw), 
y = Re (w — pw ).* 

For mobile oscillators in a non-uniform field 
we obtain an analogous expression which differs 
from (4) only in a factor independent of a and 
y. In this way, when M 2 0 and y 2 0 the oscilla- 
tors give up energy to the growing (a> 0) oscilla- 
tions. This indicates that such systems can be un- 
stable with respect to electromagnetic excitation 
(induced emission prevails over absorption ). 

3. Although the instability of a system of ex- 
cited oscillators is not related in essence to quan- 
tum effects and can be fully explained from the 
classical point of view, nontheless a quantum in- 
terpretation of the various mechanisms of insta- 


bility may be useful. Moreover, a quantum ‘‘model’’ 


turns out to be, in a sense, more simple and gra- 
phic, if we are not concerned with a calculation of 
the increments that characterize the instability. f 
Bearing this in mind, we limit ourselves below to 
a qualitative consideration of simple idealized 

systems, neglecting questions concerning the cal- 
culation of the distribution of the oscillators over 


the levels, the finite line width of the radiation, etc. 


(a) The instability of anharmonic-oscillator 
systems is related to the non-equidistant spacing 
in their energy spectra. Actually, let us assume 
that the oscillators, placed in an ideal resonator, 
are initially at identical levels (N # 0) and inter- 
act with one another only through the radiation 
field. Under these conditions a quantum emitted 
in the transition N— N — 1 ina resonator tuned 
to a frequency w = (EN — EN-;)h7!, cannot be ab- 
sorbed in the transition N—~ N+1. Asa result, 
owing to the large population of the level N, the 
energy of the field within the resonator will be in- 


*In a reference frame where all oscillators move along the 
Z axis with identical velocities v, it is necessary to allow 
for the Doppler effect. In the nonrelativistic case, if the ques- 
tion concerns interaction with a traveling wave ei(#t~kzz) 
it is necessary to put in (4) 


a = -Im(w — kzv — pw), y = Rew — kzv — pw). 


tThe situation is analogous for the instability associated 
with the anomalous Doppler effect.** 
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creased, i.e., the system is unstable.* We note 
that a molecular generator, which employs oscilla- 
tors with two levels (essentially nonlinear), is in 
this sense a special (but in principle, quantum ) 
example of the systems considered. 

(b) In the quantum approach, the recoil during 
the emission (or absorption) of a photon contri- 
butes to the displacement of a mobile excited os- 
cillator in a non-uniform electromagnetic field. 
The picture of the instability in this case is more 
complicated, as each oscillator must have at least 
two degrees of freedom — ‘‘external,’’ correspond- 
ing for example to translation along the z axis, 
and ‘‘internal’’ (vibration). We shall consider 
separately the interaction of such oscillators with 
traveling and with standing waves. 

In investigating the interaction with traveling 
waves (wave vector k, refractive index of the med- 
ium n) it is natural to take as the initial state of 
the oscillators, which interact with each other only 
through the radiation field, a state with a definite 
z component of the total momentum pi? = po Zo 
and a definite vibration energy Ey. From the laws 
of conservation of energy and momentum it follows, 
as is well known, (see, for example, reference 4) 
that in such a system there are, corresponding to 
the emitted and absorbed quanta, different frequen- 
cies, which are given by, for k || z), p% = 0 and 
hw « Ey 

ho, = (1 — hewn?/2Ey) (En — En-1), 


hw, = (1 + hon?®/2E ny) (Ens — Ey). (5) 


From (5) it is seen that even in the case of har- 
monic oscillators with equally spaced quantum 
levels, emission by the transition N— N — 1 can- 
not be absorbed by the transition N— N + 1.7 This 
demonstrates the instability of the system with re- 
spect to moving electromagnetic waves. 


*For a finite oscillator radiation line width, finite Q of 
the resonator, and a distribution of oscillators over the initial 
states which is not a 6 function, the absorption of the radiated 
quanta is, generally speaking, possible. Subsequent transitions 
of the oscillators to the levels N ¥ 2, N 3, etc., are also 
possible here. However, it is evident from qualitative consid- 
erations that in any case, for not too large line widths of the 
oscillators and the resonator, radiation will prevail over ab- 
sorption after some time, i.e., instability is maintained [we 
note that when Ey+, — En < En — En- the instability may 
be at a frequency fiw S En — Ey-4, which agrees with the 
classical requirement that y <0 for dw,/dE <0, derived from 
(4) . Highly characteristic,from this point of view, is the ex- 
ample considered below with relativistic electrons, where the 
non-equidistance of the energy levels is of the order fiw;,/me’, 


but instability is maintained as in the classical approximation. 
TSee the preceding footnote. 


INSTABILITY OF A SYSTEM OF EXCITED OSCILLATORS 


An interesting example of a system of mobile 
anharmonic oscillators is provided by relativistic 
electrons in a magnetic field Hy - a rarefied non- 
equilibrium magnetoactive plasma with a 6 distri- 
bution of parallel and transverse momenta p, and 
p,- It is easy to see that for such oscillators 


(Ew — Ey.) — (En4i.— En) 


(En — Ey_-1)?/Ey = h*0?2,/me?, (6) 
where wy = eHyc/EN is the gyromagnetic fre- 
quency and Ey ® mc?. From (5) with (6) it follows 
that for n= 1 the Doppler effect, which determines 
the recoil when quanta are emitted in the z direc- 
tion, compensates the unequal spacing of the levels 
of the relativistic electrons. In this case the emis- 
sion and absorption occur exactly as in systems of 
immobile harmonic oscillators, and consequently 
the system (in the approximation considered) is 
stable with respect to waves, propagated along the 
magnetic field (k || Hy). When n #1 or k + Hy 
there is no compensation and the system becomes 
unstable. Classical calculation confirms these con- 
siderations. !%)14,17 

We consider the interaction of mobile oscillators 
with standing waves in the simplest example, when 
the field in the system can be considered quasi- 
stationary, E=-—Vg. The field of a two-dimen- 
sional quadrupole » = Aqxz, where q is the coor- 
dinate of the field (charge on a capacitor), * is 
structurally the simplest nonuniform quasi-station- 
ary field. The energy of interaction of such an os- 
cillator (for example, an electron in a magnetic 
field Hp) = HpZ)) with such a field can be written in 
the form W * eg = eAqxz 

We assume that the oscillator is vibrating in the 
plane xy (x oscillator) and for simplicity take the 
motion along the z axis also to be oscillatory (z 
oscillator), but with a low frequency w,. Asis 
seen from the expression for the interaction energy, 
transitions of the x oscillators with absorption and 
emission of quanta, but without change of the state 
of the z oscillators, are forbidden in such a sys- 
tem. Therefore, if initially all the x oscillators 
are at the same level N ~ 0 but the z oscillators 
are at the lowest level, then emission and absorp- 
tion proceeds at different frequencies. 


We = (En a Ea) [p= 1, 


In this way, even in the case of (linear) oscil- 
lators with an equidistant spectrum, excitation of 
the z oscillator (i.e., the displacement due to re- 
coil during emission) makes the system unstable. 


*The dipole corresponds to a uniform field. 


Wg = (Enti— En) h* + oO. 
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4. The considerations cited above make it pos- 
sible to explain, both from the quantum and from 
the classical points of view, the instability of a 
whole series of systems containing excited oscil- 
lators. As already noted, the simplest example 
of an excited anharmonic oscillator is a charged 
particle moving with relativistic velocity along a 
helical trajectory in a uniform magnetic field Hy, 
or along a trochoidal trajectory in crossed (Ey 
and Hy) fields. Systems of such oscillators (elec- 
tron currents in waveguides, unbounded inhomog- 
eneous magnetoactive plasma) are analyzed in the 
classical approximation in references 11—14.* The 
analysis is analogous for other types of oscillators, 
for example electrons oscillating in an electro- 
static potential well, rigid dipoles in a uniform 
field etc.!>" I all the particular cases, the solu- 
tions obtained in the classical approximation by the 
self-consistent field method show that such non- 
equilibrium systems are actually unstable with re- 
spect to electromagnetic excitations. 

The author thanks V. L. Ginzburg and V. M. Fain 
for discussion of questions relating to the present 
work. 
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The spectral intensity distribution of the electromagnetic radiation emitted by a charged 
particle moving across the interface between two media is derived taking the effect of mul- 


tiple scattering into account. 


ie was shown previously! that the transition radia- 
tion emitted by an ultra-relativistic particle in the 
direction of its motion can be greatly affected by 
multiple scattering in the region where the radia- 
tion originates. In the present article, formulas 
are given for the intensity of the electromagnetic 
radiation emitted by a particle entering or leaving 
a medium. The calculation is based on a simplified 
derivation of the transition-radiation equations, and 
on the method of taking into account the influence 
of multiple scattering on bremsstrahlung developed 
by Gol’dman.? 


1. DERIVATION OF THE TRANSITION RADIATION 
FORMULAS 


We shall demonstrate a simple method of deriv- 
ing the formulas for the spectral intensity distribu- 
tion of the transition radiation in certain interest- 
ing cases. As is well known, the energy radiated 
by a particle in the solid angle element dQ in the 
frequency range dw is given by the formula? 


dGénw = c| Hs | 2R*dQdw, (1) 
; +co 
- i twR/ > 
He =e pe \ ef (ot—kr(t)) [nxy (t)] dt. (2) 


where R is the distance from the point of collision 
to the point of observation, r(t) and v(t) are the 
coordinate and the velocity of the particle respec- 
tively, and k = nw/c is the wave vector of the 
emitted photon. 

If the particle moves uniformly in a straight 
line in vacuum from —« to +, then the expres- 
sion obtained by integrating Eq. (2) from — to 0 
cancels the expression obtained by integrating 


*Editor’s note: Analogous qualitative results have been 
obtained independently by V. E. Pafomov, and are described 
in an article submitted to the editor on February 18, 1960. 


from 0 to + and, as a result, no radiation is 
produced. If, in its motion, the particle goes from 
one medium into another (motion along the z axis, 
with the plane z =0 separating the media), sym- 
metry is lost and radiation appears. 

It is evident that, at the interface of the media, 
radiation will be partially reflected and partially 
transmitted into the second medium. This radia- 
tion can easily be calculated and identified as due 
to the transition effect if it propagates in each of 
the media, after suitable refraction or reflection, 
from the point in which the trajectory intersects 
the interface between the media. 

The transition radiation produced in such a 
process is directed both forward and backward at 
very small angles to the direction of motion of the 
particle. One can therefore expect such a calcula- 
tion to yield a correct result for the case of an 
ultra-relativistic particle. Definite restrictions 
are then imposed on the angles and frequencies of 
the emitted radiation in each specifie case. In par- 
ticular, if vacuum is one of the media then, for the 
radiation into the vacuum, correct results are ob- 
tained for all frequencies since, in this case, # 
~vV1— B*.45 For the ‘‘*medium — medium’’ case, 
the formulas are applicable to radiation in the for- 
ward direction with frequencies greater than Vo, 
for which J ~ Vo/w (reference 6) (co = 4nNe/m, 
€=1-a/w*). 

It should also be noted that the wave vector k 
in Eq. (2) should be replaced in such problems, by 
K, where K is a wave vector with a transverse 
component x and a longitudinal component A (2 
=we/e - x2). As has been shown in reference 5, 
only such a choice of K permits a smooth transi- 
tion of the fields at the interface of the media. 

Let us now actually derive the transition radia- 
tion formulas. We shall first consider the case 
where the second medium is vacuum, and deter- 


237 


238 


mine the radiation in that medium. We should use 
the vacuum value® of x, equal to w sin 3/c, where 
& is the angle between the direction of radiation 

and the z axis. Radiation emitted in the first me- 
dium will not all penetrate into the second. Accord- 
ingly, the magnetic field intensity in the first me- 
dium should be multiplied by the Fresnel coeffi- 
cient for normal incidence 2Vé/(1+Ve).' Asa 
result, we have 


Tage eR sin’ pe ee { | 
“ 2nc?R VSG Vesems (eye {—Bieore- 
(3) 
Substituting Eq. (3) into Eq. (1), we obtain 
Qu aReNo 2 
Oe. a ee Veea=4 you 4 
2 4n%c cr — 8 cos 9) (1 — BV e — sin? S - (4) 


i.e., a formula identical with that given in refer- 
ences 5 and 6 for the ultra-relativistic case. 

If the first medium is vacuum, then the radia- 
tion emitted in it will be partially reflected from 
the interface of the medium. It is therefore nec- 
essary to multiply the field intensity by the Fres- 
nel reflection coefficient for normal incidence 
(1 -—Ve)/(1+V€). The radiation emitted in the 
second medium may be neglected. Substituting 
K =w sin 6/c, where @ is the angle between the 
direction of propagation of the radiation and the 
negative direction of the z axis, we obtain the fol- 


lowing expression for the backward radiation: 
e? sin? 0 4 Vex dine 
dao = “pag WB as a Ge qq) d2de, (5) 


i.e., the Ginzburg-Frank* formula for the ultra- 
relativistic case. 

Finally, let us consider the ‘‘medium — medium’’ 
case and find the radiation in the second medium 
with frequency w > Vo. We then have k = (w/c) 

x V €) sin ¥, and the Fresnel transmission coeffi- 
cient can, with good accuracy, be taken as unity. 
As a result we obtain the formula 

Vei— Vex | 
dOnw au (4— B V &-—e2 sin? 9) (1 —B Vexcos 9 


e? sin? 3 
4rc 


; dQde, 
(6) 

which is identical with the usual formula for the 

forward transition radiation for B ~ 1 and w > Vo. 


2. EFFECT OF MULTIPLE SCATTERING 


It was shown by Pomeranchuk and the author! 
that, for particles moving with velocities close to 
that of light, multiple scattering influences only the 
forward transition radiation with frequencies w 
> Vo. It is therefore sufficient to assess the in- 
fluence of multiple scattering on transition radia- 
tion within the framework of the approach described 
in Sec. 1. In addition, such an approach is conven- 
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ient because the corresponding expressions are of 
a form suitable for the derivation of the brems- 
strahlung formulas, taking multiple scattering into 
account, whether the particle moves in an unbound 
homogeneous medium®? or whether it moves from 
a vacuum into a medium.’ The latter case, in 
which the additional radiation originating near the 
medium boundary is considered, in addition to the 
bremsstrahlung with the effects of multiple scatter- 
ing, has a direct bearing on our problem. This 
radiation is generated, because the particle moved 
in the vacuum to the left of the boundary without 
undergoing scattering. 

Let the particle move from the vacuum into the 
medium in which it begins to undergo multiple scat- 
tering. According to the preceding section, in or- 
der to take transition radiation into account, it is 
necessary, in the derivation of Gol’dman,’ to sub- 
stitute for the wave vector k the quantity K, 
(KgwV¥€ sin ¥/c, wV¥1 — € sin? J/c) in vacuum, 
and the quantity K,(kV¢) in the medium, where 
Ky is the unit vector in the plane perpendicular to 
the z axis. 

In the frequency range w > Vo, it can be shown 
that the radiation associated with the transition of 
the particle through the medium boundary is given 
by the expression 


foe) co 
\ aos \ (1 of i) s'e- (1-++2) (s’x-++sz th x) ax 
3 spat he 


0 0 


Bo = se Re lo 
7™C 
( ; 2: / , tv 
+{ (cothe —L)(1 (1 +i)s'ayen 449 ¥ds 


eine ee ey ae 
2(cM LESTE) 


a2 


o == (l= Pea") V o/G, 2g (7) 
where L is the radiation length and Eg = 21 Mev. 
Obviously, Eq. (7) includes both transition radia- 
tion and the radiation produced as the result of 
multiple scattering, i.e., bremsstrahlung. It is 
easy to obtain the following asymptotic expressions 
from, Eq. (7): 


(8) 


Eo =< [Sn —2| (SS 1). (9) 
As in other processes involving multiple scat- 
tering (see, e.g., the review by Feinberg!’), one 
finds that there exists an energy Eer = (uc/Eg Ne 
x LVoue such that, for E < Egy, multiple scatter- 
ing does not affect the transition radiation and, 
consequently, there is also no additional brems- 
strahlung radiation due to the existence of the 
boundary. To ascertain this, let us write the ex- 
pression for s’ in the following form (for w 


K VoE/pc? ye 


SPARE MOVING ACROSS THE INTERFACE OF TWO MEDIA 


; 4 oe We VEN nach \*/2 
S Sey ee SS ; (10) 


and for w > VoE/c? in the form 


oe 


F fp 9 
2 V cE/uct 


(11) 


If E < Ecy, then it follows from Eqs. (10) and 
(11) that s’ is always greater than unity, and the 
radiation is described by Eq. (9) 

eed w? (1 — B2) 3 
Eo = |(p +=") in(i + See th ee) 


a 


i.e., the usual formula for the transition radiation. 
In the limiting cases of frequencies smaller and 
greater than VoE/uc’, we have, correspondingly, 


eC 6 
Ew ae ll (1 — B2) w? ? 


(13) 


i mo bare (14) 
ee eer 

For E > Egy and w < VoE/pc?, it is convenient 
to introduce a characteristic frequency w, 
= (oE/Es)? ( L/c)!3, It can easily be seen that 
s’ > 1 for w « w,, and the radiation is given by 
Eq. (13); i.e., there is an agreement with the con- 
clusion of reference 1 concerning the fact that, for 
E > Eey and up to frequencies close to ~ w, the 
particle emits photons according to the usual for- 
mulas for transition radiation. For w > w,, we 
have s’ «<1, and, from Eq. (8), we find 

9 Es He 


Eo = — In( ae av i. (15) 


In considering the frequencies w >> VoE/uc’, it 
is convenient to introduce another characteristic 
frequency w’ = (c/L) (EgE/p’c!)*. For w « wu’, 
s’ « 1, and the radiation is described by Eq. (15). 
On the other hand, for w > w’ we have s’ > 1, and 
Eq. (14) follows. 

The energy Ecr in lead is equal to 400 Mev for 
electrons and 2.7 x 10° Bev for protons; in carbon, 
these energies are 7.6 Bev and 5 x 10!” Bev, re- 
spectively. 

Thus, if for E > Egy the usual transition radia- 
tion mechanism* begins to break down at w> wy 
~_*As in reference 1, by ‘‘transition radiation’’ is meant the 
radiation due to a transition of a uniformly moving charge from 


: : 4,11 
one medium into another.” 
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because of multiple scattering, then the multiple 
scattering itself leads to the appearance of a 
‘‘transition’’ bremsstrahlung and, as a result, we 
have the radiation described by Eq. (15), which al- 
ready extends up to frequencies ~w’ > VoE/yc?. 
The region in which this radiation originates is of 
the order of c/Vwq (reference 2). 

By means of analogous calculations, it can be 
shown that the radiation originating in the exit of 
a charged particle from a medium into a vacuum 
is, for frequencies w > Vo, described by formulas 
identical to those given above. 

The author is indebted to I. I. Gol’dman for 
helpful comments. 
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Second order equations for fermions are investigated on the basis of the Lagrangian for- 
malism. It is shown that an additional degree of freedom of the particles is due to two orien- 
tations of an imaginary electric dipole moment, which, however, may have a real radiation 


correction. 


Syarsente order equations for spinor wave func- 
tions have been proposed by Feynman and Gell- 
Mann! and have been discussed in different connec- 
tions in a series of papers.” 4 The present paper 
is devoted to the quantization of a spinor field 
satisfying a second order equation and to the inter- 
pretation of the additional degree of freedom. 

Let the field be described by the spinor w(x) 
with the usual transformation properties. Then 
we can write the Lagrangian which leads to the 
Klein-Gordon equation in the following form: 


vt op oy a 
L m Ox, Te Ox, mpd, (1) 


m*(o — m*)b(x) =0. (2) 


On introducing the interaction with the electromag- 
netic field by means of the substitution % — oy 

— ieAy, we can obtain the Lagrangian which leads 
to the equation of Feynman and Gell-Mann (pro- 
vided that ys~ = w). 

For the time being we restrict ourselves to the 
discussion of the free field and calculate the dy- 
namical variables in accordance with the usual 
rules: 
the energy-momentum tensor 


Tan 4 ov ay , 1 a ay 


mn tx, Tet» Of a i ax Tue Ox, Sul (3a) 
the current vector 
i> ri) i a4 
“fey — a Din y = =a re He (8b) 
and the spin angular momentum tensor 
ee i ow 
Serr Sm Pour ate = =e Ox, ToT rFuv (3c) 


We note that Sp 9; = 0(i =1, 2, 3), while in the 
theory based on the Dirac equation Sp 9; = 0. 

We now write 7~(x) in the form of a superposi- 
tion of plane waves: 


4 


(a) = 20% BV pgp (eh) a (weet 
+ 6°(p)u (p)e?*]. (4) 


Following the idea of Feynman and Gell-Mann we 
choose the basis spinors u4(p) and vA(p) to be 
the eigenfunctions of the projection operators 
(1 +75) and %(1+4%) (here % = %p/p): 
*/a(1 + 5) (1 + 9p) u* (p) = u*(p), 

*/a(1 + 5) (1 + 9p) 0* (p) = 0° (P), 
*/a (1 + 5) (1 — 9p) u? (p) = u? (p), 

*/a(1 + Ys) (1 — 9p) 0? (p) = 0° (p), 
*/a(1 — Ys) (1 + 9p) u? (p) = 4? (p), 

*/a (1 — Ys) (1 + op) 09 (p) = 0° (p), 
*/a(1 — 5) (1 — 9p) u*(p) = u*(p), 

*/a (1 — 5) (1 — op) 0* (p) = 0% (p). (5) 
If we assume that the operation of strong reflec- 
tion of a spinor is carried out by means of the 
matrix iys, then the following relation must hold 


isu” (Pp) = opv*(p). (6) 


The spinors uA(p) and vA(p) can be expressed 
in terms of uwA(0) and vA(0) by means of the 
Lorentz transformation matrix: 


Eo + pam + 2, + p—m) 756, 


“(p= a u* (0), 

u (p) VRE pies 
1 sae oe a 0a fel —— tee) Gee 

r = Pp p Up aN 

Ca Rd 2V mE, +P) Coie 


Formulas (5) — (7) enable us to obtain the relations 
for normalization, orthogonality and summation 
over the index ): 


a? (p) ut? (p) = may, 
4 


>) #(p) @42 (p) = ml, >) v8 (p) 42 (p) = — ml; 
A= 


5“ (p)v%+2(p) = — mdya;_ (8a) 


ASI) 


(8b) 
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4 
>) “(p) @(p) = p, >) & (p) & (p) = p. 
A=1 A=] 
Here and later the index \ + 2 is equal to 1 and 2 
for A equal to 3 and 4. 
We now consider the quantization of the free 


spinor field. From the canonical commutation re- 
lations it follows that 


[ba (x), $a (¥)], = — midaaD (x — y), 
(9) 
[da (x), be (Y)], = Iba(x), de (y)] = 0. 


These relations hold if 


a’ +2 (p) a’ (q) + a" (q) at? (p) 

= 6+? (p) dD" (q) + 0 (q) b**? (p) = 6,48 (p — q) 
and all the other anticommutators are equal to 
zero. 

As may be seen from (10) the asterisks on the 
operators cannot denote Hermitian conjugation and, 
therefore, the norm of the state amplitude © de- 
fined simply by ¥*W will not be positive definite. 
However, the operator 7 which has the properties 


n= *, 1? = 1, na*(p)n = a+ (p), 
nb* (p) 7 = oO (p), mE = ee 


(10) 


(11) 


generates a positive definite metric in Hilbert 
space of the state amplitudes: Wf > 0; the ob- 
servable quantities correspond to self-adjoint op- 
erators which now satisfy the condition A = 7*A*7. 
The operators for the energy-momentum, the 
charge, and the spin pseudovector are self-adjoint, 
as can be shown by utilizing relations (3), (4) and 
(8a). But the single particle states are also char- 
acterized by the imaginary eigenvalues (+i/2) of 
the component along the direction of motion of the 
polar vector Soj = {80,018 This vector may be 
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called the polar spin; with it is associated an imag- 
inary dipole moment of the particle, which, how- 
ever, may have a real radiation correction (if 
there exist interactions which are not invariant 
with respect to the combined inversion). 

The Lagrangian for the interaction with the 
electromagnetic field has the form 


, ie (— or orp Ah in Ce Oe 
es = (¥ ox, Ox, p ) Ava Pony pFyy + —= Ae. 
(12) 


By following the rules for constructing the scat- 
tering matrix in the case of derivative coupling,” 
one can prove the unitarity of the S matrix and 
carry out calculations for specific effects. In 
spite of its peculiar form which is close to the 
electrodynamics of scalar particles, the theory 
leads to the usual results. In Brown’s paper? 
dealing with the Compton effect the approach to 
the problem is equivalent to ours if we assume 
that in nature there exist states corresponding 
only to ‘‘right-handed’’ (or ‘‘left-handed’’) par- 
ticles. This assumption is not necessary; it may 
be shown (for example by considering Mgller 
scattering) that the Pauli exclusion principle ap- 
plies, as before, to states for which only the real 
quantum numbers coincide. 


'R. Feynman and M. Gell-Mann, Phys. Rev 109, 
193 (1958). 

21. Brown, Phys. Rev. 111, 957 (1958). 

3G. Marx, Nuclear Phys. 9, 337 (1959). 

44. Barut, Ann. Phys. 5, 95 (1958). 

5p. T. Matthews, Phys. Rev. 76, 1657 (1949). 


Translated by G. Volkoff. 
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A number of m7-scattering diagrams are considered for which the so-called singular curves 
(threshold of appearance of imaginary part of the amplitude) have asymptotic values equal 


tor 6. Ue 


A knowledge of the singular points of amplitudes 
describing physical processes is of interest for 
its own sake as well as in connection with attempts 
to describe strong interactions phenomenologically. 

We shall find the singular points of the m7- 
scattering amplitude by making use of perturbation 
theory Feynman diagrams.” It is obvious that in 
order to find nearest lying singular points it is 
sufficient to consider only pions as the virtual 
particles. 

The singular points corresponding to diagrams 
1 and 2 (see Fig. 1)* were determined by Mandel- 
stam.*? Denoting by W the total energy of the inci- 
dent pions in their barycentric frame, and by Q 
the momentum transfer we have: 


2 4W?/(W2— 16) (diagram 1) (1) 
Q? = 16W?/(W2—4) (diagram 2) (2) 


(W and Q are expressed in units of pion mass). 

In the W? —Q? plane the curves 1 and 2 have 
as asymptotes the straight lines Q? = 4, W* = 16 
and Q? =16, W =4. It is obvious from the 
pseudoscalar nature of the pion that the next 
boundary of singularities curves will have in the 
W? —Q? plane the asymptotes Q* = 4 and W? = 36 
(Q? = 36, W. =4) or Q? = 16 and W’ =16. We 
restrict ourselves to discussion of diagrams be- 
longing to the latter class. 

We were able to find only the four diagrams 
(3—6, Fig. 1), for which the singular curves have 
as asymptotes 16 and 16. Diagram 3 was studied 
by us previously.’ It is convenient to express the 
curve corresponding to this diagram in parametric 
form 

W* (x, y) = 2(1 — xy) [1 —2/(x—y)P, 
Q* (x, y) = 2(1 + xy) Il + 2x + y)P, (3) 


with the two parameters x and y related by 


*In the diagrams referring to 77 scattering each pion is 
represented by a single line, while double and triple lines 
denote the exchange of two and three pions respectively. 


x= —Il/y+1+y. (3°) 


Furthermore only the following values of x and 


1, y are permissible: y > x and y > —x, as a conse- 


quence of the condition that the Feynman param-— 
eters @ be positive. For W = or we have W 
=Q? = 2(2+ ¥5 )? =35.8 and x =0 while 

¥= (15) 1/2. 

The singular points for the diagrams 4—6 will 
be found by making use of the method described in 
detail previously.* The elementary, but occasion- 
ally tedious, steps will not be given. We make 
only two remarks. First, when the relation be- 
tween Q2 and W’ is in parametric form it is con- 
venient to use as parameters ratios of the Feyn- 
man parameters a, since the latter are positive 
and this facilitates the determination of the region 
of permissible values of the parameters. Second, 
by taking into account the symmetries in the Feyn- 
man diagrams, the determination of the location of 
the singularities is drastically simplified. This 
symmetry leads to the equality of the correspond- 
ing scalar products,* or, what is equivalent, to 
equalities among the a. We indicate below what 
equalities among the a resulting from the sym- 
metry of Feynman diagrams were used by us. 

For diagram 4 the symmetry leads to a, = a3; 
Qy = Ay; As = Ag = A, = ag. The singular curve is 
given parametrically as follows: 


W? (x) = (3 + x) (9 — x*) /(1 + x), 
Q? (x) = (3 — x) (9 — x*) /(1 — x). (4) 


The parameter x is restricted to the range 
—1 =x =1 by the condition that a be positive. 
Here W?(—1)=~, Q?(— 1) =16 and W’(1) = 16, 
Q?(1) =~”. For x =0 W*(0) =Q2(0) =27. 

For the diagram 5 the symmetry results in the 
equality a) = a4. The singular curve is given by 


*As shown by A. Z. Patashinskii (private communication), 
one can verify directly that there are no nonsymmetric solu- 
tions for a majority of the diagrams considered here. 
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/6a 


19 


(W2 — 16) (Q2 — 16) = 192. (5) 


It is obvious that the asymptotes are W? = 16 and 
Q? =16. For W =Q@? we have W =Q? = 8(2 + V3) 
= 29.9. 

For the diagram 6 the symmetry leads to the 
equalities: Q) = 0%; a; = a3 =; =a7. The singular 
curve is given by 


Q? = 16, VW? — 1)7/ VW? (Vw? — 4). (6) 


For W2— ~, Q?— 16 and for Q?— ~, W°— 16. 
For W? = Q? we have W = Q? = 34.6. 

The singular curves corresponding to the dia- 
grams 1—6 are shown in Fig. 2 (curve 7 in Fig. 
2 corresponds to diagram 7, which is obtained 
from 6 by the substitution W = Q’). 

As was already mentioned, we were unable to 
find any diagrams, other than diagrams 3 — 6, that 
would give rise to singular curves with asymptotes 
@* =16 and W? = 16. However we do not have a 
rigorous proof that no other such diagrams exist. 
We list below various considerations used by us in 


20 


FIG. 1 


determining the absence of singular points ina 
number of diagrams. 

First, we have assumed that it is sufficient to 
consider diagrams which when cut by an arbitrary 
horizontal or vertical line give a sum of the masses 
of the virtual particles equal to four. This assump- 
tion was based on the example of diagram 8 (the 
mass of the particle is given next to each line ). 

In order that this diagram have a singular point it 
is necessary that diagrams 8a and 8b have singular 
points. If w2< m2? + m” and M’?< m’+ M”® then 
diagram 8a has a singularity only for W? > 4m’. 
Analogously, if m? < M2 + M” and p? < M’?+M” 
then diagram 8b has a singularity only for Ww 

> 4M’. Consequently diagram 8 has a singular 
curve with asymptotes W* =4e? with € the larger 
of the masses m and M.* 

*Proceeding in an analogous manner, it is easy to show 
that if the above conditions on the squares of the masses are 
violated either for diagram 8a or diagram 8b, then diagram 8 
has no singularities at all; diagram 9 is an example of such a 


case. 
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Second, a substantial simplification in the 
analysis of complicated diagrams results when 
there is contained within them a three-sided con- 
tour such that the mass of the particle represented 
by the line entering one of the vertices is equal to 
the sum or the difference of the masses of the par- 
ticles corresponding to the internal lines entering 
the same vertex. Diagram 10 is an example of 
such a contour. It is easy to verify that if Mj, 
=|, — pw, |, then it is necessary for the existence 
of a singular point to have Myj3 =u, + uz and Mo, 
=) + M3. On the other hand, if My. = py + po, 
then M,3= | 4; 43 | and M23=| 2. Fy3 |. A 
three-sided convour satisfying these conditions 
can be transformed into a vertex (diagram 10a) 
and conversely the vertex of diagram 10a may be 
transformed into the three-sided contour of dia- 
gram 10.* 

Let us discuss, for example, the vertex of dia- 
gram 11. It may be transformed into the three- 


*It is essential here that only one relation among the 
exists in a three-sided contour. 
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sided contour, diagram 11a. In this manner it is 
possible to discuss along with diagram 95 diagram 
12 which differs from diagram 5 by having one of 
the vertices satisfying the above conditions replaced 
by a three-sided contour. The location of the sin- 
gularities of diagram 12 is the same as the loca- 
tion of the singularities of diagram 5. Applying 

to diagram 12 successive transformations of a 
vertex into a three-sided contour we obtain more 
and more new diagrams, all of which have singular 
lines coinciding with those of diagram 5. A situa- 
tion arises that is analogous to what happens to the 
singularities of Green’s functions: diagrams 13 
and 13a have singularities in the same locations. 

Let us also note the trivial circumstance that 
if one of the vertices of a three-sided contour 
satisfies the relation Mj) =|, +,| while the 
other vertices fail to satisfy the corresponding re- 
lations, as for example is the case for diagram 14, 
then the presence of such a contour in a given dia- 
gram results in the absence of singularities. 

Third, it is easy to establish that the four-sided 
contour of diagram 15 has no singular curves. As 
a result diagrams containing this four-sided con- 
tour also have no singularities (e.g., diagrams 16 
and 16a). 

Fourth, for a number of diagrams the absence 
of singularities was established by direct calcula- 
tions (the impossibility of satisfying the condition 
that the parameters a@ be positive). Some of these 
diagrams (17—20) are shown in Fig. 1. 

The authors acknowledge their deep indebtedness 
to Academician L. D. Landau for interest in this 
work and discussions. 
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We have obtained the electron and t-meson energy spectra and the 7 —e angular correlation 
in K-meson decays K — 27 +e+ vy, and also the u-meson spectrum and the spectrum of the 
effective mass of the two 7 mesons in the K— 27+ p+ v decay. The Ky4 decay probability 
is one order of magnitude smaller than that of the Ke decay. 


is a paper dealing with K > 27 +e+vp decays, 
Okun’ and the author! calculated the probability ty 


and obtained the effective-mass spectrum of the two 


m™ mesons. The present paper is devoted to a fur- 
ther study of Ke, decays, and also of Ky4 decays. 
In Secs. 1—3 we calculate the energy spectra of 
the electrons and 7 mesons, and the angular 7—e 
distribution in the Kg, decay. In Secs. 4 and 5 we 
give the effective-mass spectra of two 7 mesons 
and the energy spectrum of the » mesons in Ky, 
decay. The last section contains an expression 
for the Ke, and K,,4 decay probabilities. 


1. ENERGY SPECTRUM OF THE ELECTRONS IN 
Ke, DECAY 


The relativistically-invariant amplitude of Kg, 
decay can be written in the form 

ee R 

= Wace, Wie + fete + fs 6 


+ a Ece<n|e (R,)- (Fa)o} Ueto (1 a %s) hese (1) 


where k, ={k,, E,} and k,={k,, E,} are the 
4-vectors of the m-meson momenta, q is the 4- 
momentum of the K meson, Q=k;,+k), and R 
=k, — ky; M is a certain quantity with dimension 
of mass. The coefficients f,; are functions of the 
scalar products (k,q), (koq), and (kyk,). We 
shall assume them to be slowly-varying quantities 
and treat them as constants in the calculations. 
Then, if we use the rule AT = ’, for lepton decays 
of strange particles, it is easy to verify that the 
first two terms in (1), which are symmetrical with 
respect to the substitution k,; ~ k,, correspond to 
a decay in which the 7 mesons produced are ina 
state with total isotopic spin T = 0, while the re- 
maining terms, which reverse their sign when the 
momenta k, and ky are interchanged, correspond 
to a state T=1. Calculations show that the con- 
tribution of the last term of the total decay proba- 


bility is related to the contribution of the second 
term, (which also corresponds to a 7-meson sys- 
tem state with T = 1,) approximately as (f}/f3) 
x (m,/m).4 

Inasmuch as the K-meson decay proceeds via 
j= A pair production, * we can regard the mass 
® as equal to the baryon mass. Then the last 
term in (1) is small and will be neglected hence- 
forth, and we shall consider only the vector part 
of the baryon current in the expression (1). 

If we neglect the interaction of the + mesons in 
the final state, then f,, f,, and f; are real, and the 
differential probability has the form 


als Sal Ey (2 (Vp,) Viv) — V* (px P»)] 


Bk, dk, PP, Pp 
4 1 2 v 
Ga Pipe Py) pane nem (2) 


v 


In the case of Kg, decay, the vector V contains 
only the m-meson momenta: 


V =f (Ry + Re) + fe (Ri — Re). (3) 


Integration of (2) is best carried out by intro- 
ducing the variables Q =k; +k, and R= ky — ky. 
Then we see from Eq. (A1) of the appendix that 
after integration over the m—-meson momenta we 
obtain 
dw = G?M (2n)5 {f2(1 + cos 0) Y” 

+ = f2M[4M (M — E, + E, cos 0) 

M? (1+ cos 0) — 4E, (1— cos 8) 
x (M— E,-+ E,cos0)| Y"} Ei dE. d cos 0- EvdE,, 


Y = [(M? — 2ME, — 4m?) /2(M — E, + E.cos®) — Ey] 
« [(M? — 2ME,)/2(M — Ee + E, cos 0) —Ey|-s (4) 


where M is the K-meson mass, m the m-meson 
mass, and 6 the angle between the emission di- 
rections of the electron and of the neutrino. Inte- 


*We use the Sakata model.’ 
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grating over E,, between the limits 
0<E,<(M?—2ME, — 4m’) /2(M—E, + E. cos 8) 


and then integrating with respect to cos @ from 
—1 to 1, we obtain the electron spectrum, which is 
more conveniently expressed by introducing the 
variable x = (M? — 2ME,)/4m*, which depends 
linearly on Eg: 


G2m10 M2 2 
w(x)dx = 3 ( : x) 


7M \ 4m 


fp [ler $270 


3(x yt e)inVEt Ve—})| 


Ae r6 = pel 1) 


aan VEtVE—Ty|\ax; (5) 


3(2x 4 a 


the variation of x is within the limits 1 =x 


= (M/2m)’. 
The distribution (5) has the form 
27710 3 9 7 
acon ancalk (5) 


where the first term corresponds to a decay in 
which the 7 mesons are in a state with isotopic 
spin T = 0, while the second term corresponds to 
the case T=1. The electron spectra (see Fig. 1) 
have in both cases a maximum at an electron en- 
ergy ~70 Mev. The electron spectrum does not 
contain an interference term proportional to ff», 
because the term that describes the interference 
of the states of the system of 7 mesons of differ- 
ent parity drops out in the integration over the 
momenta of the s mesons. 

The energy spectrum of the electrons in Ke, 
decay was also calculated by Chadan and Oneda.! 
The curves given in their article coincide with 
those obtained in the present paper. 


2. ENERGY SPECTRUM OF 7 MESONS IN 
Ko, DECAY 


In order to obtain the spectrum of the s mesons 
and at the same time the 7 —e angular correla- 
tion, we integrate (2) with respect to d*k, and 
d’py. We do this once more by an invariant method, 
introducing the 4-vectors 

F=k,+ py, L=Rk,— py. (6) 


Neglecting the electron mass, we can write V in 
the form 


V = fq f2(q — 2h). (7) 
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FIG. 1. Functions F,(x) and F,(x), which enter into for- 
mula (5) for the energy spectrum of the electrons in K., decay. 
The ordinate of the function F, is increased by a factor 5.07. 


Substituting (7) in (2) and using Eq. (A2) of the ap- 
pendix, we obtain 
w(E,, E-, cos§)dE,dcos0dE, 
= 4n°G?M (2n)* k, dE, d cos 8-{f? [M — E, —k, cos 8 — 2E,} 
E 1M —E, — kh, cos! — 2, — 41 7(E, 2 cos 8) 
x (M?— 2ME, + m? — 2E.(M — E, + k, cos 8))] 
+ 2ff.{M — E, + k, cos @ + 2(m? / M — E,) 
— 2E,(2M1(M — E, + k, cos 8) — 1)]} 


&, { M?—2ME, 
“ \L2(M — E, + ki cos 6) 


—E.| /| M? — 2ME, + m? 
e 2(M — Ey + ki cos @) 


E,|) Be die. (8) 

We integrate the resultant expression further with 

respect to the electron energy, between the limits 
O< Ee < (M? — 2ME)) /2(M — E, + k, cos 8) 


and then with respect to cos@ from —1to1. The 
m-meson spectrum expressed in terms of the var- 
iable y = (M* — 2ME, + m?)/m? has the form 


©o(0) dd = Fea gt — lat 2 ae (h — 3a) 


+f{[|— Fe (“3 —y)) 


M2 Rk 
3m 


1epte [v aie O20 a) 


where k= |k| is the s-meson momentum; 
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Ty = (y — 18/4 + (28 y® — 27 y? — 1)/6 — y2(3 — 2y) Ing; 
(10) 
y varies in the limits 1 =< y = (M —m)2/m?, 
We represent (9) in the form 
G2n3m? A 2 - 
“(FD (y) + F201 (y) + 2ffo® (y)). 


2 (2n)8 


w(y) = (9’) 
The first term corresponds to Kg, decay in which 
the m mesons are in the state T = 0, the second 
corresponds to T = 1 and the third describes the 
interference of these states. The interference 
term is negative at large s-meson energies and 
positive at low energies, so that its integral van- 
ishes. This is tantamount to stating that the total 
probability does not contain a term proportional to 
ff,. The spectra of the 7 mesons (see Fig. 2) 
formed in the pure states T=0 or T=1 have 
broad maxima at approximately 25 Mev. 


gl 


E7 Mev 
0 0? 
FIG. 2. The functions (4) ®,(y), ®, (y), and ®,,(y), which 
enter into the expression (9’) for the energy spectrum of the 
m mesons in K,, decay; y varies in the limits 1 Sy £6.46, 
corresponding to a 7-meson kinetic-energy interval 107 Mev 


e-. 2(V)- 


In the decay K* ~ 1* +7 +e* +», in which 
there is a mixture of the states T=0 and T = 1, 
the presence of the interference term can cause 
a change in the form of the spectrum. In particu- 
lar, if the sign of the interference term is nega- 
tive, the maximum should shift towards larger 1- 
meson energies. Therefore a study of the energy 
spectrum of the 7 mesons could possibly yield in- 
formation on the relative signs of the constants f 
and fp. 

The spectrum of the 7 mesons in Key decay 
was also calculated by Mathur,” who used the non- 
relativistic approximation. The m-meson spec- 
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trum obtained in the present work (and also the 
value of the maximum zm-meson energy) differs 
from the result contained in Mathur’s paper. For 
comparison, the spectrum obtained by Mathur for 
a decay in which the mesons have T = 0 is 
shown dashed in Fig. 2. 


3. ANGULAR t—E CORRELATION IN Ke, DECAY 


The angular correlation between the directions 
of emission of the t meson and the electron is ob- 
tained from (8) by integration over Eg and then 
over E;—the m-meson energy. Integration over 
Ee yields 


w(E,, cos 8)dE,dcos8 


tial M — E;— k, cos 8 I 
(M — Ey + ky cos 6)3 “1 


__ G2n%, Mm dE; 
2 (27)8 


Tym? Apa. pel M — E; — k; cos 9 I 
ME cee oy! | 21 (M — Ey + ky cos 63 e 
Tom? 4 (E; — ki cos 0) 


(M == Ey + ky cos @)? M2 (M = Ey a ky cos 6)8 


x((M —2ME, + m) I — I,m’) | 


M—~ 3E,+ ky cos 9+-2m2M-1 


(M — E; + ky cos 6)3 ty 


+ 2ffe] 


(11) 


M — 2E, + 2k; cos 0 2 \ 
M (M — Ey + hy cos 08 Iam ee 


Here I, and I, are determined by (10). Integrating 
(numerically ) with respect to the energy E,, we 
obtain the distribution over the angle between the 
directions of m and e. The angular distribution 
has the form 


w (cos 0) = 22 [F245 (cos 8) + ffator (cos 8) + fits (cos 9); 
4 (27) (11') 


and is shown in Fig. 3. It is seen from the figure 


FIG. 3. Distri- 
bution over the 
angle between the 
directions of emis- 
sion of the 7 meson 
and the electron 
(or neutrino) [Eq. 


(11’)]. 
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that in the cases T=0 and T= 1 the electron and 
the t meson are scattered predominantly at an- 
gles greater than 7/2. Interference may change 
the form of the spectrum. 


4, ANGULAR SPECTRUM OF » MESONS IN 
K),4 DECAY 


In the case of K,,4 decay, the vector V in Eq. 
(2) contains three phenomenological constants: 


V = fi (Ri + Re) + fo (Ri — Re) + P9- 


As in the calculation of the electron spectrum in 
the Kg, decay, we introduce Q =k, +k, and R 
=k, —k, and integrate over d‘Q d‘R. We obtain 


(12) 


dw = spas {IM (Ey +p. cos 8) 

Ww ~ M (2x) 1 be Pp 

— 2My? + w? (Ey — py cos 8) 

+ f3M?(E, + py cos 8) + 2fif3[M?(E, + p, cos 6) — p?M] 


-- > fo(2M?E, — 2u2M 


+ (E, — py cos 9) (M? — 4ME,, + 3p) 

= AE, (Ey — Pu cos 6) (M— Ey oe Pp cos 6)] eo 

x (Sa )" py dBy.d cos 0E3 dE : 
SnOle Pp. cos as ( 3) 


Q? = M?—2ME, + yw? 


2(M—E, +p, cos) E,. (14) 


Integrating with respect to E,, in the limits 


M? — 2ME,, + v2 


OS Ev S 5 =E, + p, 0089) 


and with respect to cos @ in the limits —1 =cos@ 
= 1, we obtain the spectrum of the ~ mesons in 
Ky4 decay. wkapressed in terms of the variable 
K = (M? +p? - 2MEy, )/4m’, this spectrum has the 


form 
sen (an) —*] Can") >)" 
« {P(E —») 1) + hit (AGRE —») 169 
Seem ment) 


(a +p)? —x) Js («)} dx 


w (x) dx = 


— 00+ 3 ae 


h@=(1+¢—-g)Vee—D, 
3(I—z + ga) n Ve 4+ Ve b), 


4m? 


5 3 aa 
a tee) in (V x a Ve— 1). 


(15) 
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The variable k ranges from 1 to (M — p)*/4m% 
As p — 0, the meson spectrum goes into the elec- 
tron spectrum, with 


(iF hs? P, 


We can represent (15) in the form 


fa fe 


w («) dx = a ae. > (PEm (x) AF 2fifsFo (x) 
HE RPO) felis as (15’) 


(1) 


Plots of the functions Faq’ are shown in Fig. 4. 


FIG. 4. The 
functions F“ (x), 
which enter into 
the expression 
(15’) for the energy 
spectrum of 4 me- 
sons in K,,4 decay 
(€, is the kinetic 
energy of the 
meson). 
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The spectra have a maximum at a w-meson energy 
13 Mev. 
5. EFFECTIVE MASS SPECTRUM OF TWO 7 
MESONS IN Kua DECAY 
The effective mass of the two a mesons is 
Qerf = vo = V(x == E,)* a (ky ae k,)*. 


Substituting (12) in (2) and using the appendix for- 
mulas (Al) and (A8) we obtain 


2__ Am? (F2 — yp? (ths) 
= Wo sa) Se (F ai {oF [(F2+2u2) 
X(QF)? — (2F?-+-u?) Q?F?] 
+ 2(fit+fs) fae? (QF) + feutF? 


Fy Q?—4m® [, F2+ 2u2 
a ee 
+ (4F* — uw) @]LV G5 — F Qagda,do; (16) 
here F=q —Q and Q are 4-vectors. Integration 


over dQ yields 47, while re TSE over dQ» in 
the limits Q=Q)= (Q? + M? — The )/2M leads to 
the following result: if we put Q?/M? = z, then the 
spectrum over z is given by 


SPECTRA OF Ke, AND K,4 DECAYS 


w (2) dz = Soa V1 — An MP2 (fy + fa A) + ABO) 


+ fs(h + fs)D (2) + + LA (2) 
+ 62B (z) M? /u?] (1 — 4m? / M2z]} dz. 


Here 
A(z)==[1 
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(17) 


lla— 47a? 


3a? + (—7 + 32a + 13a2)z 


+(—7 +a)? +2) Vl —a + 2) — 42 


+3 [—$a%—a? + 202 + (1 — 20 + 02/2) 2%] In(I) 


f 3a? |—= — a + (22 — 28 /2)] In (II), 
B(z) = +a[1 — 5a — 202 + 5(2—a)z 
ely 


+ (1 — 20 + a? /2)2 + 2%] In(I) —3(1 —z)a? In (IN, 


wz)? — az 


6a [a / 2 


D(z) =o [ Bz — 227-5 (2—z) 
+ a] V (1 —a + 2) — 42 
+ 6a fo + a? — Qaz + (2 — a) z%] In (I) 
+ 6a? [a + (1 —z)*J In (I), 


where a = u?/M? and we introduce the notation 


Deyez 
=o 4 2 =| — 0 4-2)? — 42] * 
2V za 
(4—z) (4 —e + 2? — 42] *#— (1 —2?-—(1 +24 


i (1) == In 


In (II) = In 


The effective-mass spectrum can be repre- 
sented in the form 


S oa {(f + fs)? A(z) + 3 8 (z) 


w(z)= 


+345 half + fs) D’ @) + 5 HAC}. 


This spectrum is shown in Fig. 5. We see that the 
most probable decays are those in which the 7 
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mesons carry away a small effective mass, amount- 
ing to 0.6 Mx and nearly equal to twice the 1-me- 
son mass (0.565 My ). 

We note that the effective-mass spectrum of the 
m™ mesons produced in a state with isotopic spin 
T = 1 is shifted towards larger values of the effec- 
tive mass. Accordingly, the electron spectra in 
Ke, decays and the 4-meson spectra in Ky4de- 
cays, pertaining to this case, have maxima at 
somewhat lower values of lepton energy than if the 
m mesons form a system with T = 0. 


6. PROBABILITIES OF Ke, AND K,,, DECAYS 


The matrix elements of the GG KL, and KL, 
decays have the following form: 


Kewys: (G/V 2) exxjaqa, 
Kiwys: (G/V 2) ¢x@nle (gga + oka); 
Kia (G/V 2) exenpnig (hihi + foes + fag)as (18) 


where jb =Uyvq(1l+y5)uy- For decays such as 
K*t — Nr? +e* +v, where N=0, 1, 2, these ma- 
trix elements become 


N=0: (G/V 2)oxjzxga, 
N=1: (G/V 2)oxpnic (gi + G2) qa, 
N=2: (G/V 2) 9x@nPnia (fi + f2)/2+ fs] qa- (19) 


From the known probabilities of Ky, and Ke; de- 
cays we can obtain 


(g1 + Bo)? /x? = 107 /0.14-10°? MZ = 72 / Mi (20) 


(Mp is the proton mass). 

Assuming that each ‘‘excess’’ 1 meson intro- 
duces the same dimensional factor (20), i.e., as- 
suming (for the Ke, and Ke; decays ) 


[fi + f2)/2 + fal? / (G1 + G2) = (Bs + Go)? |? = 72/ Mp, 
we obtain for the branching ratio of the Ke, and 
Ke3 decays a value 

w (Kt —> 2n° + et + v)/w(Kt—> n° + e* + v) =0.8-10°. 


The probability of K,4 decay is 


wx, = ears (0.0334 fi + 2-0.041 fafs 


+. 0,051 f2 + 0.0046 fs]. 
If we let the »-meson mass approach zero, we ob- 
tain for the probability of Ke, decay 

OK, = (G2m? / 3n5M3) [0.3 (fF + fs)” + 0,06 72}. 


It is thus found that the probability of K,,4 is one 
order of magnitude smaller than the probability of 


Ke, decay. 
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In conclusion, the author expresses his gratitude 


to L. B. Okun’ for suggesting the problem, for dis- 
cussion, and for interest in the work. The author 
is also grateful to the associates of the Mathemat- 
ics Division, V. A. Potapov, R. A. loffe, and L. I. 
Panov for performing the numerical calculations. 


APPENDIX 


In the integration over k, and ky (the momenta 
of the mesons) we introduce the variables Q 
=k, +k, and R=k;, —ky. Then 


Phy Phe 
Ey Es 


}8(QR)3(Q? + R?— 4m?) d4R = 2x [((V — 4m*)/Q2Y, 


= §(QR) 5 (Q? + R® — 4m?) d*Qd*R, 


{ (RB)% (QR)8(Q? + RY — 4m?) dR 


Qn oy (Q?2 — 4m? \7/2 
=F (QB) — By (Sa), 
where B is any 4-vector. 
Introducing the vectors F =k, +p, and L=k, 
— py, we obtain 


(Al) 


ap, a®ko 
IB, 185 


v 


| 8(F2 + L® — 2m) 8 (FL — m®)d'L = 2n (F? — m°)/F*, 


= $(F2 + L?—2m?)8(FL — m®) d*FdL, 


\(2p,) 8 (F? + L® — 2in?) 8(FL — m?) dL = (BF) e F = 


fe 
(A2) 
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We denote by F and L the 4-vectors F =p, 
+pp and L=py — pp, where py and py are the 
4-momenta of the 4 meson and the neutrino. Then 


{3 Br 
at SY = 8(FL — yt) 8 (FY + L? — 2u?) daha, 


~ ps: v 


\ecr f LP — Quy 8 (PL) OE ae ae 


\ (WL) (ML) 8 (F* “fe 2 Ou) 8 (Flea) gel 


Qn 


PE? {us (FN) (FM), (F2— v2)? 


Fe cman on ak 


— Fon} " (FMP — Pye]. an 
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The effect of impurities on the heat conductivity of a ferromagnetic dielectric at low temper- 
atures is examined. The conductivity of a ferromagnetic dielectric containing impurities is 


calculated. 


Teeemar energy can be carried in ferromagnetic 
dielectrics by spin waves and by phonons. Akhiezer 
and Shishkin! have calculated the thermal conduc- 
tivity determined by the interaction of spin waves 
and phonons with one another, and also by the 
interaction of spin waves with phonons. According 
to these authors, the conductivity varies exponent- 
ially with temperature at low temperatures. This 
relation is connected with the fact that it is only 
possible to obtain a finite value for the conductivity 
of a crystal if umklapp processes are considered, 
as was shown by Peierls.’ In these, the quasi- 
momentum and consequently also the energy of at 
least one of the interacting particles must be suf- 
ficiently great. 

If a crystal contains impurities, the scattering 
of long-wave spin waves and phonons by the im- 
purities must be taken into account in calculating 
the thermal conductivity. Since there are consid- 
erably more long-wave phonons and spin waves 
than short-wave ones at low temperatures, the 
low-temperature conductivity will be determined 
by scattering of spin waves and phonons by im- 
purities, and not by umklapp processes, the 
probability of which falls off exponentially. We 
shall not consider the excitation of optical-mode 
phonons, since their contribution to the thermal 
conductivity at sufficiently low temperatures is 
also exponentially small. 

The aim of the present work is to study the in- 
fluence of impurities on the thermal conductivity 
of ferromagnetic dielectrics. We can write the 
Hamiltonian for a ferromagnetic dielectric in the 
form 


jee eg As (1) 


where the first term is the exchange energy and 
the second is the energy of elastic lattice 
vibrations. 


The exchange energy of a ferromagnetic dielec- 
tric containing impurities is 
NOU es > > Jy (Rin) SiSp 

in (2) 


S! SS 
oe a Joe (Rin) $15, — = _ Jy (Rin) 9197, 
sii ~ Lert 


where s7 is the spin of an atom of the basic 
(ferromagnetic ) substance, 9] is the spin of a 
paramagnetic impurity atom, J(Rj,) are the ex- 
change integrals and Rj, =|Rz7—Rn| is the dis- 
tance between the /-th and n-th lattice sites. The 
first term in the Hamiltonian H(S) is the exchange 
energy between atoms of the basic material, and 
the summation is taken over those lattice sites 
which are occupied by atoms of the basic sub- 
stance. The second term is the exchange energy 
between basic atoms and paramagnetic impurity 
atoms, with the summation over ] taken, in this 
case, over those lattice sites occupied by basic 
atoms, and over n taken over those sites occupied 
by impurity atoms. The third term is the energy 
of the exchange interaction between paramagnetic 
impurity atoms, with the sum taken over sites oc- 
cupied by these impurity atoms. 

The exchange energy H(S) is not changed for- 
mally if there are diamagnetic impurities. We 
should bear in mind that the summation in (2) is 
already not taken over all lattice sites. 

The energy of elastic vibrations of the lattice 
can be expressed, as far as terms quadratic in the 
atomic displacements, Uy, from the equilibrium 
position, in the form 


. wa tek 
HO = 2 > Myr, +- me l Alp (Rin) UjUn 
a iad ie n 
S, : (3) 
+ Z:A oe a Raa) th tly =| +2 Alt (Rin) ) itn, 
in 


where my is the mass of the atom at the n-th site 
and Ajk are quantities characterizing the elastic 
interaction between atoms. The first term in the 
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Hamiltonian (3) represents the kinetic energy of 
the atoms, the second the elastic energy of atoms 
of the basic material, the third the elastic energy 
related to the interaction of the basic and impurity 
atoms and, finally, the fourth term represents the 
elastic energy of the impurity atoms. The summa- 
tion in the first term of the Hamiltonian H™) is 
taken over all lattice sites, in the second it is 
taken over those sites where there are atoms of 
the basic material, in the third term the summa- 
tion over 7 is taken over those sites where there 
are atoms of the basic material, while over n it 
is taken over sites occupied by paramagnetic or 
diamagnetic impurities and in the fourth term the 
summation is taken over those sites where there 
are impurity atoms. 

It is convenient to express the Hamiltonian H 
as the sum of a Hamiltonian Hy describing free 
spin waves, phonons and the exchange energy of 
paramagnetic impurities and a Hamiltonian Hjnt 
characterizing the scattering of spin waves and 
phonons by impurities: 


H = lal + Hint; 
Hy = 4, Ju(Rin) 818 + $m WF 
Il, n In 


ol + Sy Ay (Rin) Dia) das (Rin) S!5n, (4) 
mn n,l 


l 


Hine = >) >) Ja (Rin) $i8n — >) Dy Jaa (Rin) (Gn. 81 = $9) 
hata (Aes 


+ SAR (Rin) — AR (Rin)] wun ++ >) Amnpu2. (5) 
in n 
Here m is the mass of a basic atom and Amy 
=m — Mn. In expression (5) for Hint, the summa- 
tion over n is taken over the impurity sites. Be- 
sides impurities, we must also consider the exist- 
ence of a rarer isotope of the basic substance. 
Corresponding to this we must also take the sum- 
mation in the last term of the Hamiltonian Hint 
over sites occupied by atoms of the rarer isotope. 
We should point out that in writing the Hamiltonian 
Hint we have omitted terms proportional to the 
square of the impurity concentration. 
Transforming from the operators s7 and uj] to 
creation operators ak and annihilation operators 
ak of the spin waves? and creation operators bij 
and annihilation operators b,j of the phonons‘, we 
obtain 


ly = Vena, ak + LAO ide jOkjs (6) 


+ + 
Hint = UD 14,2. UE kejtesks 72k, UO kaf 


+ EXxji Divi Oke + Compl. conj. (7) 
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€k = 234s (ak)* is the energy of a spin wave with 
wave vector k, a is the lattice constant, hwkj 
=ficjk is the energy of a phonon with wave vector 
k and polarization j and the summation is taken 
over all the vectors k and polarization j. 

The quantities @, Y and y are determined 
from the equations 
Dik, = ~ Si29f (ky, ky) + Jysa? (ky, ke) [fs (Ki, Ke) + fs ae 


ie kj = 2idd yo (h/2mN)*0x,4"€kiK ah (ky +- ks, k,), (9) 
Aka js, ib = + h V Obj, Okie {(m 7 Amex, 3, Ck.j, 
= hy (n,, ns)] hi (ky, ky) “+ [m7 Ampek,j,€ksi. 


+e (My, Me)] fe (Kx, Ks) ++ m *Amsfs (ki, ke)}, 


where J; and J, are the exchange integrals for 
neighboring atoms; ekj is the unit polarization 
vector; A, (ny, Ny) and Ay (ny, n,») are dimension- 
less quantities of the order of unity, dependent on 
the directions of the wave vectors and polarizations 
of the phonons scattered by the impurities; Am,, 
Am, and Am, are respectively the differences be- 
tween the masses of an atom of the basic material 
and of a paramagnetic impurity atom, a diamag- 
netic impurity atom and an atom of a rarer isotope. 
Finally, the function f(k,, k,) describes the phase 
difference produced in the scattering of spin waves 
and phonons by impurities, and f,, f, and f; refer, 
respectively, to scattering by paramagnetic and 
diamagnetic impurities and by atoms of a rarer 
isotope. The function f(k,, k,) is determined by 
the formula 


fi(ka.Ka)= 4 Diexp {=i (kao kay Relhs 


(10) 


where the summation over n is taken over those 
lattice sites occupied by the corresponding 
impurity. 

If we know the interaction Hamiltonian (6) we 
can calculate the thermal conductivity of a ferro- 
magnetic dielectric determined by scattering of 
spin waves and phonons by impurities. For this 
purpose we write the kinetic equations, giving the 
change in the number of spin waves ny and of 
phonons Nkj in the presence of a small tempera- 
ture gradient: 


ne = Ly {n} + Li {n, N} = nd (nk +1) TPev,VT, (1) 
Nig = Lig (N} + Lip {ny N} = NRy (NB; + 1) TP hegeyVT, 
where Vk =h ‘e_/ 98k is the velocity of a spin 
wave: Ckj the velocity of a phonon of polarization 
j and wave vector k; nk and Nkj are the equili- 


brium Bose functions. The collision operator L 
is equal to: 


THE SCATTERING OF SPIN WAVES 


Ly {n} = SD) | Drecte |? E(t, + 1) re, 
ke 
— Mx, (Me, + 1)] 8 (ex, — &x,), (12) 
sl 2 e “rp i; 
Lic, {t, NY = Dy {i Wrecker |? (rt, + 1) eM iy 
koks/ 
— Mx, (Me + 1) (Nj + 1)18 (&k, — 8x, — Rog.) 
a iicks * [(nk, ia 1) (Nui =i 1) nx, 
Ss fr, Nai (Nk, +. 1)] 6 (x, ++ hwy, ; ==). (13) 
Lyi {N} = = > “Ky /iKo/o i ((N ki afr 1) Noi, 
Koj. 
= Nf (Nai, af 1)] 0 (Rox), oa Ax, },)s (14) 
Lig {N, n} - = 2 | E skeakea/ LN tessa ii 1) (1k, ae 1) nk, 
koks 
as Nig itn. (Nk, -! 1)] 6 (Rox, ;, - ek, — Bk, le (15) 


We shall look for solutions of (11) of the form 
Me = Ny + My (Mk + 1) Teng (ex) (KVT), 
Nig = N4j +2 


“xg (€ 
Nig (Wij + 1) T "how )f; (Rox) (KVT). 


Substituting (16) for the distribution functions of 


spin waves and phonons in the kinetic equations (11), 


and linearizing the collision operator for a small 
temperature gradient, we can obtain the following 
equations for the distribution functions g and f if 
we assume that €k and wk depend only on the 
magnitude of the wave vector k: 


@ (&k) [BLic Ort, —- LK /Brry] = I, 


fj (Reox,) (OLig/ONuj + OL1G/8N qj] = 1, (17) 
where 6Lk/6nk and 6Lkj/SNkj are the variational 
derivatives of the collision operators with respect 
to the distribution functions, taken at nk = nk and 
Nkj = Nkj- 

From (17) we obtain 


g(&,) =— es nt | Dut. |? 6 (Ek, — Eke) 
ke 
e Bar {1 Wie k,koky/ fe (Cine + Nx, + 1) 6 (Ek, = hy No,;) 
kaka 

=| re 2 (ny, — Nx,j) 6 (&k, + ROK; — &k.)}s (18) 

Fi (Onn) = — FD! ae tal? 3 oH, — Ba) 
2)2 
a. oe > | Pc ekokii ie (fk, — N,) 6 (ho,;, + Se k,)- (19) 


kok, 
We shall now determine the heat currents Ss 
and §], carried by spin waves and phonons 


= 
S7= 3) hor jCxjN «j- 
kj 


So = Dy EKVee, 
Ff 
Using the distribution functions (16) and neglecting 
the dependence of the velocity of sound Ckj on the 
direction of the wave vector k, we obtain® 


(16) 
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2 ua 


= 3 one Fr EYI\G ~) Mp (nd + 1) g (ex) dk, 

S Th A Gee <a ° eae aha A 

‘3 (ay hi Nero \ © ‘ Nj (Nig + 1) fj (Rox;) dk 
FATA; 


he OF 


coawlee es re i)" we, (NR) + 1 1) 


0 


From this the thermal conductivity 
% = Xs -p “T; 


where kg and kj] are the thermal conductivities of 
Spin waves and phonons: 


Dene T Wace 

SS ails e\Gr mim l)els,)ak, (20) 

ne p/h? 
“= — 30 E i \ (pet) Nir (Niy + 1) fi Goog)) dk 
i T/hS; 
te: ho ,\2 
+: \ PAT) SS Mba (Nhs + 1) ak. (21) 
0 ‘ 


The functions g(€,_) and fj (hwkj) which ap- 
pear in (20) and (21) depend, in general, on the 
actual location of the impurity in the solid. If the 
impurity concentration is small enough so that 
dk > 1 (d is the mean distance between the im- 
purities and k is the mean value of the wave vector 
of a spin wave and phonon at a given temperature ) 
we can neglect interference in the scattering of 
spin waves and phonons by separate impurities. 
This means that we can replace the term 


IF (Kx, ke)? = a5 — ke, Ra)? 


>)exP {i (ky 


by E/N, where & are the mean concentrations of 
the respective impurities. In this limiting case 
expressions (20) and (21) for Kg and xk] take the 
form 


(oe) 


cee, eats 
i Saha. \ Dias) ; 73 
Sony uM (e” — 1)? lle, (J126/2J38)? + 3 (T/2J1s)” xe, | 
we (22) 
2 
ae ear Sf) Ne No + Nay 
(23) 


+ f;(1)\ 92NS (NS + I) dys, 
0 


where p is the Bohr magneton, My = p/a’ is the 
magnetic moment per unit volume and 


Fw) =[(2) ee + xi + [(F2) (exe)? + 02] 


m 
eo ; 9 —_ 1) 
Ams\? Maines ( y a 

+ &; (=a) (€1€2)"+ § mes 2J18 : y 


x eVx(x+y) 

(e* — 1) (e*t4¥ — 1) 
Ep Pa and &; are the concentrations of paramag- 
netic and diamagnetic impurities and of atoms of a 
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rarer isotope; the bar over the functions Ae Me 
and (e,e,)* indicates integration over the angles, 
and @j = hej/a. 

In certain limiting cases, Eqs. (22) and (23) 
simplify considerably. We derive first expressions 
for the phonon conductivity. 

If OD «K Jj, 
xy Op /hakT, 
¢= [(Am,/m)? (e1e2)? + Ki] Ep + [(Ame/m)? (e1€2)* + 3] Ea 


+- (Ams/m)? €1€o)” Se (24) 


If ©p > J; 
bp < (J1/J 12)" (Ea + &:) J,T/05; 
Sp > (J1/S12) (Ea + &) J1T /8b. 


a =~ 0D /hakT, (25) 
% = (Jy/J12)° J/Nabp, 


The expression for the conductivity given by equa- 
tion (24) and by the first formula of (25) agrees 
with the phonon conductivity found earlier by 
Pomeranchuk?® and by Klemens® from a considera- 
tion of the thermal conductivity of dielectrics. 
The conductivity of the spin waves, Kg is given 

by: 

Ke (J y/anes)\(1 Js 1)*, 

x5 = (J,/ahEq) In(T/uM,), 


6p > (7 /Ja)* Sa, ‘5 
in ae 
By using (24) — (26) it is easy to obtain expres- 
sions for the thermal conductivity of ferromag- 
netic dielectrics in various limiting cases. 

We confine ourselves to the case when the im- 
purity is either paramagnetic or diamagnetic. If 
the impurity is paramagnetic, then 


x = 05/haé,T, Op <= Jj; (27) 
% = (Jy/Ji2)?Jy/ahe, Op > Ji. 
If the impurity is diamagnetic, then 
x = (J,/aheg) In(T/pM,), O8noS>TS 95/41; (28) 
x = 0% /ahkT, T <Op/Ji. 


For paramagnetic impurities, therefore, the con- 
ductivity is determined by the scattering of 
phonons by impurities. For diamagnetic impuri- 
ties, 1f ©p > T > OD/ I the conductivity of a 
ferromagnetic dielectric is determined by scat- 
tering of spin waves by impurities, and for 
(Ue @b/51 by scattering of phonons by impurities. 
According to the work of Akhiezer and one of 
the present authors,’ the conductivity determined 
by umklapp processes is 
x —~ (mc*/9h) (C; + 2C;)a® exp(rO@p/T), On<Ji; (29) 
x—~(T/ah) exp(nJ,/T), Op Ss J. 
Here Cg ~a °(T/J,)°” and Cy ~ a 3(T/@p)? 
are the heat capacities of the spin waves and 
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phonons respectively. By comparing expressions 
(27), (28), and (29) it can be seen that collisions of 
spin waves and phonons with impurities are the 
dominant factors determining the conductivity if 
the impurity concentration is great enough to 
satisfy the inequality 

90% 


D 
ep > mera’ (C, + 2C,)? 


exp (— ey mph Op < Ji; 


(30) 
zs (f6)  exe (— 9H) om ose 
12 
for the case of paramagnetic impurities, and the 
inequality 


6 ; rO 
J (22) 7 ( | 
&a 2 es Be In pMo ree ty 


@,\2 : 
ts» (=) exp (— ot) 
as (2) ipl 2 men a a (31) 


for diamagnetic impurities. 

We have not considered the scattering of spin 
waves and phonons on the boundaries of the speci- 
men in calculating the conductivity. This is per- 
missible if the mean free paths, 77 and ls, of the 
phonons and spin waves are considerably smaller 
than the specimen dimensions L. The mean free 
paths can be derived from the conductivities Kg 
and xj by using the relation which is well known 
in the kinetic theory of gases 


eel, (32) 


where C is the heat capacity, v the average 
velocity, and 7 the mean free path. 

The mean velocity of spin waves is vs (T/J,)¥2 
x J,;a/h, and the mean phonon velocity is the veloc- 
ity of sound, c. Using expressions (24) — (26) for 
K] and Kg, it is easy to see that the inequalities 
lg « L and lj « L hold if 

Ep + (T /J1)* ba > a/L, 


A (33) 
(J12/Od)? (T/J1)°&> + (T/@p)4 (E> + a + &) SOHC. 


If the inequalities (33) are not satisfied the con- 
ductivity can be derived from the equation 


x—~ (Csus + C,c) L. (34) 
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One of the mechanisms of ultrasonic absorption in paramagnetic metals is discussed, namely, 
the appearance of currents as the result of variation of the temperature and the magnetic sus- 
ceptibility. The magnitude of the effect is estimated. 


ly the susceptibility of a medium depends on tem- 
perature, and an external magnetic field is applied, 
then the magnetization varies along with the tem- 
perature as a longitudinal sound wave passes 
through each point in the medium. In a conducting 
medium, currents are induced in such a case, 
leading to an additional sound absorption. An es- 
timate of the absorption of a plane wave in an iso- 
tropic medium, brought about by this effect, is 
carried out below. 

It is evident that there will be no effect for 
H || k (k is the wave vector of the sound wave ), 
since a longitudinal magnetization wave arises 
and no currents are induced. For H 1k, the ef- 
fect is at a maximum. In this case, as is easy to 
see from Maxwell’s equations, a transverse cur- 
rent wave arises, propagating with the velocity of 
sound and polarized perpendicular to the vectors 
H and k, with amplitude 


pee eae 


Here © is the conductivity, » the magnetic 
permeability, v the speed of sound, A the wave- 
length, 6 the thickness of the skin layer, and @ 
the amplitude of the acoustic fluctuations of the 
temperature. The quantity @ is connected with 
the amplitude of the displacement in the sound 
wave, u. For adiabatic vibrations, ' 


(1) 


|9| = akuT, a = ap( 0? — + v2) / Coe aBiSC> (12x); 


where a is the coefficient of thermal expansion, 

E is Young’s modulus, and xk is the Poisson ratio. 
The dissipation and the absorption coefficient 

are computed in the usual way with the aid of (1). 

The linear absorption coefficient is equal to 
cemfia@) maga. @ 


Rao 


For low frequencies (A/6 > 1), we can neglect 
unity in the denominator, so that y = 414 (6/2) ym, 
i.e., the absorption coefficient increases in propor- 
tion to the square of the frequency. At high fre- 
quencies, when 4/5 «1 (which is true in practice 
even at w~ 10°sec '), a limiting value, equal to 
Ym, is obtained. 

The dependence of the absorption on the field 
and on the frequency is the same as takes place in 
the motion of a conducting medium in a sound wave 
in a magnetic field (as the result of eddy currents Nac 
The absorption coefficient in the latter case is 
given by Eq. (2), except that of aTou/65T is re- 
placed by uw. The ratio of the absorption coeffi- 
cient found from (2) to the absorption coefficient 
due to the eddy currents is thus equal to 
(aT/p)*? (du/8T )?. This ratio is almost always 
small. Exceptions are the strongly paramagnetic 
rare-earth metals close to the ferro- and anti- 
ferromagnetic transition points, where the deriv- 
ative q,/0T is relatively large. Thanks to this 
situation, the effect considered can be shown to be 
even Stronger than the effect brought about by the 
eddy currents. In dysprosium, for example, for 
T = 180°K (close to the Néel temperature of 175°K) 
we have ou/aT © 0.01 deg !.3 We did not succeed 
in obtaining experimental data which permitted the 
calculation of the parameter a for rare-earth 
metals. For ‘‘tabular’’ metals, a is of the order 
of unity: aluminum — 2.3; copper — 1.8; silver 
— 2.5; and platinum — 2.3. Therefore, setting 
a~ 1, we find (aT/p)?(an/8T)* = 3. For o~ 1018 
sec !(reference 4),v23x 10°cm/sec, p = 8.6 
g/cm’ and H ~ 10‘oe, the absorption coefficient 
(2) is of the order ym ~ 107? em™}. 

We note that relaxation of the magnetization has 
not been taken into account in the estimate given 
above. This is obviously permissible under the 
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condition wt <«< 1, where r+ is the time of spin- A hk. Alpher and R. J. Rubin, J. Acoust. Soc. 
lattice relaxation. As S. A. Al’tshuler kindly in- Am. 26, 452 (1954) 
formed the author, there is a basis for expecting > Elliott, Legvold, and Spedding, Phys. Rev. 94, 
the time of spin-lattice relaxation in rare earth 1143 (1954), 

metals to be very small, and therefore the condi- : Legvold, Spedding, Barson, and Elliott, Revs. 
tion wT «< 1 can be assumed to be satisfied up to Modern Phys. 25, 129 Clg53)% 

very high frequencies. 


. 


Ae Landau and E. M. Lifshitz, Mexanuxa 


CNAOWHBIX Cpegq (Mechanics of Continuous Media) Translated by R. T. Beyer 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 364-372 (August, 1960) 


It is shown that, non-monotonic energy variations can occur in the energy spectrum of particle 
a from a reaction of the type A +B —a+C+D in the neighborhood of the threshold for the 
reaction C+D—E+F. As an example, we analyze the spectrum of K mesons from the re- 
action N +N— A+N+K in the region of the energy of the A—N pair close to the threshold 
for the process A+N—-2Z+N. For the process p+ p—~A+N+K we find the energy spec- 
trum of the K mesons when the incident nucleons are unpolarized, and the polarization of the 
baryons when the incident nucleons are polarized. 

We discuss the non-monotonic energy variations in the spectra of particles for some other 
reactions. In the Appendix we analyze the production of Y-—K pairs in np collisions and 


discuss the case of a scalar K particle. 


1. INTRODUCTION 


Ir is known that in processes of production of 
particles an interaction between two of the par- 
ticles formed affects the energy spectrum and 
angular distribution of the third particle. In 
certain cases, the effect of final-state interac- 
tion can be separated from the primary mechan- 
ism for production of the particles. This occurs 
when the effective radius for the primary inter- 
action is much less than the radius of interaction 
of a pair of particles in the final state. In addi- 
tion, if the interaction of the pair of particles with 
other emerging particles is weak, the interaction 
of the two particles in the final state can be char- 
acterized by a two-particle scattering length. 

The theory of final-state interaction was ap- 
plied by Migdal,! Brueckner and Watson,’ and 
Paruntseva? to meson production in NN collisions. 
Recently Henley‘ and Feldman and Matthews?® ap- 
plied it to the analysis of the reaction 


NN ay SN ais (1) 


They showed that the energy spectrum of the K 
mesons is strongly distorted by the effect of the 
YN interaction. 

Karplus and Rodberg® generalized the theory 
of final-state interaction to the case where the 
strong interaction in the final state can lead to 
an inelastic process. 

In the present paper we shall show that in the 
neighborhood of the threshold for production of the 
x hyperon certain anomalies occur in the energy 
spectrum of the K particles formed together with 


the A hyperons. They are a new example of 
near-threshold anomalies which have been ex- 
tensively studied in recent years. 

In addition to the cross section for the new in- 
elastic process, the shape and appearance of 
near-threshold anomalies depend on the spin and 
parity of the particles. The study of these anom- 
alies with sufficient accuracy can enable us to 
determine properties of the produced particles. 
On the assumption that the final state of reaction 
(1) is described by singlet and triplet s waves 
of the Y-N system, we analyze in the second sec- 
tion of the present paper the kinematics of the 
reaction and obtain expressions for the energy 
spectrum of the K mesons and the polarization 
of the A particles and nucleons when the incident 
beam of nucleons is polarized. 

In the third section, starting from the unitarity 
of the S matrix and the analyticity of the reaction 
amplitude, we give a general formulation of the 
theory of inelastic final-state interactions. 

In Sec. 4 we consider local near-threshold 
anomalies in the energy spectrum of K mesons 
in the reaction N + N—A+N+K in the neigh- 
borhood of the threshold for formation of the 
= hyperon. 

In conclusion, we mention some other similar 
processes and discuss the possible generalization 
of the method developed here to these processes. 


2. KINEMATICS. PHENOMENOLOGICAL 
ANALYSIS. 


We introduce Jacobi coordinates in the final 
state of the three-particle system: 
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Mayty + Myty + Mxl x 


Myty + Myry 
My ce Meo ve 


Blix rE 
My +My’ 


r=fy — ly, (2) 


R= 


where My, My and My are respectively the 
masses of the nucleon, hyperon and K meson; 
typ ly and ry are their coordinates. The mo- 
menta conjugate to R, p, and r will be PR; 

Py and q respectively. The total energy E in 
the new variables is equal to (C.m.s.) 


E = py /2my + q?/2u +- Mx + My — My; (3) 
M,..M 
MMe My Me, my = — 
nv iy K i — Mg aly 
Mg (My + My) 
Macey My a 


The phase volume of the final state is ex- 
pressed in terms of py, and q as follows: 


dJ = my py dQy q*.dq dQ, (5) 


where dQ. and dQ. are the solid angles for the 
momenta Py and q respectively. 
To be specific, we consider the reaction 


Sep sk (6) 


below the threshold of the reaction 


p+p 


p+p—2°+ p+ K*. (7) 


The admissible energy for the final state of re- 
action (6) in the c.m.s. does not exceed 80 Mev, 
so that we may assume that the particles which 
are formed are in an s state. 

Let us represent the S matrix element in the 
form 


<ApK*|S|pp> = — 2nid(E; — E,) <ApK*|T\pp>. (8) 


If the K meson is a pseudoscalar particle, the 
spin structure of the T matrix has the form 


<ApK|T | pp) = An (a1-+ 82, k) 
+ Ba {(¢; — %, k) + i([¢1¢2] k)} 
+ Ca {(¢1 — 82, k) —i([¢1¢2] k)}, (9) 


where go is the spin matrix, k is a unit vector 
along the direction of the incident proton: Aj, 
Ba and Ca are scalar functions of the total en- 
ergy E and the relative momentum Pa of the 
A—N pair. Since there are two identical par- 
ticles in the initial state, the elements of the T 
matrix must be antisymmetrized with respect to 
the two initial protons. It can be shown that this 
results in B, = 0. 

The expression for the cross section for reac- 
tion (6) with unpolarized particles has the form 
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do aA 18 
‘dQ, dQ dT ~ ae (E2— 4m?) 
x (2m, wu)? ar (lomas = aN 
Kap AnS Ce An Cal? + 2)C,17}, (10) 


where T = q?/2u is the kinetic energy of the K 
meson with respect to the center of mass of the 
A—N system. 

If the protons in the initial state are polarized 
(with polarization vector P), the polarization 
vector of the A particle in the final state, Pas 
will be 
PAU Aa Cara PAn— Cx P21, Flo Ane 


—| Cal?) (KP) k + [| Axa —Ca?? —| Ag+ Cyf]P. (11) 


The expression for the polarization of the nu- 
cleon in the final state differs from (11) by the 
sign in front of Cy. 


3. ELASTIC FINAL-STATE INTERACTION 
Let us look at the unitarity condition 


CApI|T 1% | pp> 


= 2ni >) <ApK |T |n> <n| T*| pp 8(Ei — En), 


n 


(12) 


where |n> is a possible intermediate state lying 
on the same energy surface as the initial state. 
Let us aSsume that in the region of energy con- 
sidered the imaginary part of the T matrix is re- 
lated mainly to strong interaction in the A—p 
system. Then we may neglect on the right side 
of (12) all intermediate states except for ApK 
states, and approximately replace <ApK|T|A’p’K’ > 
by <Ap|T|A’p’> <K|K’>. This means that we 
are neglecting the interaction between the K me- 
son and the A—p pair. 

In the low energy region the matrix element 
<Ap|T|A’p’> is equal to 


CAN |T|A‘N’D 


Aaa OATS + (3 + 6192) %3 + = (1 a 9192) 0% | , (13) 


where 


3 = eds sin Ope C= eft sin Orn (14) 


and 6, and 63 are the scattering phases in the 
singlet and triplet states respectively. 

Using all these assumptions and taking account 
of invariance under time reversal, we find from 
(12) 
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Re a: 
Im A, = - mes 


Im a3 5 
i A; = Re A, = tant, Re An 
1 — Im as Re AA Re ag R = : 


kin (Cin — Way ROCA, 
Ax =(1 +i tan 65) Re A, = (I + asp, ) Re Aa, 


Ca= (1 +i tan &)ReCy~(1 + iapa) ReCa. ee 


From (15) we see that for 6— 0, i.e., in the 
absence of final-state interaction, the quantities 
A, and Cx, are real functions. 

In the energy region we are considering, the 
matrix elements of the reaction matrix are 
functions of two quantities: E —the total energy, 
and w—the total energy of the A—p system. If 
all the singularities of the amplitude are asso- 
ciated with physical processes, then A, and Ca 
as analytic functions of w and E are repre- 
sentable in the form 


(pra) 1 e®) sind (w) f (w) Fa (E), (16) 


where f(w) is an entire function which, for small 
values of the energy, can be replaced by a constant. 

Thus we finally approximate Aj, and Ca by 
expressions 


| 
IONE 


Cites ei siti, Gas (L6") 


Ay = ene sifles-An. 
where a3 and a, are the triplet and singlet 
Ap-scattering lengths in the s state, while Ay 
and Ch can be regarded approximately as real 
functions of the total energy E alone. Conse- 
quently, taking account of the unitarity of the S 
matrix and the analyticity of the reaction ampli- 
tude leads directly to the main result of the theory 
of final-state interaction (cf., for example, the 
paper of Gribov’). 

By using (16) the expressions for the reaction 
cross section and the polarization of the A par- 
ticles can be represented as 


do i E ) 1/ 
ee Ome ea =o Anh Omen) ee 
dT ( ) Y (E? — 4M%.) /2 (47) (2m, 4) [T CF max T)| 
sin? 3 Or , sin? oy 0121 
ee Cn 14 
(Py 43)? | A (P, 41)* [Ca | (17) 
sin? sin? 6 - sin23 

Pp past a0 O 2 9 peace | ON |) SE Te 
A | (Px a3) yea (Pr ay)? | A| | a a3)? | AN 

iL DANG sin 5, Sin Sg cos (04 — %3) 7 (kP) k 

era DR A301 | 

a DAY Oe sin 61 Sin 63 cos (6, — by) p (18) 


5 
Pr Agar 


Pre 2m Nee — T). If we change the sign in 
front of CK on the right of equation (18), we obtain 
the expression for the polarization of the recoil 
nucleons. Expressions (17) and (10) can be con- 
sidered as a generalization of the results of Henley, 
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who neglected the dependence of the reaction ma- 
trix on spin. 

From (17) and (18) we see that the investigation 
of the energy spectrum of K mesons and, in par- 
ticular, of the polarization of A particles and nu- 
cleons is very important for the determination of 
the Ap-scattering lengths. 


4. INELASTIC INTERACTION. NEAR-THRESHOLD 
SINGULARITIES. 


As the energy is increased, the 2 channel is 
opened, and we may expect a change in the spec- 
trum of K mesons and other quantities for the 
AKp channel. In this case, in the unitarity condi- 
tion (8), we must consider as a possible interme- 
diate state the state |X NK->. We shall restrict 
ourselves to interaction in s-states. 

As in the preceding section we assume that* 


<A NK|T\ZN’K'’) = (A N|T[EN’) CK|K’>, 


and use the fact that 
<AN |T|END = [402 pe pe m'p mpy 
(19) 


x[2 (3 + 8195) 3, + 4(1— 3,92) 41| 


where the indices A and © denote quantities in the 
corresponding channels, while 


Py = (2my(E’ — TT)", 


EOP As a Ae 26} 


Assuming that there are no bound states of the 
p-2 system, we represent the energy dependence 
of 83 and B,; in the low-energy region in the form 


Bs = bsp¥ , 31 = bipy, (21) 


if the internal parities of = and A are the same. 

The influence of the > channel shows itself for 
the A channel not only as an additional term in the 
unitarity condition (8), but also as an additional 
term in the matrix element of the Ap scattering 
matrix proportional to Py: 


Hz = a + ICsp, , = a + ICP, , (22) 
where 
C13 = (P,/4") oa (23) 
and on is the total cross section for the reac- 


tion 2+ N—A+N in the state with angular mo- 
mentum j. 


Using (19)-(23), we find from (8) 
Im€, = (ImCx)py. 20 + Caps, 


Im Ans (Im Aa)py=0 + Ayps, (24) 

*The inclusion of terms of the type <pp|T*|pp> 
<pp|T|Y N’ K’>, which are small for this reaction, but are 
necessary in other cases, complicates the expressions but 
does not change the fundamental result. 
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where (6 # 1/2) 


An =Ay (pa/4n) 0" (pz = 0) tan? 8; + AXbs/cos? 8, 


Ca = Ch(pa/4n) or (p, =0) tan® &+Chhi/cos?  54,. 
(25) 

The relation (24) is valid when the kinetic energy 
T of the K meson is less than E’. For T 3s E’ 

the production of a real > particle becomes im- 
possible, and we must replace Py by iky, where 
ky =v 2my(T — E’), T >E’, so that the term 
which depends linearly on ky appears in the real 
part of the reaction amplitude. 

The presence of terms proportional to 
Py(T < E’) and ky(T >E’) causes the deriva- 
tive with respect to the energy to become infinite 
both in the energy spectrum of the K mesons 
and in the energy dependence of the polarization 
of A particles (and nucleons). The order of mag- 
nitude of these anomalies is given by (24) and (25), 
and their shape depends on the relative sign of 
AN AS, bs, and 6. All four cases of anomalies 
which have been discussed in the literature for 
binary reactions can also occur in this present 
case. 

All of the expressions in Secs. 2, 3, and 4 were 
given for the production of particles in pp colli- 
sions. It is not difficult to generalize them to the 
case of np collisions. This is done in the Appen- 
dix. We also discuss there the case of a scalar 
K particle. 

We note that, in the general case also, the 
quantities which replace A’, and Cy have terms 
which are directly related to the final-state in- 
teraction, as well as terms which are not caused 
by it. 

We emphasize that the expressions obtained in 
the present section refer to interaction in an s 
state of the final system. The relatively large 
mass difference of the A and 2 hyperons makes 
it difficult to apply the theory of inelastic inter- 
action to the analysis of reaction (1), but this 
does not change the basic assertion that there is 
a non-monotonic behavior in the spectrum and 
the causes for its occurrence. 

It was shown earlier? that the direct analytic 
continuation Py — iky, can not be carried out 
when there is a resonance in the neighborhood of 
the threshold. In this case, it is necessary to 
make use of dispersion relations. Since the 
analytic behavior of the reaction amplitude as a 
function of w is not known, we have not carried 
out such an analysis. However, even if such a 
resonance occurs, we may expect non-monotonic 
variation with energy for a relative energy of the 
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A—N pair equal to the threshold for the new 
channel. 

If = and A have opposite parities, the first 
term of the expansion in (22) starts with p> 
and only the second derivative with respect to 
the energy becomes infinite. Consequently, the 
study of threshold anomalies in the energy spec- 
trum of K mesons with sufficiently high accu- 
racy may prove important for determining the 
relative parity of the 2 and A particles. 


5. DISCUSSION 


Thus, endothermic inelastic interactions of the 
type C+D~— E+ F in the final state of the re- 
action A+B—> a+C+D can give rise to non- 
monotonic variations with energy in the spectrum 
of the particles a, whose form can be determined 
from the condition of analyticity and unitarity of 
the S matrix. To investigate these singularities 
experimentally requires, of course, good accu- 
racy and high energy resolution, but as a result 
of discovering them and studying them one can 
obtain information concerning the interaction of 
unstable particles, their spins and parities. 

Earlier we have treated the production of 
hyperons and K mesons in NN collisions. We 
mention various other processes in which 
similar anomalies can occur whose study may 
give information concerning the interaction 
of unstable particles. 

In the spectrum of 2* mesons from the re- 
action 


K-+p—-Atnrint (26) 
in the neighborhood of the threshold for 
mn t+A—-y + 7? (27) 


there will occur an anomaly whose magnitude and 
character will be related to K”p scattering at low 
energies via the reaction amplitude (27). 

In the spectrum of protons from the process 
for production of 7 mesons by K mesons 


Nye aa (28) 
an anomaly may occur for an energy correspond- 
ing to the threshold for the reaction 


(29) 


eK Roa, 
if there exist forces leading to such a reaction. 
If one attempts to construct a Lagrangian for 
the mK interaction and does not consider inter- 
actions containing derivatives, the expression ob- 
tained 
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Lint = & (9% P4) (98° 96) there will also be energy non-monotonicities.* 
is invariant with respect to rotation of the iso- APPENDIX 
topic spin of each of the particles, and all proc- 
esses for K 7 scattering with charge exchange A. PRODUCTION OF A PSEUDOSCALAR 
are forbidden. Under more general assumptions K MESON IN np COLLISION 
one does not obtain a forbiddenness for reaction 
(20), so that the observation of a non-monotonic In np collisions there are two possibilities for 


variation with energy in the proton spectrum from __ production of A particles 

reaction (28) would be of interest from the point Aaepa=e Ne p RO, (A.1) 

of view of the study of the symmetry of the 

a K interaction. n+p—>A+n-+K*. (A.2) 
Among reactions in which two m mesons par- 

ticipate, it is interesting to note that in the dis- 

tribution of nucleons from the reactions 


We denote the reaction amplitudes in the singlet 
and triplet isotopic spin states by Ty and T, re- 
spectively. The reaction (A.1) is then described 
VPs p ene oe ae, tp ea te (30) by the amplitude eiilg + T;), and the reaction 
(A.2) by the amplitude '/,(T, — T,). The spin 
dependence of the isotopic triplet amplitude is 
given by (9) with By = 0, while 


there may occur Similar anomalies for a relative 
energy of the 7’ mesons exceeding 9 Mev, where 
the charge exchange reaction 

<ANK|T | NN)> = Ba {(6, — So, k) + ik [oix¢2]}. (A.3) 


We on (31) 
becomes possible. Including threshold phenomena Under the assumptions made earlier we can take 
in the reaction (31) can have significant effects account of final-state interaction by setting 
in the theory of mm interaction at low energies. By = BY (paag) 1 e™ sin 85, (A.4) 
The existence of a threshold in reaction (31) can Be: 
lead to a non-monotonicity in the spectrum of where By is a function of the total energy E. 
charged m mesons from 7’ decay. The expressions for the cross sections for 
production and polarization of the A particles 
iene Tae tO have the following forms: 
Analogously to the reactions (30), in the spectrum do = (2n)¢ —— E —— ui (4n)2 (Qmau)(T (Tmax — T)\!2dT 
of nucleons from the reactions SERS i alee 
rakip=> pake a Ke, ep on ae Kee Kee (82) x [| Aa Cat BaP + | An— Cat Ba? + 21Ca Ba], 
A.5 
in the neighborhood of the threshold for the reac- ar 
tion Px [| Aa+ Ca Bal? +| Axa— CaF Ba}? + 2|CaF Bal?] 
Kade Koa Rea Ke (33) = 2[|Aa+ Cat Bal? —|CaF Ba]?] (KP) k 
there may occur energy anomalies associated + []Aa— CaF Ba? —|Aa+ Cat BaP. (A.6) 


with KK interaction. Moreover, in the final state 
of reaction (33), there is no Coulomb interaction 
which might mask the non-monotonicity (cf. the 
paper of Newton and Fonda!? Ne 


The plus sign in front of By holds for reaction 
(A.1), and the minus sign for (A.2). From (A.5) 
and (A.6) it is easy to obtain the ‘‘intensity 


99, 
In the spectrum of protons from the reaction Sor 
I do (np ApK°®) = ds(np—>A BE): : 
p+p—>pt+p+n (34) AEP DIS eesti (A.7) 
De grheg ines rector Py (np—> ApK°) = Pa (np—> AnK*) for P||k.  (A.8) 


These relations are obtai i 
sapiens: obtained on the assumption 
*The scattering lengths for low energies of the 7°-p sys- 


and in the spectrum of 2* mesons from the re- : 
p ae tem differ from those obtained on the assumption of isotopic 


action : 5 
invariance because of the presence of non-monotonicities 
pp nt poen (35) which violate isotopic invariance and are related to the re- 
action 
near the threshold for m+ponta*. 


ar ae : : ; , : : 
ntip—odtnr An estimate using dispersion relations gives a correction ~ 5%. 
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that one need only consider the s wave in the final 
state. They can be used for an experimental check 
of this assumption. 


B. PRODUCTION OF A SCALAR K MESON IN 
NN COLLISIONS 
In this case 


<ANK|Ti|NN>= Aa, <ANK|To|NNY = Ba (0495); 


(B.1) 
An= AX (p,q) * e sins, B= Bo (P,as) 1 eo inion 
(B.2) 
If we introduce 
= do (NN—ANK)-8 (E? — 4M2,)* 
f(NN — ANK) = Vj = ae) 
aT [T (Tmax —T))” (2n)4 E (42)? (2m, p)’? 


the cross section and polarization of the A par- 
ticles in all three reactions are given by 


f (pp > ApK*) =| Aa |? (p, a1)? sin? 6, 


Pa(pp—> ApK) = P; 
f (np > ANK) = f (pp— ApK*) + 3| Bo |? (Pp, as) * sin? 85, 
(B.3) 
P, (np > ANK) = (| Aa)? —| Bal*)(| AaP + 3| Bal?)7P. 
(B.4) 
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CHANGE OF THE ADIABATIC INVARIANT OF A PARTICLE IN A MAGNETIC FIELD. I 
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The change of the adiabatic invariant is found for a particle moving in an axially symmetrical 
inhomogeneous magnetic field. The problem is solved for the usual model Hamiltonian (1). 


‘The problem of the conservation of adiabatic in- 
variants, and in particular of the magnetic moment 
of a charged particle in a magnetic field, has re- 
cently been dealt with in a number of papers;!”? 
these papers have shown that the change of the 
adiabatic invariant is less than any power of the 
adiabatic parameter. In reference 3 the change 

of the adiabatic invariant was calculated for an os- 
cillator whose frequency depends on the time. It 
is obvious that the change of the adiabatic invari- 
ant must be the same for a particle in a time- 
varying uniform magnetic field, under the condi- 
tion H— const as t—+4%. A more complicated 
problem is to calculate the change of the adiabatic 
invariant in a magnetic field that varies in space. 
The solution of this problem is the purpose of the 
present paper. 


1. STATEMENT OF THE PROBLEM AND 
METHOD OF SOLUTION 


Suppose the magnetic field varies slowly with 
position (the change in a distance equal to the 
Larmor radius being small). For x —~ +” we 
have H— Hz. The particle coming infrom — © 
has the magnetic moment IL. As x— +, the 
magnetic moment of the particle will approach 
some other value I,. We shall calculate the change 
I, —L. The result can be obtained qualitatively by 
the following simple method. 

As is well known (cf. e. g., reference 4), if the 
curvature of the lines of force is neglected the 
problem reduces to the study of the model Hamil- 
tonian 


A = (pi-+ pi + mw? (x) y?) / 2m, (1) 


where w(x) is the Larmor frequency. The small 
parameter of the problem is the quantity a 

=rpw’/w, where rz, is the Larmor radius. Sup- 
pose the solution x = x(t) is known for the coor- 
dinate x. Substituting this function into the equa- 


tion of motion for y, we arrive at the problem of 
the change of the adiabatic invariant of an oscillator 
with frequency depending on the time, which was 
solved in reference 3. The result was found to be 


: . 
At ope |— iexp 2i|| w (t)dt + oth 


Ta (2) 
where ty is a zero of the function w(t) in the 
complex plane of t, and g_ is the phase of the os- 
cillator at t—> —~.* Since the adiabatic invariant 
changes only slightly during the motion, we shall 
treat it as a constant in obtaining the time depen- 
dence x(t). Setting I = const in the Hamiltonian 
(1) we get 


dt = mdx /V 2m(E — I (x)). (3) 


Finally, substituting Eq. (3) in Eq. (2), we get 
AL : |e modx 
= 2Re if iexp 2i ( Vim (E—Te) + all 
Here xX, is the zero of the function w (x). 
Actually during the motion the adiabatic invar- 
iant is defined to within an amount a, and the 
formula (4) is true only apart from a factor of the 
order of unity multiplying the exponential function. 
To calculate this factor one would have to develop 
a perturbation theory. In view of the fact that the 
classical perturbation theory is extremely compli- 
cated, it is convenient to solve the quantum- 
mechanical problem first and then go over to the 
classical limit. 
The Schrodinger equation for the Hamiltonian 
(1) is 


(4) 


s (Ab — me? (x) 4%) = — Ed. 


Here we have set h = 1. To solve the problem, 
following reference 5, we introduce an orthogonal 
coordinate system in which the variables in Eq. (5) 


(5) 


*Everywhere in the text expressions of the type (*f(u)du 
are to be understood as meaning {*[f(u) —f(-0)]du + xf(—0). 
0 
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‘falmost separate”’ 
§é=x— yo /4o, 4 = V mo y. (6) 


In these coordinates Eq. (5) takes the following 
form: 


(Lo+ 2mE — mor?) > = — L,4, (7) 
where 
Be ee i pr Oe ON: 
Lo= mw ay? EV Ox Ve =| (8) 
aD yo, 1 sme ee 1\2 er OG/aon 
Law t+ xP tl bot p(y sh t | Zr g) 


-Fal(O-En)g]+ow 


| = (no)= =. 


(9) 


2. THE ZEROTH APPROXIMATION 


The zeroth-approximation is 


o? a OW Ow . 
| mo & 1) Vos Wa a) + 2mE | G0: (10) 


Separating the variables in this equation, we get 
the set of solutions: 


in, EY = ¥n(q)Zne (), 


where Yn(7) are the normalized eigenfunctions 
of an oscillator with frequency 1. It must be noted 
that there are three different cases, in which dif- 
ferent expressions hold for the function Znk (€): 
1) The motion of the particle is infinite in both 
directions. In this case Znr(é) has the form 


Zne(e) = Ca } “(mo)'/ oe ( \ Rng as) 


FaPAl 
+ Rne exp (—i' bed), (11) 


Roe = 2mE — ma (n +1/2). 


2) There is one point on the real axis where 
knE = 0. This case corresponds to reflection from 
a ‘‘magnetic plug.’’ 

3) There are two real roots of the equation knE 
= 0. This corresponds to a particle that is ina 
““magnetic trap.’’ 

Only the first two cases are considered in the 
present paper. In the second case the function 
ZnE (&) has different forms on different sides of 
the turning point, and near the turning point it is 
a solution of the Airy equation. In this case, how- 
ever, as Landau and Lifshitz have shown (cf. ref- 
erence 6), one can use contour integration to cal- 
culate the matrix elements, and this leads to the 
same results as in the first case, which we shall 
treat here. The coefficient kng (§) is of order of 


265 


magnitude qa on the interval where the important 
variation of w occurs, and becomes exponentially 
small for x + +, The transverse quantum num- 
ber n plays the role of the adiabatic invariant in 
the classical limit. In zeroth approximation there 
is no change of n. 


3. THE SCATTERING MATRIX 


Let us find the transition amplitude by perturba- 
tion theory 

As is shown in reference 7, in calculating the 
matrix element <n’E’|L,;|nE> we can keep only 
the first term in the expression for ZnkE. In the 
calculation of the matrix element one encounters 
integrals of the following type: 


+00 


Qe’ = | 


sep (OEE ts) e ee 


(Rnekn’ EB)” w* a oa 


ptcic = \ (Ris — Rye) de (13) 


era 


The path of integration can be shifted into the half- 
plane in which o> 0. In doing so one must carry 
the path around the singularities of the integrand. 
Then the branching associated with the vanishing 
of the quantity knE does not contribute to the re- 
quired matrix element. In fact, near this point 
Eq. (12) loses its meaning; it must be replaced by 
a solution of Airy’s equation which has no singu- 
larity at the point in question. The singularities 
of the integrand are the zeroes and poles of the 
function w. The main contribution to the integral 
(12) will come either from the saddle point or else 
from the zero or pole &, of the function w (é) 
that corresponds to the smallest value of 7(&)). 
For definiteness let us examine the case in which 
the contribution is either from the saddle point or 
from a simple zero. 

At the saddle point €, we have w (&;) 
=(E—E’)/(n —n’). The points &) and £, lie on 
the curve L[Imw(&) = 0], which intersects the 
real axis at some point &’. If the quantity 
(E — E’)/(n — n’) is positive, then &, lies on 
the curve L between the points &’ and & . If, on 
the other hand, (E — E’)/(n —n’) < 0, then & 
lies on the curve L beyond &). Let wm be the 
maximum value of w(é) on the segment (&’&)) 
of the curve L. It is obvious that the condition for 
the existence of a saddle point is (E — E’)/(n — n’) 
='Wm: Thus in the case'0< (EH — EH’ 7 (0 =="n’ ) 
<= Wy the calculation of the integral (12) can be 
carried out by the ordinary method of steepest 
descents, which gives 
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=k 


Qnd = [aay tags | Mar xP Cle) —| 2) De 


ry) ¢ 3 
(n —n’) 2mk, ¢ a) 


(14) 


The expression (14) cannot be applied in the 
cases E =F’ andn =n’. Indeed, in these cases 
the main contribution to the integral (12) comes 
from the residue at the zero & 9 of the function 
w(é), which is a third-order pole of the integrand. 
In the case E = E’ the pole coincides with the 
saddle point. In the case n =n’ the pole does not 
coincide with the saddle point, but gives a larger 
contribution to the expression (12). Calculating 
the residue at &), we get 


nlE vn 
Qne = 4E 


(15) 


exp {ip (Eo) — | o (&) |}; 


¢ zi (2m)? rar 7\9 . | 
Qne = — Fea VE— VE") exp {io (Eo) — 12 (6), 
(16) 


A = w’ (€). 


We recall that p (é)) and 0(&)) are taken from 
the definition (13) with the suitable values of nE, 
oY 1S? 

For 


(en PA “(me \e Via, 


the expression (14) goes over into the form (15). 

In the case (E — E’)/(n —n’) < 0 the integral 
(12) is given by the residue at the point &), which 
gives a result that coincides with Eq. (16). Using 
Eqs. (14), (15), (16) and the well known expressions 
for the matrix elements of an oscillator, we get 


Cpe Os EMS 
== Vn +1)@+2) exp tip) —|o(&)}, 
<n—2.E|L,|n, E> 


__ or 


= 55 V (n — 1)nexp {— ip (&) —| 9 (6) j}. (17) 


For transitions with changes of n by more than 2 
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the results are exponentially small in comparison 
with those just stated. 

For (E — E’)/(m — 1’) >> of/? the matrix ele- 
ment has the structure (14) with a somewhat dif- 
ferent coefficient of the exponential function, which 
coefficient, however, is less than or of the order of 
unity everywhere in the domain of applicability. 

It is shown in the Appendix that the subsequent 
approximations make contributions to the scatter- 
ing matrix that are small in @. Thus the non- 
diagonal transition matrix elements reduce to the 
expressions (17). In virtue of the unitarity relation 
the diagonal element of the scattering matrix is of 
the form ann = e!?[1+ 0 (exp{ —2| (9) |} 1], 
where g is a small quantity, gp x a. 

Knowing the scattering matrix, one can easily 
calculate the change of the adiabatic invariant of 
the particle. For this it is necessary to construct 
a wave packet describing the classical particle on 
its trajectory. Carrying out calculations analogous 
to those done in reference 3, we get 


Mt (F)2 Re |—iew 2i } ee a |} (18) 
We note that the coefficient of the exponential 
function does not depend on I and E. Within the 
framework of our method it is not hard to take into 
account the curvature of the lines of force. This 
problem, however, needs further investigation. 


APPENDIX 


Let us estimate the contribution to elements of 
the scattering matrix made by the second approxi- 
mation. Having in mind the application to the clas- 
sical case, we confine ourselves to just the calcu- 
lation of the matrix element an, py + 2 (cf. reference 
6). The second approximation of perturbation the- 
ory is given by the formula 


2aE". 


[SBI He Oe Ei Ent? Ot Co El tal 0 BD CE | an $2, E 
E’— E—i8 


Let us consider for definiteness the first term. We 
divide the integration over E’ into three intervals: 
(0, E), (E, E+ 2wy,) and (E + 2wm, ©). In the 
interval (0, E) the integrand is of the form [cf. 
Eq. (16) ] 
(VE—YVE')* 
A°’Y EE’ (E'—E) 


The integrand has a triple zero at the point E’ 
= E, and therefore the problem of passage around 


bo 
exp ( \ (RnE <= Rn Sth) a 2Rn+2, E’) dé In 2) 


(Ain) 


a Singularity does not arise in the integration. At 
this same point the exponent has a maximum value 
which is equal to the exponent obtained in the first 
approximation. Therefore the main contribution 
comes from a region of the order a@ near E’ = E. 
Integration over this region gives a coefficient for 
the exponential of the order @. Actually the ex- 
pression (A. 2) ceases to be valid in a neighbor- 
hood of E’ = E of the order a!/*, For the estimate 
in this region we replace the matrix element 
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<n, E| L,|n+ 2, E> by the quantity (17). In this 
region the matrix element <n + 2, E’ | Ly [lane 2. 
E> is at least of the order a. It is not hard to 
see that in this case the integration in Eq. (A. 1) 
gives for the exponential function a coefficient of 
the order of or smaller than a!/, 

In this same way it can be shown that the inte- 
gration over the interval (E, + ~) leads to this 
same estimate. 

It is not hard to carry out analogous arguments 
for the subsequent approximations of perturbation 
theory. 
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The possibility of determing the magnetic moment of the x? hyperon by comparing the decays 


oy — AX 4 2y and x? — \’ + y is examined. 


Phncitene the known decay 
pa > Y (1) 
there must also occur the decay 
D°-> A + 2y, (2) 


The present paper is devoted to an estimate of the 
probability of the decay (2). As will be shown be- 
low, the ratio of the probabilities of the decays 

(2) and (1) is very small (~ 107°) and depends 
strongly on the values of the magnetic moments of 
the A and Y hyperons. The value of the magnetic 
moment of the A’ hyperon will apparently be de- 
termined in the near future by measuring the spin 
flip of the N° hyperon in a strong magnetic field. 
This method cannot be applied in the case of the 
>! hyperon, however, because of the short lifetime 
of the latter. Using isotopic invariance, one can 
find the magnetic moment of the > hyperon from 
the known relation 2uy = ust + Us-, which was 
first obtained by Marshak, Okubo, and Sudarshan, ! 
if the magnetic moments of the 2 and > hy- 
perons are known. Below we shall discuss the 
possibilities of a direct measurement of the 
magnetic moment of the ay hyperon using the 
decay (2).* 

The process (1) is described by the Feynman 
graph of Fig. 1; the circle in this graph represents 
the totality of the virtual strong interactions. The 
matrix element corresponding to this graph has 
the form 


NG ulgekOuy, (3) 


where the coefficient may be called the mag- 
netic moment of the transition X— A; u, and uy, 
are the spinors of the = and A hyperon, respec- 
tively; € and k are the four-vectors of the 
polarization and the momentum of the photon 

(k = koy¥o — ky, where the y are the Feynman ma- 
trices). The form of the operator O depends on 
~~¥{n this connection it is also of interest to investigate the 


internal bremsstrahlung which accompanies the production of 
° hyperons. 


FIG. 1 


the relative parity of the > and A hyperons, which 
we shall denote by Psa: If Py A= —1, we have 

O = ¥5 = iyoviy2v3; if Poa = +1, we have O=1. 
The probability of the decay (1), calculated with 
the help of the matrix element M,, is independent 
of Py, and is equal to* 


w= 4y2A3, (4) 


where A =m sy — myo ® 76 Mev (here and in the 
following we neglect terms of order A/my com- 
pared to unity). Assuming that y = e/2m,, where 
m, is the mass of the m meson, we obtain from 
formula (4) T = 1/w, © 4 x 1077! sec; if we choose 
=e/myp, then T * 4.5 x 1072" sec. 


Ne nf 
Fontes 

Bp; “ m™ 
FIG. 2 


Let us now turn to the decay (2). It is described, 
in its most general form, by the graph of Fig. 2. 
The box in this graph represents symbolically the 
set of all graphs which give a contribution to the 
decay (2). In the following we shall consider only 
a few of these graphs (Fig. 3, a and b) which are 
believed to give the most important contribution. 

The emission of one of the photons in these 
graphs is, as before, due to the interaction of 
Fig. 1 (transition 2— A); the emission of the 
other photon is connected with the magnetic mo- 


*We use a system of units in which H= c= 1 and 
e” = 1/137. In the usual units 1/m,,= 4.7 x 10-4 sec. 
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FIG. 3 


ment of the =" hyperon Hy (Fig. 3a) and the mag- 
netic moment of the A’ hyperon By (Fig. 3b). 

The graphs of Figs. 3a and 3b differ from the 
remaining graphs symbolically shown in Fig. 2 
in that the energy dependence of the emitted 
photons is different. This is connected with the 
presence of pole terms* in the graphs of Fig. 3 
which give contributions which are inversely pro- 
portional to the energy of the photon (~1/A). 
The remaining graphs contain, besides the term 
~1/A, a term of order ~Ry, where Ry is a 
measure of the size of the radiating region 
(1/m, >Ry 21/mp). If the mass difference of 
the = and A hyperons were so small in compari- 
son with the mass of the a meson that the in- 
equality RyA «<1 were fulfilled, the graphs 3a 
and 3b would, then, definitely give the most im- 
portant contribution. In actuality, A/m, * ‘/, 
and the question whether the graphs 3a and 3b 
are the basic ones must really be decided by 
putting in specific numbers. This conclusion is 
confirmed by the computation of the contribution 
of the graph of Fig. 4 with a radiating region of 
an effective size of the order ~1/m, (see Ap- 
pendix II). 

The matrix element corresponding to the sum 
of the graphs 3a and 3b, symmetrized with re- 
spect to the photons, is equal to 


= Aye 4 RES Bas 4 A’ 
Mo= wwy4t,0 | e2k. == €,k,-+ e,k; => ae | 
a= PU NOTES 6s wei aes eae 
= aN 4 AN An 4 AK 
+ Coho ~——a €ky+ €:k) >—> éxka| Ou, 
1 waite | alta party pee 11 Soy Saar fs 


Here k;, ky and e;, €, are the momenta and the 
polarization vectors of the photons. 

The total probability for the decay (2), calcu- 
lated with the help of Mg, is equal to (see Ap- 
pendix I) 


*For a detailed discussion of the role of the pole terms in 
the emission of quanta of small energy, cf. the paper of Low.’ 
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w= (2A5/5r) Ue (u2 -\- pe - = Hatta) (6) 
for Py, =-—1, and equal to 
wf = (14A% / 45m) yw? (u2 + p2@ — S$ uyy0), (7) 


for Ps = 4: 1 

If we include only the contributions from the 
graphs 3a and 3b, we obtain for the ratio of the 
probabilities of the decays (2) and (1) 


w/w, = (A?/10n) (u2+ w2-++ 2p) for Pox = —1; (8) 
we |W, = (7A7/90r) (u2 + p2 — ; Mite) for Pox =+1. (9) 


We see that this ratio does not depend on yw at all, 
and depends weakly on the relative parity of the 
x and A hyperons. 

It follows from (8) and (9) that the value of Lo 
can be determined from the ratio w2/w,, if the 
relative parity Py, and the value of the magnetic 
moment of the A° hyperon, fy, are known (two 
solutions are possible here). 

Let us consider a crude model in which the 2° 
hyperon is represented by a A’ hyperon with a 7° 
meson rotating about it. In this model py; = Uy, 
for Pyx=—1 and py = —M, for Py, = +1. Sub- 
stituting this in (8) and (9), we obtain 


Wy |W, = 40°? /15r, (10) 
wy / w= 2A°2u2 / Or. (11) 

If we now assume that py = e/Mp» we find 
W,/@4= 5-107, (12) 


As we shall see presently, even this small ratio is 
apparently an overestimate. 

For this purpose let us estimate the expected 
value of the magnetic moments of the Nand 2! 
hyperons. Both particles have vanishing normal 
magnetic moments. We are therefore concerned 
only with their anomalous magnetic moments due 
to charged virtual particles. 

It is well known that the anomalous magnetic 
moments of baryons are in general equal to the 
sum of an isoscalar and an isovector term: 


(13) 


= pbs + Tov. 
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Thus we have for nucleons 
Up = Us + py = 1.79 nucl. magnetons, 
Un = ps — py = 1,91 nucl. magnetons, 


which leads to pg = — 0.06 nucl. magnetons and 

Jixy = 1.85 nucl. magnetons; therefore Usg/Uy ~ 3%. 
It can be easily shown that only the isoscalar part 
is different from zero for A’ and 2° hyperons. In 
the case of the >” hyperon this is seen by setting 
T3 = 0 in (13); in the case of the A’ hyperon it is 
an obvious consequence of the fact that the isospin 
of the A hyperon is zero. If we assume that 

Ug SK by for the hyperons as well as for the nu- 
cleons, we should expect that the magnetic moments 
of the A° and =? hyperons are about an order of 
magnitude smaller than the anomalous magnetic 
moments of the £° and © hyperons, and the latter 
should, according to formula (13), have about equal 
magnitude and opposite sign. 

The inequality ug « wy follows readily from 
the assumption that the main contribution to the 
anomalous magnetic moments of the nucleons is 
due to the virtual 7 mesons. This assumption is 
quite realistic, since the 7 mesons are the lightest 
among the strongly interacting particles, and it is 
these which determine the size of the cloud of 
virtual particles surrounding the nucleon. Since 
the interaction of the 7 mesons with the electro- 
magnetic field is of the isotopic vector type, we 
obtain wg= 0, wy # 0 in the approximation in 
which the electric charges of all virtual particles 
except the m mesons are ‘‘excluded.’’? In order 
of magnitude we should have u,, < e/2m_. The 
approximation in which only the electric charges 
of the m mesons (and of the © hyperons, whose 
interaction with the electromagnetic field is also 
of the isotopic vector type) are ‘‘included’’ will 
be called the isovector approximation. 

This approximation was first considered by 
Katsumori;* he formulated his results in the form 
of a ‘‘mirror theorem,’’ according to which 


tea tn=O0, te- + boo =O, 


tg tne Quer 0) ba = 0. 


It is easily seen that in the isovector approxi- 
mation pw, the magnetic moment of the transition 
x— A+y, is different from zero, unlike LL 0 
and po: In the isovector approximation the 
decay ro A+ y is therefore allowed, while 
the decay °— A’ + 2y is forbidden (since 
Maj = Hy0= 0). It may turn out that this for- 
biddenness comes only from the special form of 
the graphs 3a and 3b and that there exist other 
graphs which give a non-vanishing contribution to 
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the matrix element of the decay (2) in the iso- 
vector approximation. If this were so, then our 
starting assumption that the graphs 3a and 3b are 
the most important ones would be incorrect. It 
can be easily shown, however, that not only the 
graphs 3a and 3b, but also the most general graph 
2, gives a vanishing contribution in the isovector 
approximation. Indeed, the isotopic structure of 
the matrix element corresponding to the graph 2 
has in the isovector approximation the form 


COD no lal (14) 


where <{|1|i >is the matrix element for the 
transition from the state i to the state f due to 
an interaction with T =1; |1> and <0| desig- 
nate the isospin of the initial (2) and final (A) 
states; n is the isospin of the intermediate states. 
The matrix element <0|1|n > is different from 
zero only if n= 1; but for n =1 the matrix ele- 
ment <n|1|1 > vanishes, since T3 = 0 for the 
initial and final states. The decay =?— A’ + 2y 
is therefore strictly forbidden in the isovector 
approximation. 

Let us now turn to the estimate of the ratio 
w2/w,-. On the basis of the above-mentioned iso- 
spin considerations we may conclude that this 
ratio should be of order 107’. Such a small value 
for the ratio w2/w; makes it unlikely that the de- 
cay x°—- Ao 4 2y can be observed with present 
experimental techniques. 

The authors take this opportunity to express 
their gratitude to V. B. Berestetskii, S. M. 
Bilen’kii, B. L. Ioffe, and I. Ya. Pomeranchuk 
for valuable comments. 


APPENDIX I 


Let us compute the spectra of the secondary 
particles in the decay (2). Summing over the spins 
of the photons and the A° hyperon and averaging 
over the spin of the x’ hyperon in the standard 
way, we obtain for the differential probability of 
the decay (2) 


3 —— 
M2 (x) Sm | Mz |?84 (p1 — po — ky 


dk, dky dps 
i ihowicdy ss 


(ey 


[M1 = vi (puta) (pak) + (Drea) (Das) — 1 (1m + ms) (Reka) 


' mi (my + me) (kike)? 
2 (prki) (pike) 


— Mg (tM, — m,) (Ry Re) + 


pes 
u 


| + wpe [(ovr) (Pak1) + (Pika) (poke) 
m3 (tmz + my) (kyR2)? | 
2(p2kx) (prke) 
> PPuateet [2 (iki) (Paks) + 2 (pok1) (Poke) 


— (Fees) (1m, = 10,)*] ++ mars (Fees) | (Paka) (Paks) 


+ (Paks) (Pals) — 5 (Rake) (mi + m)] 
[ 1 F { s 
CIMACT 


Si 
“NS 


(I.2) 
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where the upper signs correspond to the case 
Ps, = +1 and the lower signs to the case 
Psa =e 

The further calculations will be carried out 
with an accuracy up to order A/m. The photon 
spectrum has the form 


2 2 2 2 
w(@) deo = 4u?n™ [wy + us + = ups) 


X [ow + (A — w)?]} o (A — w) do, (1.3) 
for Py, =-1, and 
w (0) do = 4u'x{((ui + y3) (o? + (A — 0)!)—20(A — 0) 


+ pata [2 (o® + (A —0)?) 


for Ps, = +1. 

The angular distribution of the photons is given 
by 
w (cos #)d cos * = (u?A®/5m) [yy + w+ pate (1 + + cos 9 


4w(A—o)]}o(A—o)do, (1.4) 


—cos? $)]dcos , (1.5) 
if PSA 1, and by 
w (cos 3) d cos ® = (w?A5/15r) ((t4, + we)? (2 + cos? 9) 

— pyro (1 + 3cos?)] dcos 9, (1.6) 


if Pra = +1. 
The spectrum of the A hyperons has the form 
es peA® on ee 
w(x)dx =" [i+ e+ 5) 


c 9 2 1— : 1 a ° 
+ Qute(—5 + ox + =2 =") In ==) | ede, (0-7) 


for Pai tee 1, and 


F 2A5 3 Tae 4 — x2)2 44% 

wee gg (1s Eat OSA nD 
+ Que (—5 4 eps pe In; =*) mae, (18) 

for P,,=+1. Here x =p/A (p is the momentum 


of the A hyperon). 
Integrating formulas (1.3) to (I.8) we easily ob- 
tain the formulas (6) and (7) quoted in the text. 


APPENDIX II 


Let us now estimate the contribution of the 
graph 4 to the probability of the decay 2— A+ 2y. 

This graph describes the process (2) as going 
through the decay of a virtual n° meson. If 


Py, = +1, the virtual 7’ meson is ina P state 
and the contribution of the graph 4 is negligibly 
small. Therefore, we consider only the case 
Ps, = -—1. The matrix element corresponding to 
the graph 4 is 


y= 4 iE ay (hy + he)? — mT teapes Cratashivtes, (IL-1) 


where m7 is the mass of the 7 meson, g is the 
constant of the strong ZA 7 coupling, and the di- 
mensionless constant f characterizes the decay 
of the 7’ meson (?fm_T) = 1, where 7) is the 
lifetime of the 7° meson). If both Ms and M, 
[formula (5)] are included, we obtain for Wo, in- 
stead of formula (6), 

2A° 


= Fe yh 
Wo = = : 
2, = i eB 


2 327 Al 
u(y 3 Valls) + fog Pa? Cy 


Sire ING 
= oe » (41 — Ba) = Ce, (1.2) 


qT 


The coefficients C, and C, are corrections which 
take account of the term (k, + Ky )? together with 
me in the 7-meson Green’s function: 


eee 1 


in = : Ss t a pes len — 1 6. 
Cy 16? E K IS (1 — 27 tan = wi | ae 
a 
p> (iota M2) 15 ana 
im la \ oh dz 8r2 ar = 1.2, (11.4) 


0 
where A = A/m,. 
Choosing T) =107! sec, p ~ e/m,, and 
UA ~ Myo ~ e/10m,, we find that the contribution 
of the graph 4 becomes important when g * 1. 


1Marshak, Okubo, and Sudarshan, Phys. Rev. 
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We discuss the influence of s-d exchange on the condition for the existence of a supercon- 
ducting state in a ferromagnet, and also on its characteristics such as the critical temper- 


ature, critical field, and the specific heat. 


Ir was shown in a paper by the present authors! 
that the establishment of superconductivity in fer- 
romagnetics of the type Fe, Co, and Ni is pre- 
vented by the shift in the Fermi spheres of the s- 
conduction electrons with opposite spins, a shift 
caused by their coupling with the d or f electrons 
of the interior shells which have no spin-satura- 
tion, i.e., caused by the (s-d)-exchange interac- 
tion. It was also shown that superconductivity can 
occur in ferromagnetics with a sufficiently weak 
(s-d)-exchange coupling (uJ « hw, where p is 
the excess of d or f electrons with the predomi- 
nant spin orientation per lattice site;* J is the en- 
ergy parameter of the (s-d) exchange, which is 
approximately independent of the wave vector k 
(reference 2); w is the average phonon frequency). 
The existence of a superconducting ferromagnet 
was apparently established by Matthias, Suhl, and 
Corenzwit? in the (Ce, Gd) Ru, system. In this 
connection it is of interest to consider in more de- 
tail the influence of the above-mentioned shift on 
the characteristics of the superconducting state, 
and this is the aim of the present paper.t 


1. THE GROUND STATE AND FREE ENERGY OF 
A FERROMAGNETIC SUPERCONDUCTOR 


When a ferromagnetic superconductor has an 
excess of s electrons with spins oriented to the 
left due to the magnetizing effect of the d or the 


*u is the relative magnetization of the d or f electron 
per lattice site. This quantity is weakly temperature de- 
pendent in the low temperature region. 

tWe use in the following the Bardeen-Cooper-Schrieffer 
scheme.* We could use also the more rigorous Bogolyubov 
scheme,° but it is then necessary to modify the canonical 
transformations in order to take the Fermi shift into account. 


f electrons, one can write the Hamiltonian or the 

conduction electrons, between which there are in- 
teractions induced by the phonons‘ and the ferro- 
magnons® and also a Coulomb repulsion, in the 


form’? 
H = Dycsne+ Dd) come + Dd) [ee|/GQ—m) 
k>kp k>kp k<kp 
+ 2 |e |(1 — ng) — > Vewbede, (1) 


k<kp i 
where ¢«, = Ej, + Youd — Ep and «x = Ex - Youd 
— Ep are the energies, relative to the Fermi en- 
ergy Ep, of electrons F with spins oriented to 
the right (+) and to the left (—), respectively; 
ny and ny, kp and kp are respectively the occu- 
pation numbers and maximum wave vectors at T 
= 0, when there is no interaction; 

bp = ioe De = C_4Ch 
are the pair creation and annihilation operators, 
expressed in terms of the usual Fermi operators 
for electrons @ and ¢; Vj,’ are the matrix ele- 
ments of the interaction which will be assumed to 
be constant,’ equal to V within a narrow region 
|q.|= |E, - Ep| < fw, and equal to zero outside 
that region. In order that superconductivity exist, 
itis necessary® to have V = Vp — Vc — Vsd = 0 [ Vp; 
Ve, and Vgq are respectively the matrix elements 
of the interelectronic interaction induced by the 
phonons, the quasi-Coulomb interaction, and the 
effective repulsion between conduction electrons 
induced by s-d exchange]. Since Vgq ~ J (rete 
erence 7) and the influence of the shift in the Fermi 
sphere is a first-order effect in the parameter J 
(references 1 and 2), we assume in the case of 
weak (s-d) exchange that although the quantity 
Vsgq decreases the constant V, it still leaves it 
positive. 
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Since in our case, apart from pairs of Fermi 
particles (k +, —k —), there must already exist 
in the ground state ‘left-hand singlets” (i.e., elec- 
trons with —spin in the state —k without electrons 
with + spin in the state k), one must write the 
wave function in the form 

¥=[[ (l—ay~+ afey [[2®,, (2) 
Rk k' =k 
where @®, is the ‘‘vacuum”’ of the system, and h;, 
the probability for the production of a pair (k+, 
—k-). 
According to (2) the expansions 


Ye hp (lh), (3) 


occur for any given k if k corresponds to a state 
of basic pairs; 


Me (Arie)? G44 [Ag (1 — hy )V/*p10 + [(1 — he) he)? Pon 


ies {(1 ute) Cl — hz) oo, (4) 


if k and k’ belong to states of basic pairs; and 


Y= Ck Pos (5) 
if k belongs to a state of ‘‘left-hand singlets.’’ 
Here, gy; is a state witha pair (k +, —k —), @p 
the state when there is no such pair, 4, the state 
math pairs (ko, =e, ki +, —k’ —);" og. a State 
when there are no such pairs, @ 9, the state with a 
pair in the k’ state and no pair in the k state, and 
Yio the state with a pair in k and without a pair in 
k’. If s, is the probability that the state k is oc- 
cupied by a left-hand singlet, the expansions (3) to 
(5) correspond respectively to probabilities (1 

— 5), (1 — sq) (1 — sy), and sg. By analogy 
with Bardeen, Cooper, and Schrieffer’s paper‘ we 
get from the condition that the energy be a mini- 
mum an expression for hy: 


9 


e,/(ek + e5)”*], 


(6) 


hr = hs [ l 
where unlike in reference 4 


SV oh =AOyedi =n) (7) 


k 
(so that only states with s;, ~ 1 give a contribution 
to €). 
The expression for the average energy of the 
system will be of the form 
Wo = — Dyck + €5)'* — &e — £0 [2 (he + 80) 
Ill 
+) se (ck + 28)4— F — oF [2 (ce + ei) 
iit 
- Q\1 J 2 Ph eee eset 
— >} (1 — se) (ee + 20)” — F — 20 (2 (ee + 0)" 
Il 


2) (che 2) ren reg (2 eh eI} 


I 
+ Dior ((ekteiye— MS 2k+eyr, — (8) 
I 
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where I, II, and III denote respectively the regions 
of summation with k < kp, P <k<ky, and k 
>ky. The region II has then clearly an energy 
width J and contains within it the Fermi surface 
Ep. Since 


(e% + &0)"* — &, — 89 [2 (eh + £8)]-“2 > 0 
and even more strongly in I and III 


(Sk + €)'2 — pd /2 


8 [2 (ee + e0)]-* > 0 


(because | «| > J inland III), according to 
(8) there will be no left-hand singlets in I and III 
(1.e., s~=0), which is of great advantage. The 
absence of left-hand singlets in II, however, and 
the corresponding presence of such singlets in I 
(or III) is energetically unprofitable because of 
the inequality 
> — 8012 (ee + eo) “}1 > {(8e + 85)" 
Sh (2 (e+e), 
where the expression with index I refers to any 
state from the region I, and the index II to the re- 
gion II. There corresponds thus to the ground state 
a distribution of pairs in the regions IJ and II, ac- 
cording to (6), and an occupation of region II by the 
left-hand singlets (Sk TI = 1), so that the summa- 
tion in (7) extends only over regions I and III (with 
S, = 0). It follows therefore from (7) and (6) that 
ho 
[MOV] 2= | (eP-be8)-Mde, 


pJ/2 


(9) 


(10) 


where N(0) is the density of states near the Fermi 
surface. 
Using (10) we find instead of (7) and (8) 


&) = [2sinh(1/N (0) V)]} 1 {[2hwe NOW — pd] (11) 
X\[2hweVNOV — nJ]}/-, 
Wo = — N (0) (2ho—pJew/N ow ]?/2 [ex/NOW — 1]. (12) 


Equations (11) and (12) go over into Eqs. (2.40) and 
(2.42) of reference 4 when yJ = 0. When wJ in- 
creases from 0 to 2hwe!/NV the quantity ¢% 
decreases to zero and the energy of the ground 
state Wy increases to Wy = 0, i.e., to the energy 
of the normal state. Superconductivity is thus pos- 
sible only for weak (s-d) coupling, provided that 


id < 2hwmeVNOW, (13) 


The quantity €) determines the dispersion law for 
the excitations which can be formed in the case 
under consideration, firstly by the breaking up in 

I or II of a pair (k; +, — kj —) during a transition 
k, +— k, + (or respectively — kj - ~~ — Ko —); 
where ky also belongs to the region 1 or Ill; see- 
ondly through the formation in I and III of an ex- : 
cited pair generated by the operator [(1 — hy, )!/ "bi 
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~ hy, 1/2 ]; thirdly by the breaking up in region I or 
Ill of a pair (ky +, — ky —) during a transition k, + 
— k, +, where k, belongs to II. In the first case 
the excitation energy is of the form 


: : 4 - + - + a= 
W kee — Wo = Shp + Se, — (Eke 1 Shs) Mee — (Se, + Ee) Me, 


+ {[hy, (1 = he,)) +1 Ae, (1 — fa, 1} V >) (he (lL — Ay)I"” 


LS ett 


= (8h, + 80)" + (8k, + 80)" (14) 
and its minimum value is 2[ uJ)? + ¢]!/*. In the 
second case we find for the excitation energy 
Wa— Wo = (ee + ex) (1 — 2he) (15) 

+ 48, [Me (1 — hy)? = 2 (Se + 86)” 


with the same minimum value. In the third case 
the excitation energy is of the form 


= Es ee S 
W bake —VWo= Oo Oy — (Ex, alg &p,) Ae, 


42 [he(1—hen) PV >) (Ap (1 — he) I'* = by, 
IMB 


+ (eh, + 2)!" 
(16) 
with a minimum value — %yJ + [ (Ys)? + 8]? 
> 0 (since the minimum of «k, is — Spy ie and the 
minimum of | €k, | is Y, HJ ) which vanishes only for 
€)=0. It follows thus that also in the case of a 
ferromagnetic superconductor ¢«) from (11) deter- 
mines the magnitude of the energy gap for the ele- 
mentary excitations of the system. 

When T >0 one must take into account, apart 
from the basic pairs and the left-hand singlets, also 
the excited pairs and right-hand singlets. One must 
thus take instead of (2) a wave function of the form 

=|] ((1 — hy)” + hide] lan = hy) Vr, 


R(0) k Bla 


— hy] Ter — I< Crt + Do, 


R2(s~) k3(s+) 


(17) 


where 0, exc, s., and s* refer to states occupied 
respectively by basic pairs, excited pairs, left- 
hand, and right-hand singlets. We introduce, apart 
from the probability s,, the probabilities sj and 
py, for finding in the state k respectively a right- 
hand singlet or an excited pair, and we express 
them in terms of the distribution functions fk and 
f,, of fermions with + and — spins: 
fi), Si = fal — fa), 
(This connection follows from the fact that Sk is 
the probability that the state with k+ is occupied 
while the state — k — is vacant; s}, the probability 
that the state with k — is occupied while the state 
—k+ is vacant, and finally p, the probability that 
the state with k+ and the state with —k —- are 


simultaneously occupied.) We get then for the av- 
erage energy, instead of (8), 


se = fr (1 Pr=faia (18) 
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WY =>) eS eS eee eae 


k> hp k> hp 
+ (1—fa—fatel+ >) lex{(1— fa—(l — fe — fa) Pal 
k chp 
+ >) leal{]—fa—( —fa—fr) al 
h se 
S} [aa( —hy,)hyy (1 —hp: )] i (=F, = fr) (1 aA Tee — fre). 

= (19) 

The usual expression for the entropy of fermions 
S=—>)lfaln fa + (1 — fa) In 1 —fi)+falnfh 

R 

+(1—fr) In (1 — fr] (20) 


(where x is Boltzmann’s constant), together with 
the condition that the free energy, F =W - TS, is 
a minimum 

OF /Ohy = OF /Of, = OF /Of, = 0 while 1 — f, —f, 0, 
yields 


fe = [exp (B{(ek + ¢3)"* + wd/2)} + 17 
ire= Sot (op eH — a2) ae tee 
i — = 1s [1 = en/(ek =F e}) 2], (21) 
where B = (kT)7! and, in contradistinction to (7), 
s= Va) (tl SMO Sa Shy (22) 


k 


In III, where hy, < 7%, the functions fff and f, de- 
scribe the distributions of electrons with + and 

— spin, respectively. InI, where hy, > Jes these 
functions describe the corresponding hole distribu- 
tions. Since the electron and hole distributions 
found here are symmetric with respect to |, = 0, 

it is necessary to put in II the functions f, =1 and 
f; = 0, for in that region 1 — i, = f= 02> The sum- 
mation in (22) and also in (7) extends thus only 

over the regions I and II. 


2. CRITICAL TRANSITION TEMPERATURE 


The following equation for €) results from (21) 
and (22) 


fio 
rh Re sinh (E/«T) 
N(O)V \ E cosh(E/*T)+-cosh(pJ/2%T) ’ (29) 
pJ/2 


where E = (e? + &)!/?. Taking it into account that 
at the critical temperature Te the quantity Ey 
tends to zero, we find from (23) the following equa- 
tion for 1, 


a sinh (¢/*T,) 


= cosh(é xT ,) + cosh(d/2*T A 


N (O)V ae (24) 


pJ/2 
In the case pJd/2KTo «K 1, we can restrict ourselves 
to terms of first order in that quantity and we can 
find from (24) the following equation for De 
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1/N (0) V = In (1.14h%e@/xT,) —uJ/4xT,, (25) 


from which, in the same approximation, it follows 
that 


xT ¢ = 1.14hw exp {— 1/N (0) V} — pJ/4, (26) 


so that T, decreases when uJ increases. 

When we consider the case of large J, with 
wJ/2kTg > 1, it is convenient to write (24) in the 
form 


4 ro = ; 
ge | pes Gs Be (= 1)"| Ei (— ue 
N (O)V Wi ee) == 

z oe m=1 aE 

oR: fos mud » mJ 


where Ei is the exponential integral. 
over, an asymptotic expansion for Ei and restrict- 
ing ourselves to terms linear in 2xTo/uJ we get 
easily from (27) 


(28) 


Te = 21nd 3 (In = 7 ne 


N (0) 
It follows from (28) that eee pd = 2hwexp 

{— 1/N(0)V} the critical temperature tends to 
zero, which agrees with condition (13). 


3. SPECIFIC HEAT OF A FERROMAGNETIC 
SUPERCONDUCTOR 


Using (11), we can transform (20) and get for 
the electron specific heat in the superconducting 
state the following expression 

0s a / jodi afr uJ Of, 
Ces =T ae = — 2x8 Dd |(E i ee T (Es >) | 
k>Rp (29) 

Equation (29) can be transformed to 


Ces = 2x6? 2 lit (1 — fe) [(& aie ey +6 - oe ) 


k>Rp 


ie to. eel 30 
-a(s— 2)» x cae (30) 
Considering that at T = Tg the quantity €) tends 
to zero and that the distribution function (21) takes 
on its normal value 

fbn = Lexp {8 (ee + vd /2)} + 17+ 


fan = [exp {8 (ee — wd /2)} + 1% (31) 


one gets easily from (30) an expression for the 
jump in the specific heat, accurate to terms OLOr= 
der pJ/kTe, 


(Ces aaa, Cen)T, = xN (0) Be (1 a pl /4%Tc) d=,/0B Ir, d (32) 


where Cen is the specific heat of the normal state. 
In the same approximation, by differentiating (23) 


Using, more- 
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with respect to B and using numerical integration, 
we can find for the quantity 9 /ag | Tc the follow- 
ing expression 


de, | 410.30 ee 
le oes = oon a (33) 
From (32) and (33) we get 
(Ces — Cen)r, = 10.30 x2N (0) (1 — 0.32uJ /xT), (34) 


from which it follows that the (s-d )-exchange in- 
teraction reduces the magnitude of the jump in the 
specific heat. Assuming (33) to be valid when T 
< Te, we can easily find also the temperature de- 
pendence of ¢«) for T~ Tg and uwd/kTe < 1: 


gd ) == 3,209 x(t T/T )2 = 0.035 wit ,), (35) 


which goes over into the corresponding expression 
(3.31) of reference 4 when pJ — 0. 


4. CRITICAL MAGNETIC FIELD 


It is well known that the critical magnetic field 
He can be determined by using the relation 


Hey 8c FF (36) 


where Fy and Fg, are respectively the free en- 
ergies of the normal and the superconducting 
states. To evaluate Fg = W — TS we use (21) and 
(22), changing from a summation over the quasi- 
momentum to integration over the energy de, to 
transform (19) to the form 


ho ee 
W =2N(0) (( eds | [= (Femere) 
pJ/2 pJ/2 
— $5 (eres) —1) (fr + fi) eS (37) 


Similarly we can use (21), change from summation 
to integration, integrate by parts, and obtain an 
expression for the entropy 


TS =2N (0){ ( (E+E) (ft + fe) + t/2) (fie — fa )Nae 
pJ/2 


— xP (yd /2) In (2 (1 + e-®)]]. (38) 


We find from (37) and (38), and also from (22) and 
(21), after some simple calculations 


+3) E+ (fe + fe) de + N (0) {(ho) [1 


pd /2 


4 V1 Lle/fio))] — (vs /2)2 11 —VI + (2e0/ed)*)} 


+N (0) TJ In [2(1 + e-P™)). (39) 


Substituting (39) and the equation Fy = — 1’ N(0) 
x (xT )?/3 for the free energy of the normal state 
into (36), we get 
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H2/8x = — N (0) {(ho)? [1 — V1 + (€0/ho)?] — (et /2)? [1 


—V1 + (289/ud)*1} — N (0) xT pF In {2 (1 + e-P)] 


=a (0) (TY? {1 ae \ en pa Sy 
pJ/2 
From (40) it follows for T = 0 that 
Hi /8x = N (0) {s5 (0)/2 + (uJ /2)2 [lL — V1 + (265 (0)/ed)* 1}, 
(41) 
where Hp is the critical field for T= 0°K. In the 
case ps «K 2hw exp {-— 1/N(0)V}, when «(0) 
>> pd according to (11), it follows from (41) that 


(40) 


H,~ (4nN (0))*[e9 (0) — pJ/2). (42) 


When pJ — 2hw exp {— 1/N(0)V}, when €)(0) 
— 0 according to (11), it follows from (41) that 
Ho = (03 

Using (41) one can write Eq. (40) in the form 


H2/8n = H}/8n —ayT — aT?, (43) 


a, = N (0) xuJ (In 2+ In (1 + eS). 


The (s-d) exchange leads thus not only to a de- 
crease in the critical field but also to the appear- 
ance of a linear term a,T besides the usual quad- 
ratic dependence of H?, on T (reference 4), which 
is described by the term aT’. 


5. POSSIBILITIES OF EXPERIMENTAL VERIFI- 
CATION OF THE THEORETICAL DEDUCTIONS; 
CONCLUSION 


We mentioned in the foregoing that the existence 
of a ferromagnetic superconductor has only been 
established so far, apparently, in the (Ce, Gd) Ru, 
system.° The possibility is, however, not excluded 
that an improvement in the techniques for obtaining 
low temperatures will enable us to observe a simi- 
lar phenomenon also in other systems in which 
there is a tendency for an intersection of the 
curves of the critical temperature (Tc) and of the 
Curie point (@) vs. the concentration of one of the 
components [for instance, in the (Ce, Pr) Ru, 
system*]. On the other hand, it is clear from the 
foregoing theory that in the case of a superconduct- 
ing ferromagnet the characteristics of the supercon- 
ducting state differ from the usual ones by a num- 
ber of features caused by the (s-d)-exchange coup- 
ling. An experimental study of these features 
would thus be not only of interest for the theory of 
superconductivity, but also for a verification of the 
(s-d)-exchange model of ferromagnetic metals 
and above all for an independent estimate of the 
(s-d)-exchange coupling parameter J. This par- 
ameter could, for instance, be determined by a 
study of such experimentally accessible quantities 
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as the jumps in the specific heat at T, and in the 
critical temperatures and the specific heat of the 
normal state near Tg. One can, apart from this, 
according to (43), use the experimental determina - 
tion of the coefficient a, in the temperature de- 
pendence of H3,, and so on. Accordingly, experi- 
ments on a detailed study of the superconducting 
characteristics of the (Ce, Gd) Ru, system and 
also on a search for new superconducting ferro- 
magnets, would be very worthwhile. 

From what has been said it follows that the 
presence of a shift of the Fermi surface, caused 
by the fermion-magnetization effect, makes the 
existence of a superconducting state in a ferro- 
magnet possible only when the (s-d)-exchange coup- 
ling is sufficiently weak, when condition (13) is 
satisfied and this shift reduces the energy gap, the 
critical temperature, the critical magnetic field, 
and the jump in the specific heat. The effective 
repulsion of the conduction electrons, induced by 
the (s-d)-exchange coupling, ’ also acts in the 
same direction; the appropriate matrix element 
Vsd decreases thus the quantity V in all expres- 
sions obtained. Since, however, the quantity Voq 
is proportional to J’, one can expect that when the 
(s-d)-exchange interaction is weak the dominant 
role will be played by the dependences on wd ob- 
tained in the foregoing, in which this quantity en- 
ters linearly. 

We note in conclusion that Anderson and Suhl® 
have used the Kittel-Ruderman-Yosida®!° repre- 
sentation for the interaction between conduction 
electrons and spin moments to conclude that a 
special state of spin-atomic ordered ‘‘crypto- 
ferromagnetism’’ could possibly exist in the form 
of a domain structure with zero resultant moment. 
The scheme for calculations given in our paper 
could be generalized also for the case of dilute 
solutions. We shall present a detailed analysis of 
that case in another paper. 
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é : “6 
We have derived the angular distribution of protons produced from the (n, p) reaction in LI’, 
taking into account the neutron-proton correlation in the nucleus. 


lz It is known that the theory of (n, p) reactions, 
based on the assumption of direct interaction of the 
incident nucleon with the nucleus, leads (in the 
plane wave approximation) to an angular distribu- 
tion of scattered particles which is in agreement 
with experimental data only at relatively small 
angles, up to 70—90°.'* For large scattering 
angles, the theory gives a rapidly oscillating dis- 
tribution curve which approaches zero with in- 
creasing scattering angle, whereas the experimen- 
tal curve for these angles is a smooth and, in the 
majority of cases, monotonically decreasing curve. 

It is interesting that for the case of Li®, as 
shown by the work of Frye,’ instead of a drop in 
the distribution at large scattering angles, one ob- 
serves a rise which begins after reaching the min- 
imum around 70°. As seen from the curve given 
by Frye, the effective cross section for the (n, p) 
reaction at 120° has the same order of magnitude 
as the cross section near zero, where it takes on 
its maximum value. 

In the present paper we investigate the (n, p) 
reaction on Li® on the basis of the a -deuteron 
model of this nucleus which was developed by the 
authors.’ We may expect that the study of this 
reaction on the basis of the a@ -deuteron model of 
Li® will lead to better agreement with experiment. 
Assuming that the neutron and proton which are 
outside the closed shell in Li® form a bound state, 
we must conclude that the ejection of the proton 
may be caused by the interaction of the incident 
neutron, not only directly with the ejected proton, 
as is assumed in existing theories of nuclear re- 
actions, but also with the neutron which is bound 
to it. 

It is clear that the effective cross section for 
the process of ejection of a proton asa result of 
interaction of the incident neutron directly with 
this proton will give a forward maximum in the 
angular distribution, whereas the interaction with 
the bound neutron, because of exchange effects, 


will lead to a rise in the cross section for this 
process at large scattering angles, in agreement 
with the experimental data. 

2. The interaction energy of the incident neu- 
tron with the nucleus we assume to have the form 


OI = Eres (1) 


where r, and r, are the radius vectors of the 
proton and neutron in the Li® nucleus, and rz is 
the radius vector of the incident neutron. 

The wave functions of the system in the initial 
and final states, antisymmetrized with respect to 
the neutrons, have the following forms: 


de = 7 {ett 20.8) dal =D FZ) (1.2) 


— ery, (2) ba(tr— rsd (25) x2(1.3)f, (2) 


Ty —T3|) Xo (2. 3); (3) 


by = 2 Yu, (1) a (AE) ba 


where k, and k, are the wave vectors of the 
incident and emerging particles in the center of 
mass system; vq(|r; — r.|) is the internal wave 
function of the neutron-proton pair in the Li® 
nucleus; ~;, is the wave function for the relative 
motion of this pair and the a particle; ~, is the 
wave function for the relative motion of the center 
of the neutron-neutron pair in the He® nucleus at 
the end of the process (we treat the He® nucleus 
as a system of an a particle and two neutrons 
which are not bound to one another ); Wyn ( | ieee |) 
is the internal wave function of this pair of neu- 
trons; x;(1, 2) and y)(2, 3) are the spin wave 
functions for the triplet and singlet states of a 
pair of nucleons; yy (3), yy (1), and xyp(2) are 
the spin wave functions of the individual nucleons. 

Assuming that both the relative motion of the 
center of the (nn) pair and the a particle in the 
He® nucleus, as well as of the (np) pair in Lie 
are described by an S state, we obtain for the 
square of the scattering amplitude 
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[FOP~ Chg) + $4(0)1 
1,(q) =\e8®43(R) 


2(9, Q) + 2an (0) 1s (q, Q)} (4) 
$a (R) AR | Yin (r) da (r) eft dr, 


° ; ° : (5) 
Ta (q, Q) = \eFa® da (R) AR e912 g(r) dy (R + . 


T3(q Q = \e'eR dy (R)AR | e-"80P Y4 (r) G(R — 4) a 

where z 

Gtk, O=— kk. (6) 

3. We use oscillator wave functions for wy, and 
Yo; 1.6%, 


i (R) = 42(R) = Bexp{— 2 (Rir), (7) 
where B is a normalization factor, ry is a 
parameter associated with the frequency of the 
oscillator potential. We choose for the wave func- 
tion of the (np ) pair in the Li® nucleus in the 


initial state the deuteron wave function 
b= N (e oF 


eS has (8) 


where N is a normalization factor, @ = 1.63 x 108 
em“, a = 0.23 x 10% em"!, 

In choosing the form of the wave function Wyn, 
we can be guided by the following considerations: 
We know that the binding energy of the deuteron to 
the @ particle in Li® is equal, according to data 
on mass defects, to 1.47 Mev, which differs little 
from the binding energy of the pair of neutrons 
(which are not bound to one another) to the a 
particle in He®, which is equal to 1.27 Mev. From 
this it follows that the energy associated with the 
relative motion within the (nn) pair is positive 
and close to zero. This fact enables us to regard 
the neutrons of the (nn) pair in He® as being cor- 
related in the sense of Levinger,® so that we may 
ascribe zero relative energy to them. Then the 
function wn can be chosen to have the form 

Be ee te ee eB}, 0) 


! 
y Sans 

nn es iq 5 

? ip Sint lees r 


Bs= 1,185-10%em™. (10) 


In calculating the integrals I, and I, in formula 
(4), we assume that the main contributions come 
from small R, and we set exp(qR) ~ 1. Asa re- 
sult, we obtain for the square of the scattering 
amplitude 


carat fF.) 5 2B —4) oC (Q Hest 
ON ae a at Gi Qro | 4 (arg)? + (Qro)? 
2(2 —a) ro + 4867o } (11) 
4 Bro)? + 6Qro)® J’ 
ee 4 2(a—s)q 12 
DO ane oa oO gee) G ead 


oo 


C(Q) = \ sin (Qrox) exp {- ion ies 


0 


(13) 


(n, 
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As we see, the square amplitude contains a 
term e (4%) F (q)/qry which corresponds to an 
ordinary scattering process not associated with 
exchange. This is a decreasing function of the 
scattering angle and consequently describes the 
process of direct ejection, which has a maximum 
in the forward direction. As for the other three 
terms, they are caused by (n, p) correlations 
which we have taken into account via the exchange 
effects. As one sees easily from formula (11), for 
small values of ry ¥ 1 x 10 * cm the exchange 
part of the amplitude increases with increasing 
scattering angle, and leads to a corresponding 
rise in the effective cross section. 


3(6)/5 (0) 


9 20 a 60 bb 1) 18 
§ deg 

The angular distributions obtained from 
formula (11) for an incident neutron energy of 14 
Mev are shown in the figure. Curve I corresponds 
to a value of the parameter for the oscillator po- 
tential r) ¥ 1 x 10 '8cm, and curve II to the value 
ro = 1.2 x 10 “136m; the points with the indicated 
limits of error show the experimental data. As 
we see from the figure, the theoretical curves 
correctly reproduce the dependence of the effec- 
tive cross section on scattering angle, although it 
should be emphasized that their form depends 
strongly on the value of the oscillator parameter 
ry. Somewhat better agreement with experiment 
is obtained for rp = 1.2 x10 ®cm 

As we see, taking account of the fact that the 
incident neutron can interact not only with the 
proton which is ejected from the nucleus, but also 
with the neutron in the nucleus which is correlated 
to the proton, we get a definite contribution to the 
total cross section for the (n, p) reaction in Tis 
which leads to an increase in the cross section at 
large scattering angles. We may expect that in- 
cluding this effect will have an appreciable result 
for the case of (n, p) reactions on heavy nuclei 
also. 

In conclusion, it is our pleasant duty to express 
our gratitude to V. I. Mamasakhlisov for continued 
interest in our work and for valuable discussion. 
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The vibrations of an anisotropic plasma located in a magnetic field are investigated for 


small values of 6 = 87n T| /H’. 
in this case. 


Usuatry in the investigation of the stability of 
plasma, it is assumed that the mean Larmor radius 
of the ions r is small in comparison with the char- 
acteristic dimensions of the problem, for example 
the wavelength i, inasmuch as this materially sim- 
plifies the problem. The stability of an anisotropic 
plasma has been investigated by us for A ~ r and 
A <r. It is assumed that the ions have a Maxwel- 
lian distribution with different temperatures across 
and along the magnetic field. This is one of the 
simplest cases of a non-equilibrium distribution. 

The effect of the temperature anisotropy on the 
build up of transverse vibrations in a homogeneous 
plasma under the assumption r/A — 0 was inves- 
tigated by Vedenov and Sagdeev! and by Sagdeev and 
Shafranov.? They have shown that the plasma be- 
comes more stable under a decrease in pressure. 
In fact, if the plasma pressure is much less than the 
pressure of the magnetic field, i.e., 8 = 8nn T| /H® 
< 1, then the thermal velocity of the ions v7 is 
much smaller than the Alfven velocity va and 
consequently only a small fraction of the particles 
have velocities on the order of the phase velocity of 
the wave. But the vibrations can set into motion 
only particles which resonate with the wave, since 
only these particles effectively exchange their en- 
ergy with it. Therefore, for 6 = vip/v's <«< 1, the 
plasma will be practically stable. 

The problem as to whether this is maintained for 
much smaller wavelengths, with A<r, is of interest. 

The dispersion equation for the frequency of 

the vibrations of a homogeneous plasma? contains 
components of the dielectric-constant tensor, ob- 
tained by Shafranov and Sagdeev’ for an anisotropic 
plasma in the form of infinite sums. In the investi- 
gation of transverse vibrations it was assumed for 
simplicity that the electrons were cold, Te = 0, the 
wavelength was much smaller than the mean Larmor 
radius of the ions, kr > 1 (k is the wave number), 
and the direction of propagation of the wave was 
perpendicular to the magnetic field, kr cos 0 « ile 
Under these assumptions, the expressions for the 


It is found that the ion acoustic waves may be unstable 


components of the tensor can be summed. Investi- 
gation shows that for small values of 6 the vibra- 
tions are stable. Thus, for r/A > 1, just as for 
r/X « 1, decrease of £ has a stabilizing influence 
on the transverse vibrations. 

Therefore, if 6 « 1, great interest attaches to 
the longitudinal vibrations. Harris‘ discovered 
instability of the plasma in relation to the Langmuir 
electron oscillations for certain simple types of 
non equilibrium distributions. We consider ion 
acoustic vibrations, which are also longitudinal. 

In a plasma with Tg > Tj, the phase velocity of 
these vibrations is determined by the temperature 
of the electrons; therefore, a change in B cannot 
have a substantial effect on their development. 
Consequently, it is natural to assume that just the 
oscillations may be unstable for small B. 

The dispersion equation for the ion sound re- 
duces to the equation 


A A, Ae — ©, sim2\G ey sim 0 COsOl es.) COS 0) 
B BS 
Erk = Sik ae Sik, O = kH, 
where 
(oe) x 
Eo ar fl r\ 7 FI Ne ' 
Ai== >i sVis" + vil = ahi Xe 6], (b) 


is the contribution of the ions to the dispersion 
equation. Here we have introduced the notation 


a= w/Q, == TR /MOQ?, hess T | ky /2MQ?, 
&) = 4ne’n/MQ?, Q=eH/Mc, X=T1/Ty, 
Zn ea (a ort n)/2 V4, 
te a feet ee Z,<1 
= Va \e ZF \ 2 pein — 2) ton ee en 
On the boundary of the region of instability, 
Ibranaz == (0), 
ia ze Gs 
Im A; =; V aa >; (a—n)X +nje "In (b) e? 


For T| = T), when the vibrations are damped, 
Im A; > 0. Thus the instability is possible in those 
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regions of the values of the parameters a, b, d, 
and X where Im A; < 0. 

It follows from the expression for the imaginary 
part that the zero term always gives a positive con- 
tribution (Landau damping). The build up of the 
vibrations is brought about by the remaining terms. 
It is not difficult to see that Im Aj can be negative 
only when X>1 and n+1>a>n+/¥% (it is taken 
into account here that the contributions of the n-th 
and (n +1)-th exponents are the largest). The most 
dangerous in the sense of instability is the region 
1 >a > ¥, which is therefore investigated in the 
present work. 

The contribution of the electrons can be written 
down similarly. However, since m < M, it reduces 
to 


Ae = &XZ ob 1 {uw + iV zp3m/M}, == THT yes 


It is found that in order to find the characteristic 
part of the instability region (yu, X ~ 1) it is neces- 
sary to consider the values b, d~ 1. The equation 
is simplified here because only the zeroth and first 
terms need be considered, since I, and Y, decrease 
with increasing n. Subsequent checking shows that 
such an approximation is correct. Thus, on the 
boundary of the instability, Im a = 0, we have 


(Zo Re Yo — 1) Ipe? + ([Z1|| Re Yi | —1) lie? 
X34 (Zo- Za) ReY fhe? = wp 


2 2 
Zoe 9 Le? — |Z1| e1],e-° 
2 eS 
4X71 (Zo +| Zy |) © Mye-? + ZV p2m/M =0. 


In the present research we attempted to compute 
the maximum values of u(X7!) (in Zp, Zy, b) 
satisfying the system. The region of instability is 
shown in the drawing (shaded). The maximum value 
of p» for which instability is possible is Umax ~ 0.2, 
while the minimum occurs at Xpjn © 2. Close to 
p= 0, the role of the electrons increases, since the 
contribution of the ions to the imaginary part is de- 
creased. 

It is not difficult to see that the build up of ion 
acoustic vibrations in an anisotropic nonisothermal 
plasma comes about as a result of cyclotron reso- 
nance. Such resonance is most effective when the 
wavelength A is of the order r, and vanishes as 
r/A\ ~ 0. Here the vibration frequency is of the 
order of the cyclotron frequency of the ions. 
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We have thus shown that an anisotropic, noniso- 
thermal plasma, yp, X #1, is unstable under ion 
sound vibrations, while, in contrast to the insta- 
bility for the Alfven branch, these vibrations are 
also sent into motion for. 


B = Pplasma/ P mag. field < Ie 


Consequently, the ion acoustic vibrations can be set 
in motion even in the case of relatively large mag- 
netic fields. It should be noted that in the charac- 
teristic parts of the instability region the incre- 
ment can be large, reaching values of the order of 
the cyclotron frequency; therefore, the ion acoustic 
vibrations develop first. 

In conclusion, I express my deep gratitude to B. 
B. Kadomtsev for help and guidance. 
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The current density j and the electric field intensity E in metals is investigated at frequen- 
cies exceeding those for which cyclotron resonance was previously studied.! It is shown that, 
in the case of resonance, j and E on the central cross section of the Fermi surface (when 
the latter is not an ellipsoid) vary with the depth y inavery peculiar way. At not too great 
a depth (y « d’¥/69, where d is the Larmor orbit diameter and 69 is the skin depth, d > 69) 
the field strength and the current have sharp maxima not only at the surface of the metal but 
aisowior ww mdi 20, 3d;\.. .; (Fig. 2). Mor 2 d/5o, the current and the field oscillate at dis- 
tances of the order of d with a damping depth of the order of d/65,. In this connection, some 
new effects are predicted, such as discontinuities in the resonance impedance (with reso- 
nance conditions maintained) and discontinuous disappearance of resonance at the harmonics 
in plates of thickness D >d: 1) when the frequency of the field increases and 2) when a con- 
stant magnetic field is rotated in the plane of the film. Other new effects are selective trans- 
parency of films at resonance, and an electronic ‘‘echo’”’ similar to the spin ‘‘echo.’’ A study 
of the impedance of plates permits one to plot the Fermi surface directly. It is also shown 
that cyclotron resonance rather than diamagnetic resonance takes place in a number of semi- 


conductors and poor metals. 


1. PHYSICAL REASON FOR SPIKES IN FIELD 
AND CURRENT 


ls is well known that a variable electromagnetic 
field in a metal is damped the more rapidly the 
higher the frequency of the field. However, we 
shall show that there exists a very important spe- 
cial case in which, in a metal at a depth much 
greater (by two orders of magnitude) than the 
usual skin depth, there exist sharp maxima of the 
value of the field. The field in these spikes is of 
the same order of magnitude as on the surface of 
the metal. 

Inasmuch as ‘“‘spikes’’ of the field much deeper 
in the metal than the skin depth have not been en- 
countered earlier, so far as we know, we shall 
first study the physical peculiarities of the given 
case: 

Let us first consider the motion of electrons in 
a metal along one of the orbits (orbit 1, Fig. 1) 
passing through the skin layer close to the surface 
of the metal, where the electric field is not small 
(the constant magnetic field H is perpendicular to 
the plane of the drawing). Ina layer of the order 
of 6, the electrons along a path of length Vré re- 
ceive a directed velocity and produce a current J 
and a current density j. 


Downward motion along the orbit changes, in the 
first place, the electron velocity parallel to the 
plane of the metal (only then does current flow), 
causing current to change in proportion to cos @; 
in the second place, the electrons will ‘‘disperse’’ 
throughout the depth, being contained (for 9g 
Ww V6/r) not ina layer 6 but ina layer Vré sin 9. 

Thus the current density brought about by elec- 
trons of a given orbit is shown to be of the order 
J cot /Vér, i.e., decreasing rapidly with depth; 
for y ~ 1, it will be Vr/6 less than in the layer 6. 
A value of j of the same order as on the surface 
(j ~ J/6) is evidently achieved when gy ~ V6/r, 
i.e., at a distance of the order of 6. At a depth 
y >r, the current density changes sign, remaining 
small in absolute value in comparison with J/6 
until the angle gy come close enough to @p so that 
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|o.-¢|<v6/r. At adepth d, the currentden- part: 
sity would differ in this case from the current den- 


sity on the surface only in its sign. aris 
Such a current density would create an electric (py) is of the order of the limiting Fermi momen- 


field which would cause directed motion (along the tum, 7 is the time of free flight of the electrons, 


lo — Q(p2)\~1/t, Ape~ Pol V ot 


surface) of other electrons moving in the body of and w is the frequency of the rf field); for the 
the metal, and the appearance of a spike of current existence of resonance it is necessary in any case 
and field at y = 2d, etc. Asa result, it would be that oT = 1 

necessary to determine this self-consistent system The scatter in the radii possible for a given wT 
of currents and fields. However, from earlier con- is quite different for the central cross section 
siderations given above, it is clear that the graph where, as is known from symmetry considerations, 
plotted in Fig. 2 is completely natural. Q and d have extrema simultaneously, and for 


other cross sections, corresponding to an extre- 
mum of 2, where there is no reason to expect an 
extremum of d. 

In the first case, when d’(0) = 0, Ad 
Vga hel (0 ee )? ~ d/wrt, for the existence of 
the structure of Fig. 2 it is necessary (and, as 
will be seen below, sufficient) that Ad ~ 6, i.e., 


wt Zr/do (r~v/@, 6) ~C/@) (U3) 
FIG. 2 (v is the velocity of electron, c is the velocity of 
light, w» is the plasma frequency, wy) ~ €)/h, €) 
So far we have discussed one of the orbits pen-__ig the limiting Fermi energy). This is observed 
etrating through the skin layer, an orbit with a at frequencies much higher than those studied in 
given radius r. It is clear that all orbits of a given reference 1. 
radius penetrating the skin layer (the scatter of The condition (1.1) can be rewritten in the form 
the coordinates of their centers is obviously of the 
order 6) do not change the character of the pic- o> v/V Bo, H=rm'cw/e (l~vt), (1.2) 


ture just described. 
Another picture arises in the presence of orbits which for 1 ~ f0="(cm; b9 ~ 10 em, ¥ 


with different radii (for example, orbits 2 or 3 in ~ 108 cm/sec corresponds to a wavelength of the 
Fig. 1), corresponding to different cross sections order of 1 cm and H ~ 10‘ oe, i.e., values feasible 
of the Fermi surface [we recall, for example, that in experiments on cyclotron resonance. 

for free electrons r = pjc/eH = cvy2me — p2 /eH, In the remaining cases (extremal Q correspond- 
0 =pz =v2me, where p is the quasi-momentum ing to non-central cross sections) we have Ad 

and r changes from 0 to cy 2mé/eH]. The scat- =d’Ap, ~ d/Vwr7, and the condition for the exist- 
ter in the radii evidently leads to the result that ence of the structure shown in Fig. 2 is 


only a small part of the electrons (of order 6/r) 
is ‘‘collected’”’ at an arbitrary depth in a layer of 
order 6, and the field ‘‘pulled along’’ into the depth It is easy to prove that this conclusion is valid also 


WOtA(T/8o)°. 


will naturally fall off extremely rapidly in subse- for elliptical reference points (where v || H), in 
quent ‘‘links’’ when y > d. which the role of pz is played by the angle g, 

In the case in which the cyclotron frequency Q measured along the arc € = &, vy = 0 (see refer- 
of rotation around an orbit does not depend on the ence 1). However, in this case the condition Ad 


cross section (i.e., when the Fermi surface is an ~ 69 corresponds to the simultaneous disappear- 
ellipsoid), this scatter in the radii cannot be elim- ance of the strong cyclotron resonance, since it 
inated. But if the cyclotron resonance depends on calls for Ad > 69 near the reference points. 

the cross section (i.e., on pz, where z is the di- We note that the stronger inequality wt > (1/6))" 
rection of the constant magnetic field), then it is cannot be achieved in general. In fact, for cyclo- 
possible to make use of the cyclotron resonance to tron resonance (when even a small deflection of 
eliminate a significant amount of the scatter in the the electron by collision with a phonon takes the 
radii; in this resonance (see reference 1), only electron out of the skin layer and out of the ‘‘reso- 
electrons close to the extremal cyclotron frequen- _nance’’ central cross section and is therefore very 
cies, with scatter in pz of the order of Apz, take important ), the number of electron-phonon colli- 
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(® is the Debye temperature). Therefore, since 


T & Teff, we have 
| % =) ( i 


wr (8/7)? S ( 
because in practice €yv/c ~ k@ for all metals. 
Thus, ‘‘spikes’’ of current and field are possible 
for central cross sections if 


kO 
h 


RO c 


Ey U 


ae 


wr ~(r/8o)?, a kT, 1 ~ ler >(vhi/k8) (O/T). 


For 1 ~ 107! cm, this corresponds to T 2 10°K, 

A < 1mm, H ~ 10° oe, which is (in the case of 

A and H) at the limit of today’s experimental cap- 
abilities. 

If conditions (1.3) are fulfilled, an important ef- 
fect is exerted on the resonance by the electric 
field perpendicular to the surface of the metal, and 
also by Fermi-liquid effects which, however, do 
not complicate the picture of Fig. 2. This is con- 
nected with the circumstance that if condition (1.3) 
is satisfied the effective conductivity is 


Sepr~ 3(5/r) Vat ~o 


(6/r takes into account the ‘‘ineffectiveness”’ of 
electrons outside the skin layer, and /wr is the 
number of rotations at resonance averaged over 
the ‘‘essential’’ orbits). 

A subsequent paper will be devoted to consider- 
ation of the case in which the condition (1.3) is sat- 
isfied, which makes it possible to obtain some in- 
formation on the correlation function in a Fermi 
liquid, but which is much more complicated. In the 
present paper, for simplicity of presentation, only 
resonance of the central cross section is consid- 
ered, with 
6 


GFT / %- 


(7/65)? > ot 
Naturally, the main interest attaches to the case 
in which the stronger inequality on the right also 
holds. 

We note in passing the following circumstance, 
which does not apply directly to the theme of this 
paper but which is worthy of mention. For a square 
law of dispersion, a sharp increase (by a factor of 
wt) in the conductivity at resonance can lead at 
sufficiently large wt to the result that the anomal- 
ous skin effect will correspond to the conductivity 
owt ina poor metal or even in an alloyed semi- 
conductor, and the diamagnetic resonance will be 
replaced by cyclotron resonance. For this case it 
is necessary that 


8 ~ c?m/2nne®wr ~ O)/wt <r? ~ v"/w", 
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that is, 


yA < ul/@ . 


For bismuth, for example, at w ~ 10!! sec”! and 
1 ~107! em, this inequality is very well satisfied. 
It is possible that the divergence of experimental 
results with ordinary theory is explained by pre- 
cisely this circumstance (see, for example, the 
work of Lax’), inasmuch as one must treat the ex- 
perimental data according to the theory of cyclo- 
tron resonance (Lax also pointed out the fact that 
the data correspond to the theory of cyclotron res- 
onance ). 


2. DETERMINATION OF THE FIELD INTENSITY 
IN THE METAL 


It is well known that in the one-dimensional case 
the Maxwell equations (with the obvious neglect of 
the displacement current) reduce to the form 


Ey = (Ari@/c ie, to, 2: c=, (2.1) 


where the relation between j and E must be found 
from the kinetic equation for the electron distribu- 
tion function in the metal. 

It can be shown (for example, in a fashion simi- 
lar to what was done in reference 1) that when 
WT <«K (2/69)? the equations separate: the terms 
containing Ey, which does almost no work, are 
small in the expression for jq (and we can for- 
mally set Ey = 0 in jq), while jy = 0 is an equa- 
tion that determines only Ey, which does not pre- 
sent much interest to us. [Ina paper devoted to 
the case wt ~ (r/6y)’, a method will be given for 
separating the equations in the general case. ] 

A general formula for jq will be found in ref- 
erence 1; however, taking it into account that a re- 
laxation time can be introduced for the anomalous 
skin effect,! jg can be determined much more sim- 
ply (see the work of Chambers’). Evidently, 


-2e 


{plot, — 
Je he 


\ vndp,.dp ydpz= a = \ vndedpdt, (2.2) 
where n is the distribution function, t is the time 
for rotation of the electron about the orbit (which 


is determined by the equation dp/dt = p = =i x H, 


v=06¢/dp), and t; is the ‘‘ordinary’”’ time. The 
quantities © and pz determine the position of the 
orbit (pz) on the Fermi surface «(p)=«. The 
quantity t can be interpreted in this sense, that it 
determines the location of the center of the orbit, 
in this case taking the integration over t from 0 

to T = 2n/Q = 2m7m*c/eH (m* is the effective mass, 
Q is the cyclotron frequency ) to mean integration 
over the centers of all orbits passing through the 
given point y. 
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In fact, let t be the time of transit of the elec- 
tron from the top of the trajectory to the given 
point; then the statement that the electron has ar- 
rived at the point after a time t means that the co- 
ordinate of the center of the orbit is y — r(t) 

(see Fig. 3; the determination of the center of the 
orbit is clear from the drawing), with 


i 


3 cp, (t) 
r(t) = \ eval a Tas const. 


FIG. 3 


Such an approach makes immediately obvious 
the consideration of the boundary condition in the 
region close to resonance (| w —qQ | «Kw, q 
=1, 2,...), where the only electrons of impor- 
tance are those which do not collide with the sur- 
face. It is clear that an electron does not collide 
with the surface if the top of the orbit lies inside 
the metal, i.e., if 


Hee KE — Tole 0, fo = as! 2. 


Therefore, in order to take into account only elec- 
trons that do not collide with the surface, it is nec- 
essary to add the factor s[y —r(t) —r,] under 
the integral sign in (2.2), with s(w) =1 for w>0 
and s(w)=0 for w< 0. 

Now let us determine n. Inasmuch as the num- 
ber of electrons remains unchanged, the distribu- 
tion function changes only as the result of change 
in energy of the electrons, so that 


ny, £1) thy IAS) == 1156) — (2.3) 


where A€(y, t;) is the energy acquired by an elec- 
tron incident at the point y at the time t,(€ 
=ev-E). Determining A€ and substituting it in 
(2.3), and then substituting (2.3) in (2.2), we obtain 


if (y) ef ot 


YEO Dil é 0 
=5, a cits un (f)e-fo—tF 5 (y r (t) — fo) ~ dedp.dt 


t 
x (v(VEY—r(t) +r (terete rat’, 


—oo 


(2.4) 


which gives the relation between j and E. 
Now, taking into account the periodicity of the 
velocities and r(t) in t with period T, we trans- 


Wie ayes 
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i and keep only the principal term 
too 

in 1/wr « 1. Noting that dn)/d€ ~ —6(€ — &), 
we obtain the following expression for j near res- 
onance (|w —qQ| «K w). 


t 
form ij into 
— 00 


ja (9) = ae | 11 — exp (— 2niw / OQ — 2x / Q-)* dp, 


“Cc 


Ti 
Ss \ Ue (t)e 2 s(y —r(t) — ro) dt 
) 


ve 
x Nz (t’) Es(y —r(t) + r(t’)) eto! dt’, 
0 


UpEp = UxEx + v2E;, (2.5) 
where [1 — exp(— 27iw/Q —- 2n/Q7)]7! evidently 
gives a large number of rotations for an orbit with 
a given pz, and €= €): the error in an incomplete 
rotation is insignificant —it makes a non-resonant 
contribution to jq. 

Equations (2.1) and (2.5) can be continued as 
even functions in the region y < 0 if we set 
Eg(—y) =Eg(y) and substitute s(y —r(t) —1r9) 
for s(|y—r(t)|—r9), which is equal to it when 
y > 0; it is easy to see [if we take into account the 
central symmetry of the Fermi surface: «(p) 
=€(—p)] thal iu this case )j (yi =4, (9) 

The basic mathematical difference from the cal- 
culations of reference 1 is that in the latter case 
the minimum parameter is the ‘‘anomaly’’ para- 
meter 6,)/r and in the taking of asymptotes one 
assumes wT «K r/69; in the present case the min- 
imum parameter is 1/wtT, and wt> r/69. How- 
ever, in exactly the same fashion as was done 
earlier,‘ it can be shown that account of the bound- 
ary condition (which leads, as we have seen, to 
the substitution of unity for s[y — r(t) — ro] ) 
leads only to multiplication of the quantities of in- 
terest to us by a constant of the order of unity. 

Physically this is quite clear: the important 
role, in any case, could be played even in the ab- 
sence of a boundary only by trajectories on which 
the electron covers in a skin layer a path on the 
order of /ré, i.e., close to the maximum possible 
value (trajectories 1, 2, and 3, but not 4, in Fig. 
4). Account of the boundary eliminates the tra- 
jectories of type 1, 3, i.e., it merely decreases 
somewhat the effective conductivity. This decrease 
is the more insignificant in that the quantities of 
interest to us (for example, the impedance) are 
determined by the cube root of the effective con- 
ductivity. Therefore, for simplicity of presenta- 
tion only, we shall disregard collisions of an elec- 
tron with the surface, and investigate Eqs. (2.1) 
and (2.5) with unity in place of s[y — ECO) pre |e 
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FIG. 4 


Such a system of equations is quickly solved by 
the method of Fourier components, for which it 
suffices to multiply both sides of the equation by 
e’*Y and integrate over y from —~ to +, We 
have 


— k? 6, (k) — 2E, (0) = iKep (2) 8 (b), 


r Sxwe3/] 
Kas (k) — 373 


\[! =exp(—2aiw/O— 2n/ Ox) dp, 
r i 
x \ exp{— t@t + ikr(t)} vu, (2) at \exp {iet’ 


~ ikr (t')} 0g (t’) dt’, 


&o (k) = \ eftv E, (y) dy, 


Bay) = —\é (k) cos ky dk, 


0 


(2.6) 


whence it is easy to find ¢q(k) and E,(y). 

Although this solves the problem in principle, 
we carry out, for convenience of investigation of 
the function Eq (y), a further simplification of 
Eqs. (2.6). To determine the impedance and the 
‘**spikes”’ of current and field (the ‘‘what-not 
shelves’’ in Fig. 2), as is clear from Sec. 1, only 
electrons close to the ‘‘upper”’ and ‘‘lower’’ points 
of the central cross section are important, where 
Pz = 9, vy = 0, so that r(t) has a minimum ora 
maximum. This statement (as well as many others 
which will be encountered later, statements made 
without proof) can be rigorously verified. 

At the points mentioned, 


max 


Us (2, Pz, Px) = Up (Eo 9, Px (2-7) 


) sign Uy, = U5Y, 


and Kggland with it Eq. (2.6)] is automatically 
diagonalized by the choice of the new orthogonal 
axes a and £B, where a is the direction of the 
velocity v at the point €= €, p, = 0, Py = peas 
so that ae =Vo- The fact that in this case Kap 


= Kga = Kgp = 0 apparently means only that Kgg, Kog, 


Kgq do not have a resonant character. Therefore, 
only Eq has “‘spikes’’ while Eg has none. 

We note that we disregard cross terms in the 
determination of both Eg and Eg. [In the deter- 
mination of Eg one must write down the non-res- 
onant Kgg correctly according to the formula 
(2.6). ] This is connected with the fact that, as can 
be proved by direct calculation, 


Kaa ~ (02), Kpp~ Kap ~Kea~ 1, 
Ey (or) % Eat. 
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Naturally, the diagonalized equation 
— 8, — 2F2 (0) = iKea be (2.8) 


is not suitable for the determination of Eq between 
the spikes, where all points of the orbit are impor- 
tant and not only its vertices. However, inasmuch 
as almost everywhere Va,B ~ Vee and the cross 
terms do not change the behavior of the functions, 
Eq. (2.8) is useful for a qualitative analysis of the 
behavior of Eq for all y, as can be established 
directly by simple (though cumbersome ) calcula- 
tions. 

From (2.8) and (2.6), by setting 


k=x/do, d=d|p,=0; y=at (2.9) 


and omitting the index @ everywhere in what fol- 
lows, we get 


cos Cxdx 
x? 4 td? K (x } dy) 


a 2do 


EQ =—E («| 


(2.10) 


3. INVESTIGATION OF THE STRUCTURE OF THE 
FIELD IN A METAL 


For simplicity, let us consider the case of 
“fexact’’ resonance: w =qQp . It is easy to prove 
that for wT > r/59 one can set p, = 0 in (2.6) in 
the inner integrals, so that we get from (2.10) 

a er ( 
SE OIO, JO=\ 


0 


cos Exdx 
x? + i exp (—ino/4) M®A2 (x)’ 


E(t) =— 
A(x) = A(—x). 
iP 
=Vjv>|/2rd, \¥(é) exp [— iwt + ixr(t, 0) / do} dt} . 
0 (3.1) 
Here, 


12 V2 qu? Vor 4 10g? Vor (2) 
a es 0 \s js 


AE? = ——— — 
2,|09 |V | CONTIN 


r=r(t, pz), 


ow 


| / 82 = Qne’8r (pe )(3emh®)*, r~v/o, 


do [2 = roo = pr” | mQ, > = sign(Qy/ Qo. (3.2) 


Here the dot indicates the derivative with respect 
to t and the prime the derivative with respect to 
pz; the index 0 denotes the point €= €, pz = 0, 
pP, = px, [The fact that A(—x) = A(x) can be 
established by making use of the substitution t 
"Tj /2+t= i/o +t, | 

Taking it into account that 


i= i: COS SAGX == \ Eero ean, (3.3) 
0 —oo 


where A*(x) is an analytic function, and applying 
the theorem of residues, we obtain for ¢ not too 
close to an integer (¢€ =a+6é’; a is an integer, 
Go Mo"), 
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ER SO = cost, exp (— G8.) 3. 
felis ze ys X, Al (,) | ’ ( 4) 
n=1 
Bee te eNO ee A avi A eee at eee 
(3.4a) 


We note that for x > 1 
A(x) ~V 2/x cos (x /2—/4), 


Bn fo; May, 


Nee (2n aie 1/s) T, 
(3.5a) 


If ¢’ ~ 1, the series (3.4) converges rapidly: 
only n~ 1 are important. The function JG) OS— 
cillates at distances of the order of unity (y ~ r) 
and falls off extremely slowly at distances of the 
order of Me? Ty ~ r*(wt)!/4%,; for w~ 10! sect, 
I~ 10>° cms on ~ 1022 em~’, this corresponds to a 
depth of the order of 1 mm ]; for ¢ > M3”? it is 
enough to keep only the first term in the series 
(3.4). 

For ¢' «1, the terms n > 1 become important 
in the series (3.4), which makes it possible to make 
direct use of the asymptotic expression (3.5a) for 
A(x) in the integral J(¢). In this case, J(¢) is 
conveniently calculated in the following fashion, 
with accuracy to M~’. Transforming J (¢): 


(oe) ( ae, 4 oo 2% (n-+1) 
tie % COS'(G == G ) xiax sai 
OC er utes GHIA Sa ais dies. 
0 


n=0 


27 


we | s 2mn cos (ax -+- 2nnG’) dx 
St > om + iexp (—ins/ 4) M3 (4 + sin x) 
0 


n= 


—) 


and replacing the sum by an integration, we obtain 


cos (ax + €’My) dx 
y® + i exp (— ino / 4) (1 + sin x) 


0 
= \ y cos (C’My + ma / 2) dy 
ye ey a 


g=1+ exp [—in(2—o) /4], 


Ve—l=g V1—I)/e", 


Vi=+1. (3.5) 

Equations (3.5) are also suitable for the calcu- 
lation of the derivatives of J*~’ (€) which are used 
below in Sec. 6 [in the series for derivatives, ob- 
viously, n > 1 are important for any ¢, but sub- 
stitution of summation for integration, i.e., keeping 
only the zero term in the Poisson formula which 
can be readily justified for ¢’ «<1 and k= 0, and 
the transition to a formula analogous to (3.5), are 
no longer valid when ¢’ ~ 1,] 


4. CONCLUSIONS FROM ANALYSIS OF THE 
BEHAVIOR OF THE FIELD 


Let us formulate without proof the results of 
the investigation of Eqs. (2.10), (3.4), (3.5). These 
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results substantiate the conclusions of Sec. 1 (see 
Fig. 2). 

1. Near y * dy, -2d),...; the absolute value 
of the field has a sharp maximum and is YM times 
greater than the average field between the maxima. 

2, The distance from a maximum at which a 
value of the order of the maximum M ! is achieved 
corresponds to a distance y from dg (r/onyee to 
59. This is easily understood if we note that for 
¢'M >> 1 we obtain J(¢’) ~ [em | 1”. 

3. With increase in the number of the maximum, 
its height falls off (for a > 1) as a‘/3, and the 
‘‘width’’ grows. The sharp maxima gradually dis- 
appear; at large distances the field oscillates over 
distances y ~ r and slowly decays at a depth 
rM3/? ~ (r7/69) (wr )!A. 

4, For yp = 2bd)(b=9, 1, 2,.. .) there are 
separate extrema of the value of the field, the 
signs of which alternate as (-1 yb, 

5. For y & yp, = (2b +1) dj(b= 0, 1, 2,082 3) 
there are two extrema which differ only in sign; 
the field close to these points is antisymmetric; 
E(yp ty’)=— E(yp —y’). The signs of the first 
of the two neighboring extrema alternate as 
(-1 yb+1, the first extremum at y * dy has the 
sign opposite the sign of the field for y=+0. The 
current density changes in a fashion similar to the 
field intensity, with 


Se 
6. For Q)T «K r/éo, the relative growth in the 


field close to y = dy is of the order (Og the 
a-th spike is of order 


CM| +10, ja)~at (aI). 


E (Q) ae (do / re (Qn, 


Thus, the condition Q97 = r/é) is extremely im- 
portant, for unless it is fulfilled the spikes decay 
rapidly. These conclusions can be obtained from 
(2.6) where naturally it is not possible to set pz 

= 0 in the inner integrals, and the term periodic 
for kr > wr has the order /wt/kr.] Here, inas- 
much as the effective t depends strongly on the 
degree of parallelism of the magnetic field to the 
surface of the metal, strict parallelism is essen- 
tial if spikes are to be observed. 


5. MATHEMATICAL REASON FOR THE PRES- 
ENCE OF SPIKES OF THE FIELD. CHARAC- 
TERISTIC FREQUENCIES OF PLASMA OSCIL- 
LATIONS 


At first glance, the fact that the field rapidly 
decays in the interior appears to be an obvious 
consequence of Eq. (2.1). Actually, inasmuch as 


jn (¥)~ ut /1)\ Kaa (y, 9") Es (y") dy’ 
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(eff is the effective conductivity) and 


ae t i 1 | f 
ay Ba~ a \— Kes (y, y')Es(y’)dy’, NSS1, (6.1) 
while K ~ 1 and falls off at distances of the order 


r, then 
EP iNE {r, E~VEW ay’, 


and E must fall off at distances of the order of 
r/VN «xr. 

However, this conclusion is valid only when for 
the given Kap (y, y’) the integral 

\ Kas (Ys y’) Es (y') dy’ 

is of the order of E, i.e., if (5.1) does not have a 
zero eigenvalue. 

In the considered case, for an equation corre- 
sponding to (2.8), we have 


(ort) Ey =(or) *iKecE, = iRY Es. 


For w=qQ), where q is aninteger, T= ~ is an 
infinitely multiply degenerate eigenvalue with 
eigenfunctions An cos (xp;y/dy), where x, is a 
root of (3.4a). We are extremely close to this 
eigenvalue and it is not difficult to see that (3.4) 

is a Superposition of eigenfunctions, and that E(¢), 
averaged over the interval M7! « Ac « 1, is close 
to the eigenfunction. The ‘‘spikes’’ in this case 
are the natural singularities of the solution of the 
equation close to its eigenvalue. 

It is interesting that as tT —~ © the natural fre- 
quencies Wq of the plasma oscillations in a strong 
magnetic field (Q)7 > 1) are shown in this fashion 
to be discrete multiples of Qo: wq = qQo (this 
means several orders of magnitude less than the 
usual natural frequencies wy ~ c/dy)) and the cor- 
responding discrete values of the wave vector 


Rn = tn] Gy = O, Xn nt | 2qp™. 


6. DETERMINATION OF THE SURFACE 
IMPEDANCE 


We shall investigate how the phenomenon of 
‘‘spikes’’ affects the surface impedance. We im- 
mediately note that, inasmuch as the impedance 
has a minimum at cyclotron resonance, a signifi- 
cant resonance will be observed, as noted earlier, 
only for a definite polarization of the electromag- 
netic wave, when E is directed along vp. There- 
fore, as has been shown,‘ it is more convenient to 
measure the derivative of the impedance with re- 
spect to the magnetic field, which is determined 
essentially by Zaq, where 


1 
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Zea = (— 4niw /c*) (Eq (0)/Eq (0)) = Z. 


Making use of (3.1), and carrying out transfor- 
mations similar to those applied in Sec. 3, we find 


10.0) 
4iwd, = 14, 
Z— am OV 9" \ cae 


0 


27 ee) 


Hie " {41 + sin (x + soNyzw?)} dw 7} 
Vere) Sane a, ey 
—co 
where 
x=V1+2,, % = (o@— gQ,)z,, 
s = sign(w — qQ,), so = sign ra, 
Ny= | rym, / rin | Mx'h (@t)) * oa (r / 8)" mils (Wt) He (6. 2) 


The integration in (6.1) is easily carried out; the 
equations obtained which are too complicated to write 
down, make it possible to plot the entire resonance 
curve. Thus, for so=1, N; « 1, we have 
; ray fy 92/15 1/2 p (4 we 
Z(N,) =~ Z(0){1— 28 a Me Wile 


co 


X NIN pie \ z(1 = || ' 
F y Vity J 


Toes fo} -1 = 
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and comparing Z(0) with Z(«), we find that the 
appearance of ‘‘spikes”’ of the field increases the 
impedance (that is, it acts ‘‘against’’ the reso- 
nance) by a factor of I ('%) (V2 Va F (%)]7? 
~ 1.84, compared with the ‘‘ordinary’’ case ex- 
amined in reference 1, without changing all the de- 
pendences. This corresponds to a decrease of 
Z(©) with changing wt) to approximately 1/40. 

We shall make clear how the presence of 
‘‘spikes’’ in the case of films of thickness a = D/dy 
> 1 affects the impedance and its derivatives. Ac- 
cording to the definition of impedance in (3.1), 

dD 


Z = E(0)/\ jy) dy ~ Zoo{1 + J’ (a)/J' (0), 
(6.3) 


where Z, is the impedance of the half-space and 
the integral J(a) is given by Eq. (3.1). Thus for 
the determination of Z““’(a) it is sufficient to 
know g(K+1) (a), (Strictly speaking, one should 
also take into account the presence of the surface 
y = D, writing down the boundary condition corre- 
sponding to it, extending E and its equation in 
even fashion in the region 0 > y > — D and beyond 
periodically through all space with period 2D, and 
solving the equation by expansion ina Fourier 
series. However, for a > 1, in the zeroth approx- 
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imation, use can be made of the solution for E(¢) 
in the case of a half-space. ) 

Without carrying out the detailed derivations 
here, we only note that the jump in J (K+1) is of 
the order Mka-(?K+3), where even a —k gives a 
single jump, and odd a — k gives two jumps very 
close together, equal in magnitude and opposite in 
sign. Physically, this is evident from (6.3) and 
Fig. 2: if a is varied, the current has alternately 
a single jump and two jumps, and these compensate 
for each other. 


7. NEW RESONANCE EFFECTS 


The basic predictable effect is the gradually 
damped and broadened ‘‘spikes’’ of field and cur- 
rent density in the metal at a depth that is a mul- 
tiple of the orbit corresponding to the central 
cross section of the Fermi surface, in a direction 
normal to the surface of the metal, and the slow 
damping of the field in the body of the metal [at 
distances of the order r*( wr )1/4/59]. The pecu- 
liarities of the structure of the field were analyzed 
in Sec. 4; they are shown in Fig. 2. 

Such a structure of the field leads to a number 
of new resonance effects. 

1. It is simplest to observe experimentally the 
change in the magnetic field of the derivatives of 
the impedance Z = R+iX(dR/dH, dX/dH, 

d InX/dH), since the impedance itself has, as has 
been pointed out, a resonant character only for a 
definite polarization of the electromagnetic field. 
However, one could observe with certainty only a 
non-monotonic change of the impedance with the 
appearance of ‘‘spikes’’ (which is connected with 
the fact that the approach of the magnetic field to 
resonance leads to resonance reduction of the im- 
pedance and then to increase of it as a result of 
the appearance of ‘‘spikes’’) which does not al- 
ways take place. It is more convenient to measure 
the quantity 


A = (H — Hyes) dln X/dH 


(Hyresg is the resonance value of H). Away from 
resonance it is constant without ‘‘spikes’’; the 
presence of spikes leads to an additional ‘‘bump’’ 
since for N; > 1 and for N,; « 1 (see Sec. 6) we 
will have A * — '4. Naturally such a criterion for 
the appearance of ‘‘spikes’’ is not conclusive. 

2. It appears to us that the effects on layers of 
thickness D ~ 107° — 107! cm are the simplest of 
all observed and also clearly account for the 
‘“‘what-not shelves”’ in the field structure (Fig. 2). 

Upon increase in the frequency w, one ought to 
observe jumps of the resonance values of the im- 
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pedance and its derivatives (the latter, as was 
pointed out above, are much more convenient) , 
which correspond to the fundamental (w = Qo) 
when D = ady = a2cp#**%/eH (a is an integer), 
and also an abrupt increase in the number of ob- 
served harmonics by one (from a to a+1), so 
that the number of observed harmonics also makes 
it possible to determine a and dy=D/a. The rea- 
son for this is clear from Fig. 5 (we recall that 
the change in the number of ‘‘spikes”’ of the field 
in the depth of the metal changes the impedance ). 


3 (= 
D 59= 7) 


20) 
@ 
FIG. 5 
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A similar effect should also take place for 
fixed w (which greatly simplifies the experiment ) 
upon rotation of a constant magnetic field in the 
plane of the plate. 

For angles g at which the impedance changes 
abruptly and the last harmonic disappears, one can 
also determine the diameter of the Fermi surface 
2pi84X = eHd)/c in the corresponding directions. 
Naturally, in order to construct the Fermi surface 
directly, experiments are necessary on layers of 
different thickness and with different orientations 
of the surface relative to the crystallographic axes. 

It is easy to estimate the magnitude and width 
in g of the jumps in impedance and its derivatives 
due to rotation of the magnetic field. Since the 
jump corresponds to a change of ady by a magni- 
tude of the order of a2), then 


Ag ~ allt’ 8y / ad (¢) ~ 8p / ado, 


that is, of the order of ten of seconds. 

It is evidently most convenient to measure 
dZ/dH as a function of the angle of rotation g and 
to study the variation of the tangent to the curve 


a2 IZ.) 
AO Fee! dH ~a 


Inasmuch as 


d(Z/Z,,—1) 
da i 


ay Oj aeons da 
do 0g dado’ do 


(HO, 


it is easy, knowing J’’’ (see Sec. 6), to verify that 
the jumps of df/dg are of the order M’a~!/3, 
Moreover, inasmuch as M? 2 (r/6))° ~ 103, one 
can hope to observe jumps in plates of thickness 
up to M3/"d) ~ 100do, that is, with D ~ 1mm (be- 
cause of the extremely slow damping of the 
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““spikes,’’ the thickness D is limited only by the 
inequality D < M?/*d)). 

3. The third effect in which the ‘‘spikes’’ enter 
is the selective transmission of films at resonance, 
when the thickness of the film is D = ady ~ H (to 
observe this effect, it is obviously necessary to 
change the frequency w and the magnetic field 
simultaneously or to rotate the magnetic field in 
the plane of the film), and to observe the field, 
which ‘‘penetrates’”’ to a depth r*( wr V6. How- 
ever, observation of these effects is very difficult 
because of the almost ideal reflectivity of the 
metal: reflection from only the two surfaces of 
the film leads to a reduction in the intensity of the 
transmitted wave by a factor ~ (106)/\)?, where 
dX is the wavelength of the incident wave. Fora 
‘‘penetrating’’ field which is not connected with the 
‘*spikes,’’ the additional attenuation is of the order 
of 1/5) ~ voA (2005,) 1. 

4, The next effect is a ‘‘spatial’’ electron 
‘‘echo,’’ similar in a certain sense to the well- 
known spin ‘‘echo.’’ If a pulse of duration At 
<< 27/Q, is incident on a metal placed in a constant 
magnetic field H such that Q)T) > 1, then within 
the time 27/Q), 47/Qo, . . . (Qo is the frequency 
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corresponding to the central cross section), when 
the largest number of accelerating electrons 
reaches the surface of the metal, ‘‘echoes’’ will be 
observed — these are spikes of the field. (Fora 
square dispersion law all of the accelerated elec- 
trons come together and the ‘‘echo’’ will be maxi- 
mum. ) 

do. For Q)T > 1, the fluctuations in the metal 
will have an unusual character. This problem will 
be considered in a separate paper. 

I thank I. M. Lifshitz for valuable discussions. 
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A dispersion equation is obtained which describes the propagation of electromagnetic waves 
in a plasma stream moving through an ionized gas. The low-frequency case (below the ion 
gyrofrequency), when the waves degenerate into magnetohydrodynamic waves, is considered 
in detail. It is shown that the system becomes unstable if the flow velocity exceeds the 
velocity of Alfven waves in the stream-plus-stationary-plasma system. In this case one of 


the normal waves builds up with time. 


W: consider the problem of magnetohydro- 
dynamic waves ina plasma stream moving with a 
velocity Vp through a stationary ionized gas in the 
presence of a uniform external magnetic field Hp. 
The velocity of the stream, Vy, is everywhere 
parallel to the lines of force of this field. The 
plasma in the infinite stream (number density Ns) 
and the plasma in the stationary medium (number 
density Np) are assumed to be fully ionized and 
quasi-neutral. 

The growth of high-frequency electromagnetic 
waves in ion and electron streams moving through 
plasmas have been studied in a number of works.1~4 
We investigate under what conditions the system 
(plasma stream plus stationary plasma) produces 
magnetohydrodynamic waves which increase in 
time and, consequently, when the system becomes 
unstable. 

The linearized equations for the electro- 
dynamic processes in this system are*”® 


dj, . Suis . 
ay t+ (VoV) is + Yer is + On [sxt] 


e* N, 1 1 
= (E+ | [Voxhl + 5 [vexMol) (1) 
Ov, 4 4 
Ot + (Vo V) Vs = p,e Lis x Hol, (2) 
Oi. : : e2 N 4 
5 + Vio + On lint] = = (E+—[voxHol), (8) 
Ov 1 , 
ae sree e Lip xHol, (4) 
Cures (5) 


2 1@E  4n9(j, + j,) 
DS ee ig Se ae ieee (6) 


Here, jg, Vs, and pg = (Me + mj) Ng are the elec- 
tric current density, the velocity, and the mass 
density of the ionized gas in the stream; Jp, Vp 

and Pp are the analogous quantities for the sta- 
tionary plasma; Ve; is the frequency of collisions 
of electrons with ions; wy = eH)/mec is the gyro- 
frequency of the electron (Me is the electron 
mass); E and h are the electric and magnetic 
field strengths; T is a unit vector in the direction 
of the magnetic field Hy; the subscripts s and p 
relate to quantities measured in the streaming and 
stationary plasma, respectively. Equations (2) and 
(4) are the hydrodynamic equations of a plasma 
and the equations for the current [ (1) and (3) ] ex- 
press the generalized Ohm’s law in the moving and 
stationary plasmas. Equation (6) is easy to derive 
from Maxwell’s equations. In contrast to the equa- 
tions given in reference 5 and 6, we have retained 
the total time derivative d/dt in the equations for 
the currents jg and jp, as this is important in the 
case we are interested in. 

Equations (1) to (6) lead readily to a dispersion 
relation for plane electromagnetic waves propa- 
gated along the flow and, consequently, along the 
lines of the magnetic field, Hj. We use a cartesian 
coordinate system with the z axis directed along 
the magnetic field. We introduce the symbols 
Ey = Ex + iky, jps+ = ipx + ipy and similar sym- 
bols for js, vg and Vp: By using these symbols 
and assuming that all the quantities vary as 
exp{i(wt—kz)}, we obtain the following disper- 


sion equation: 3 
W52 (@ — RV) 


wo? — CR? = = 
© — kVy + OF — ivy, — ©, Q7, / (© — RV) 
‘ WF. @ 
o+ © py — iv, — 0, Q,,/ 0” (7) 


GROWTH OF MAGNETOHYDRODYNAMIC WAVES IN A PLASMA STREAM 


where 
Ose = (4ne? N, | a 

Ope = (4r€*N p / me)'/2, Quy = eHy/m,c. 
The plus sign corresponds to the ordinary wave 
and the minus sign to the extraordinary wave. In 
the absence of a flow (Wge = 0), (7) becomes the 
well-known equation for electromagnetic waves 
propagated in a plasma along a magnetic field.’ 
If the entire plasma moves, when Wpe = 0, we ar- 
rive, neglecting ions, at the equation derived by 
Twiss.* 

We consider the usual approximation of mag- 
netohydrodynamics — the case of very low fre- 
quencies (w « Qy, w/k « c) — and neglect colli- 
sions for simplicity.’ Furthermore, we assume 
that kV) «< 2; Eq. (7) then takes on the much 
simpler forms 


Rk? = (® — Va / oe oa w? | Vass (8) 
where we have introduced the Alfven velocity, 
Vr45 = Oy Qe C2 | we = HG / 409s, Viap = HG / Ano .. 


The solution to Eq. (8) can be written in the form 


o  VotV,V (N,/N,) 1 —V2/V%) (9) 


k {+N,/N, 


where vi se Vae + v4 . Thus, if the velocity of 
the stream exceeds the Alfven velocity (V)> Vy), 
waves appear in the stationary-plus-streaming 


plasma system. These waves build up in time, i.e., 


the system becomes unstable. This type of mag- 
netohydrodynamic instability is different from the 
instabilities of plasma streams under electromag- 
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netic perturbations of relatively high frequencies 
w =QH.' 4 We observe that a similar criterion 
for instability occurs in magnetohydrodynamics 
when the instability of a tangential discontinuity is 
considered.° 

I express my thanks to Prof. A. V. Gaponov, 
G. G. Getmantsev, B. N. Gershman, and V. V. 
Zheleznyakov for discussing the results of this 
work. 
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The polarization of protons elastically scattered from o'® has been calculated for protons in the 
energy range 3—4.5 Mev and for three scattering angles: 60°, 90° and 120°. It is shown that the 
polarization is very sensitive to the choice of level parameters for the F"" nucleus. 


Ar the present time, only conflicting data are 
available in the literature on the energy levels of 
the F'” nucleus for excitation energies in the range 
4—5.5 Mev.! According to the analysis of Lauben- 
stein,’ the experimental data given in reference’ 
imply the following levels in this energy range: 
3/2* at 4.35 Mev and 3/2* at 4.73 Mev. On the 
other hand, Sempert et al.* give different levels: 
3/27 at 4.5 Mev, 3/2* at 4.6 Mev and ¥4* at 5.1 Mev. 
Measurements of the polarization in elastic 
scattering should resolve these difficulties. We 
have calculated the polarization P of protons elas- 
tically scattered from o! for protons having energy 
in the range 3 — 4.5 Mev and for scattering angles 
60°, 90° and 120° in the center-of-mass frame. The 
calculations were carried out within the framework 
of the resonance theory developed by Wigner and 
Eisenbud.® The results are shown on the figure. 
The solid curves are based on the energy levels 
given in reference,’ while the dotted curves were 
calculated from the phases given in reference 4. It 
is evident that the polarization is quite sensitive to 
the choice of level parameters for the nucleus F!". 
The following points should be noted. In refer- 
ence 2, the assumption was made that the S phase 
shift was large throughout a wide energy range. 
According to the Laubensteins, this might be con- 
nected with the existence of a wide, low lying 44* 
level at 0.6 Mev. However, according to the data 
given by Sempert et al., the S-wave phase shift is 
no greater than would be expected from potential 
scattering. Our calculations indicate that this dif- 
ference has very little effect on the magnitude of the 
polarization. The differences among the polarization 
curves are almost entirely due to the differences in 


10 +2 
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assumed energies, spins and parities for the high- 
lying levels of rit 
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The production of 7 mesons in peripheral collisions between y rays and nucleons is investi- 
gated. The photoproduction amplitudes are calculated using one-meson and two-meson ap- 
proximations. The dispersion relations as well as the unitarity condition for the photoproduc- 
tion amplitude and its analytical properties were used for this purpose. The deduced rela- 
tions together with the corresponding experimental data make it possible to calculate the 
(yrm7) vertex function near the point t = 4u’, and the pion-nucleon coupling constant. 


1. INTRODUCTION 


‘ee theory of processes involving strongly inter- 
acting particles has recently met with considerable 
success by making use of the analytical properties 
and the unitarity of the scattering amplitudes. It 
was shown!’? that, for a number of processes, it is 
sufficient to know the properties of the scattering 
amplitudes in the region close to their nearest 
singularities in the transferred momentum. Okun’ 
and Pomeranchuk? showed that the nearest singu- 
larities correspond to the largest impact param- 
eters, and this fact served as a basis for a method 
of calculation of the amplitudes corresponding to 
large values of orbital angular momentum. 

In the present article, this method is used for 
the study of peripheral collisions of photons with 
nucleons accompanied by meson production. The 
basis of the method is the dispersion relation for 
transferred momentum.’ For the process in ques- 
tion, the relation is 


A(s, t) = Ao(s) + pr 4 
{ co 
is 
(m-+-p.)* 


a2 
ub — m* 


Ag (s, u’) 
u’ —u 


Ir 


du’. (1) 
where A(s, t) is one of the invariant photoproduc- 
tion amplitudes (in a general case, photoproduction 
is described by four amplitudes’), a; and a, are 
constants, and 


—s=(p+ ky)? = (po + ko)’, —t=(P2— Pr)? = (ei — Fe), 
De ee Rae Ble es ae 

where p; and py» are the initial and final four- 

momenta of the nucleon, k; is the momentum of 


the photon, and k, the momentum of the 7 meson. 
The coefficients of the amplitude expansion in 


terms of Legendre polynomials 
1 
Ge \ Als, t) P, (x) dx 
Al 
(where k = cos @, and @ is the angle between p, 
and p, in the c.m.s.) can be expressed in terms 
of Legendre polynomials of the second kind 


Qz (%o) =+ \ 


Using the relation t = p? + 2wk(x—1/v), where p 
is the -meson mass, w and k are the momenta 
in the c.m.s. of the photon and meson respectively, 
and v = k/Vk’ + p2 is the meson velocity, we 
obtain 


aq, = 


= Qu(5) 4 2 Atos) Quo) a 


(2) 


ras tal tome AS 


4 3 
gy ty Pie 
If, for a given 1, we have Q] (K) « Q](1/v), then 
the main contribution is due to the first (polar) 
term in the scattering amplitude. The second 
term is important when a; = 0. The following two 
terms in Eq. (1) will not be considered since they 
correspond to still larger arguments of the func- 
tion Qj]. 


2. ONE-MESON APPROXIMATION 


The polar term of the photoproduction ampli- 
tude can be obtained directly from the Feynman 
diagram in Fig. 1, corresponding to the exchange 
of one virtual meson. The vertices of this diagram 
are determined by the physical charge® of the 
meson, e, and the nucleon-nucleon interaction 
constant, g. We shall normalize the amplitude F, 
so that do = | F,|?do in the c.m.s. We then have 
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FIG. 1 
where I’ = 2j — 1; X= +1 correspond to right- and 
maf k a left-handed polarizations of the photon; v = + Jee 


ey = iV 2eg hoW ai Us 2751, (3) 


where x is the unit vector of the photon polariza- 
tion, w is the photon momentum, k is the meson 
momentum, W = E; + w = Ey + kag is the total 
energy (all inc.m.s.), m is the nucleon mass, e 
= 1/137, and g? = 0.08 (2m/p)’; uj are four- 
component spinors normalized so that ujuj = 1. 
Expressing these spinors in terms of two-compo- 
nent unit spinors vj, we obtain F, = ve Riv. where 


V k Vim -+ Ey) (m + Eo) 
w 


kwW 


(ko x) 
1{/v—» 


Ss 
Ry Vi 


we i oko = ok, ) 
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It should be noted that Eq. (3) does not exhibit the 
transversality property. However, the longitudinal 
part of Eq. (4) does not contain a pole. 

In order to find the amplitude corresponding to 
a state of the nucleon-meson system with a given 
angular momentum j and parity (—1) IP aitiic 
necessary to expand R,v,; in terms of spherical 
spinors" 


(4) 


Ryv, = as Sam Qiim (ky /R). 
jlM 


(5) 


Using Eq. (4) and the explicit expressions for 
Qj7M we obtain 


and erie are the vector addition coefficients. 
The indices A and v can assume only one value 
for a given M: for M mae Py ae a v=2; for M 
=o, A ae 1, v=+#¥,. The values of the coeffi- 
cients ay7M are given in Table I. 

The polar term of the type discussed is con- 
tained only in the photoproduction amplitude of one 
type. Firstly, it is absent in the neutral 7-meson 
production amplitude. Secondly, it corresponds to 
only one of the four possible types of the amplitude 
variation with the polarization of the nucleons and 
of the photon. [It can be seen from Eq. (8) that, 
e.g., F,; vanishes if the meson moves in the direc- 
tion of motion of the photon.] In order to find the 
other amplitudes, and also to estimate the accu- 
racy of the one-meson approximation, it is neces- 
sary to analyze the integral term in Eq. (1). An 
analogous study in the case of nucleon-nucleon 
scattering was carried out by Galanin, Grashin, 
Ioffe, and Pomeranchuk.® 


3. TWO-MESON APPROXIMATION 


In order to study the integral term in Eq. (1), 
it is necessary to make use of the fact that, for 
t> 4m’, s< 0, and u< 0, the quantity A(s, t) 
represents the iia for the production of a 


TABLE I. Values of the coefficients aii 
in units of 10~“eg/p 
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nucleon-antinucleon pair in a photon-meson colli- 
Bion y +r NN.) In that range, A, (s,t) 

= Im A(s, t), and, in order to find this, one can 
use the unitarity relation 


2Im<NN | oe — >} <n | NNY<n eS 5 


n 


where <b|a> denote the elements of the scattering 
matrix T = —i(S—1), which differ from the cor- 
responding amplitudes by normalization factors. 
The function A;(s, t) calculated from this relation 
is analytic, and can therefore be continued in the 
region t< 4m. In the region 4u? < t < 9u?, the 
only state n is the two-meson state, and the uni- 
tarity condition is represented by the diagram in 
Fig. 2. In this diagram, the vertices represent the 
analytical continuation of the amplitudes of anni- 
hilation NN — rz or of scattering 7N — mN, and 
of the amplitude of photoproduction of mesons on 
mesons yr— m7. Let us introduce the notation 


«NN | yr> = (2n)* 8 (py + Ry — po — Re) MB /2V Ej Ey whoo, 
(an | NN) = (2n)*3 (p + fr — Pa — fa) MB™ / 2V E,E.Ei€> 
(nn | yy" = (2n)4 oe (Ri + fe — Re — fr) De /4 V E1G2h20. 


FIG. 2 


where p; and p, are the nucleon four-momenta, 
E, and E, the nucleon energies, k, is the photon 
four-momentum, k, is the meson four-momentum, 
w and ky) are the photon and meson energies re- 
spectively, f; and f, are the four-momenta of the 
intermediate mesons, and 6; and Gy their ener- 
gies. The unitarity condition can now be written in 
the form 

Bey VP aa do, 


1~ 327? t 
(7) 
where do is the solid angle element in the c.m.s. 


corresponding to the annihilation channel pj; = Pp, 
f; = f., ky =k. Introducing the invariants 


B= Im Bator 6 > 4m", s.< 9; i =< O), 


1 My 


: 
bg) 
~ t—p? V t—4m? ’ : Vet — 4m?) (t — 4p?) : 


fp V2 V t 
4 — WEE pe? t — 4p? 


Z 
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(which correspond in the c.m.s. to the cosine of 
the angles between the vectors p,, ki; py, £4; £1, k;) 
where, moreover, 


i, ty Se ve =[K 


f=h+h) 


we can write Eq. (7) in the following form: 


(P = i f Po, K = 1h —+ Ro, 


1 ES Eye nlx) ple) 
oa i \\3 B 


ee eee) ede, 


x(1 —z 


(8) 


where the integration is carried out over the area 
of the ellipse determined by the zero of the expres- 
sion under the radical sign. 

The structure of the amplitude BY) is uniquely 
determined by the condition that it should be a 
pseudoscalar quantity containing linearly the 
photon polarization vector y and depending on the 
vectors K, f, and q = kj —kp. The only such quan- 
tity is 


BO = egpry %ageKahnA (vo, 2), (9) 


where A‘Y) is an invariant. 


The amplitude B(™) has the following general 
form: 


BO) = uy {iAM(v,, t)+ FA (v,, 1} uy. (10) 


In Eq. (9) and (10) we have omitted the dependence 
on isotopic variables. This dependence is deter- 
mined by the fact that two intermediate mesons 
should be found in the state with isospin T = 1. 
In fact, for T = 2, the meson could not have been 
emitted by nucleons; for T = 0, they are in an 
even-charge state and therefore could not have 
been emitted by a photon with its consecutive 
transformation into a meson (which also has an 
even charge). For T = 1, all three mesons are 
in an odd-charge state, and the change in the iso- 
topic state of the nucleon is determined by the 
charge of the emitted meson. 

We thus have 


al t — 42 
Biv, =a Ve i 


x uliA (y,, t) + FAP (rn, A] urdo. 


CaprurXaqsKar \ Aes t) fa 
(11) 


The quantity B, is used for calculating an integral 
of the type of Eq. (2), in which the region near the 
lower limit t = 4u2 makes the important contri- 
bution. Since, in Eq. (11), the interval of integra- 
tion over v;(—1 <2i =1) is of the order of 

t— 4y", we can use, instead of the functions 
which do not have singularities near this region, 
the first terms of their expansion at the point 
vj = 0. From these considerations, we shall make 
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the substitution 


AYO 5, {yz A’ (0, Bs Anan iA” O t) vy 


(A‘) (0, t) = 0 because the function A‘ is odd 
with respect to ¥;.) Such an approximation is, 
however, not applicable for the function TANG Deena 
since that function has no pole for v, = +(t— 2u’). 
Separating the polar term explicitly, let us write 
A®) in the form 


AG) =A? OW, Da A” (0, 2), 
AM (Yas 8) = Ang? - = st = ae = yi (12) 
Thus 
By = ge VE eosnn Ze 0K. A™ 
x (0, tity ian” (0, i)\ f..v,do 
+ A® (0, t)\ fubdo rs VFA? Or, t) do| ty. (13) 


In view of the fact that the integrand in Eq. (13) 
does not depend on Vv», we have 


do... 


and the integration can be carried out easily. 

The amplitude A‘’) in Eq. (13) represents the 
physical amplitude for the photoproduction of 
mesons on mesons. Unfortunately, it is not possi- 
ble to say anything definite about its value. An 
analysis of the meson photoproduction on nucleons 
and a comparison with the results of the present 
calculation may enable us to find its value. It 
should be noted that, in effect, our results will 
depend on the value of A‘Y) at the one point t 
= Anes P =O. 

The quantities A“’ and A“) represent the 
amplitudes for the scattering of mesons on nu- 
cleons in a non-physical region as a function of 
both variables t and v,;. They were calculated in 
reference 8 by using the dispersion relations and 
experimental data. It should be noted that the pro- 
cedure of analytical continuation of A“ and A°®) 
from the physical region t < 0 used in reference 8 
can be carried out only up to the region close to 
t = 4y?. Our results will therefore be correct only 
to that extent in which the region close to the lower 
limit will be the only important one in integrals (2). 
The results obtained in reference 8 are as follows: 


A™ (0.4 2) = —0,0292°/mu?, 
A) (0.442) = 0.025g?/2u2. 


These coefficients are small, and, since the inte- 
grals next to them in Eq. (13) are proportional to 


i 
= 25 \ denen * 


zl 
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(t —4y7 #2 the contribution of these terms to By, 
will be small. We may, consequently, limit our- 
selves to the polar term in meson scattering AP), 
Thus 


1 2 t — 4p? 
aa=pey i 


il 
. ‘ 1 4 
i \ dzifyt Ss an IT) sd 


Sl 


CaprnrxagahaA™ (0, t) 


(14) 


Carrying out the integration in Eq. (14), we obtain 
the following expression for B, 


AM (0.42) 


= 2 A Caprpa Kyle 
B, TS Qipm [(1 + x) (1 — 2? — &x)] TB pApXaIB 
X (Cr¥n + GP ue) uy, (15) 
where 
ee { + 2x) [(1 — 2 — e2x) x] 
eet \ = 2 a — 2? — e2x) 
sal ela een e2x)]'2 
+ * tan e (1 4 2x) 
22 (2a)? -4 2[x (1—e? — ex)]'* | 
r 4 Gta) an 2(4) 22%) fe 
ie? {Be (1 + 2x) [x (1 — 2? — e2x)]* 
Oo {=e —=2x | 


Se == 2x) 


aed bot ee" aaa 
3 (t= 2%) 


- 4 2[x(1—e? — e2x)]# | 
tan ~— TLE EET) : 


Let us denote by F, the amplitude of the 
process in the two-meson approximation, which is 
determined in the c.m.s. from the relation do 
=|F,|’do. The discontinuity in the amplitude AF, 
near the point t = 4”, arising when t traverses a 
discontinuity along the real axis from the point t 
= 4y” to infinity, can, using Eq. (15), be written in 
the following form (6 is the isotopic index): 


Sh aa eee mA (0,412) 
AF, = 4n W 


VE ereita|™ (ha tka Jo 


— [wy [kx X] + oki [XX ke] + Rooy [x x Ki] a} 41, (16) 


where 


é es = 25) me aes = ae 

es ed ipa ae sha tan weve 
€ 4 € ’ 

ee 3e Wee =12 Vix, wenoe? -{2V x 
Na sme Ane + x tan Save tan = 


Expressing u, and u, through two-component 
spinors v; and vp, we obtain 


k V (m + Ey) (m + Eo) 
V w T's 2m 


(kjk) 
(m +- Ey) (m + Ed) 


Si g? mA (0.42) ¢ 
ARs 4 W 


: a W 
eels \- a (ky [kyxX]) Je [1 
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9 a ki] 
+ Ey) (m + Ee) | 
| kox 
aie di ibax-+ i Ree re 3 (ok, — Rook) (J = er 
ae ds \ kok 
' m+E, " (m+ 6) eneays alte [kyx x] 


ae fe ky [koxy] 
(m + EF) (m+ Ex») 


b — (okyk, a Row") ii (m a 


o[k.xk,] | One 


Ex) + (Reokok, — wk?) / (m+ E,). 
(17) 


Let us write F, in the form F, = V9 Rovy. Thesam= 
plitude corresponding to the state with angular 
momentum j and parity (—1)/ + lis given by the 
expression 


afte =| Qirm (2) Rovido, (18) 
where the integration is carried out over the 
angles determining the direction k,. Assuming 
that 1 >> land lé > 1 (& =p/w< 1), we bring 
the integral over dx to the form 

1 co 

D2 
| Pr(x) Rede = SEF Qu (m2) exp (—Lix) ARedx. (19) 


== 0 


where ky corresponds to the point t = 4u?, and 
L=(l+1)F =4€(i4+ ee 
+ 6 /(1 + V1 + &/e)]— 


A small region of integration near the lower 
limit is important in Eq. (19). It is therefore nec- 
essary to know the amplitude in the vicinity of the 
point t = 4u”. The size of the effective integration 
interval is kK ~ 1/Lj or t—4p2 ~ 4y2/LI « 4p’. 
Let us substitute Eq. (19) into Eq. (18) and inte- 
grate over dg using Eq. (17). In the expression 
thus obtained, there remain integrals of the type 

\ exp (— L;x) Jidx. 

0 
Substituting the explicit expression for J,, Jy, we 
obtain 


co 


\ exp (— L)x) J,dx = 


\ exp (— Lx) Jedx = 
0 


3re 4 6 7 tele 
—(€, |. 
8L, 


SVs w 
The final result is expanded in terms of the 
parameter ¢] = €V L1/2, which means that we con- 


sider 1« 4/e” © 180. 
Thus, the final expression for ail M is 


(20) 
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ay an ae OP sp, 1,4, = AB (1/0) ®, (1/2), 
ay, 1, —4, = = as), 1, = AB (1/2) 3 (1/2), 
Ay?) he, (ae), ee ae Ly AB (1/2) ®; (1/v), 
OP, —y, = 2a, 1), = — AB (1/0) @, (1/0). (21) 


Where the bide notation is used: 
Aa wee AM (0,402) 


PV A ETA ATO AM), 
B = (c/4FW) [nk (m + Ey) (m + E,) / of’, 


=ViIdtNEF2 Gua 


Sty) ag) 


il W 1 
x eae me Ni4i) m Ayhas ae 3 (Si S142) 
—hy(1 + ha) 3-5 (M1 — Nipadh (22) 
3W 1 
©, =V C-DNIGF TD) {gy St — Sin) — (1 +) 
oo 
x gq (Me i— ee) a) 
Si ae (23) 


s=VIFT 5 (Sta — Sin) — (In) gp 


AN EN a) 2 (hy =F — at | Nuvi 
fala —appg (St Se) 
f fty (1 — ha) 5 (Ni — Nea) — p (hao + ha) Ni} 
(24) 
et ies re Ce et ee 
(Nia — Niqs) = 2 (A + te Nie 
we hyhy - j (S12 — S;) 
+ hy (1 — fy) $7 (Ninn — Ni) + (Faolty + he) Nit, 
$= 527 Chal Go tae 
Ni rt 08) (a ee 
hy =o/(m+ E,), he =k(m-+ E,). (25) 


(+ ) C) (0) : 
The values of Tg , Tg , and Tg are shown in 
Table II, which is taken from reference 5. The 
values of B(1/v) n(1/v) (n= 1, 2, 3, 4) are pre- 
sented in Table IL. 


CONC LUSION 


A rough estimate of the two-meson amplitude 
can be made if we assume the cross section for 
the photoproduction of mesons on mesons to be 


300 Vey Be BERESTET SION and) 2) De eZ Harn 
TABLE I. 
EAN Nisei ee OE Soe ee ee ee eee 
w, Mev] 152.5 178.7 244.5 w,Mev]} 152.2 178.7 244.6 
1/v 2 4,5 41,2 4/v 2 i St) 172 
1=3 |53.7 |298 | 2850 , [=3 |45.5 | 254 2380 
B®, -40-* | /=4 | 3.74 | 32.9 | 525 BO; -10-© | 247) 3.34) | 2908 463 
1=5 | 0.289) 4,08] 109 1=5 | 0.265) 3.75 99.0 
1==3 | —4105 | —533 |—4470 1=3 |46.2 | 267 | 2210 
8 @, 40-7 TF faa4 4242 '1518.8 | 362!) Bbe-10-% | 140) 3.387) 28:2 398 
1=5 | 0.447| 7.19] 206] i=5 | 0.258} 3.45 81.8 
TABLE Iil. Pomeranchuk, I. M. Shmushkevich, and A. F. 
Grashin for helpful comments. 
a ieee er rae 1G. F. Chew, Phys. Rev. 112, 1380 (1958); G. F. 
bs Chew, The Pion-Nucleon Interaction and Disper- 
a ; 3 Vz _yt sion Relations, preprint, 1959. 
(0) { ai V2 V2 2G. F. Chew and F. E. Low, Phys. Rev. 113, 
1640 (1959). 
~ e?/p?. In that case, ACY) (0.4p?) ~ 47e/y%, and the 31. B. Okun’ and I. Ya. Pomeranchuk, JETP 36, 


two-meson amplitude already makes a negligible 
contribution for 1 2 3 as compared with the one- 
meson amplitude. 

Eq. (21) contains three constants A“, A, 
and A). In fact, the photoproduction process is 
characterized by a single constant in each partic- 
ular case. For the SNC U ae cee of 7° mesons 
on protons, ae mp, this constant is AM + A), 
for the yn— 7°n process it is A® — A), and for 
the processes yp— 7 n and yn—~ T p the constant 
is V2 (A + A) and V2 (A —-A™) respec- 
tively. A™, AM, and A can be determined from 
the study of several different processes. 

In conclusion, the authors wish to thank I. Ya. 
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The velocity dependence of the inelastic collision cross sections for atoms and ions is exam- 
ined in the case of pseudo-intersection of the levels of the system of colliding particles. The 
time dependence of the electron wave functions is taken into account in terms of the radius 


vectors of the nuclei. 


The perturbation matrix element in the Landau-Zener formula includes 


the usual stationary separation of the levels and also a term that takes into account the indi- 
cated dependence of the electron wave functions on the time. Under certain conditions the 
cross section vs. velocity curves may have two peaks. 


W: assume that the nuclei of the colliding atoms 
move in a straight line and uniformly in the sense 
of classical mechanics. Then the probability of 
excitation of the atoms is determined by the im- 
pact parameter of the collision, p, and by the 
velocity of the relative motion of the nuclei, R =v. 
If v « e?/h, it is natural to represent the wave 
function W of the atomic electrons in the form of 
an expansion in the molecular wave functions Xy 
with the nuclei stationary. The coordinates of the 
nuclei, Rg and Rp, are contained as parameters 
in the Hamiltonian and in x,. If R=|Rg—Rbp| 
— oo, the functions x, are transformed into prod- 
ucts of the atomic wave functions corresponding 


to the given atomic state with index n (the products 


differ in the transposition of the electrons between 
the atoms). The eigenvalues E, of the electron 
energy are also functions of R. The curves Ey(R) 
and E,’(R) can, in principle, intersect. Most fre- 
quently, however, we seemingly encounter an inter- 
section of these curves at the point R= Ry) where 
En — En’ so to speak vanishes and reverses sign on 
going through R= Rp». In fact, the curves En(R) 
and En’(R) pass very close to each other and then 
diverge again in such a way that E,—Ey’ does 
not reverse its sign as R goes through Ry. Such 

a behavior of En(R) is called a pseudo-intersec- 
tion of the levels. 

If there is no intersection or pseudo-intersec- 
tion of E,(R) and Ey’(R), then the probability of 
the (n, n’) transition is exponentially small at 
small v. It is proportional to exp (—Vo /v); the 
greater |E,—En’|, the greater vo. Therefore, 
in the case of slow collisions, the (n, n’) transi- 
tions are of practical importance only near the 
intersection or pseudo-intersection points of the 


levels Ey and Ey’. The theory of such transi- 
tions, given in the papers of Landau! and Zener, 
seems to us insufficiently complete.* We shall 
show that the intersection of such transitions, ex- 
pressed as a function of the velocity v, has in 
general two maxima. 

In the case of slow inelastic collisions of atoms 
or ions, we can consider in the pseudo-intersection 
of the levels only the transition between the two 
terms near the “intersection” point (R= Rj). 

The complete function of the system, W(Ra, 

Rp, -:.-1j-.-), satisfies the equation 


2 


ind jot = HY. (1) 


Let us expand this function in a series 


a Cava ’ (2 ) 
f= 


F=Ci? Cy} 
where y} and ys are orthonormal to each other 
and to functions yy when n= 3. They are ex- 
pressed linearly (see below) in terms of x; and 
x2, which satisfy, for fixed nuclear coordinates 
Ra and Rp (n=1, 2...), the following equation: 


lol (er | Rae iecec,t Wl RCRA Wy ae Word Gre rice we Bucci) 
SE UR iin has Repaer ate 7 eee) (3) 
where R=|R,-—Rp,| and rj; are the radius 


vectors of the electrons. 
For the coefficients Cy we obtain 


D [Hn ih (sal Ge (4) 


nym 


iC m a EGe, == 


where (9/dt) oan = (0/8t)mn, Bye iene 
Hn 0 uf mon and n'>2, It em = Zand 

*This theory is briefly developed in the book by Landau 
and Lifshitz.° 
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n= 2) then H,,= Ey, Hy» = Ey, and Hy = Hj — V- 
Integration is carried out in the matrix elements 
only over the electron coordinates. 

If we put 


U2, y=VIi—@uytae (5) 


and introduce a monotonic function q(R) such 
that q?(R,) = We q? 1 when R> R, and 
q’?— 0 when R< Rp, then this function will 
satisfy the relations 


qV1—@=Vi(E,— E,), (6) 
te= (E1+ Es)/2 + (2q?— 1)(E1— E,)/2. (7) 


If q tends to unity or to zero, then ae tends 
to Ey. or to E»;, while xf, tends to x42 OF Xo4- 

In the case of a pseudo-intersection of levels, 
the difference E,—E, (E; > E,) reaches a mini- 
mum at a certain distance R= Ry between the 
nuclei of the colliding particles. Then, putting 
2V = (E;, —E,)min © const, we obtain the inter- 
section of the levels E} and E$. It is obvious that 
if (E;—E,)min is small, the perturbation of V 
will also be small. 

Furthermore, neglecting in (4) the transitions 
of the system to the states with n > 2, we arrive 
at a system of equations 


11 = 9— 


inCy= EC, (V+ L Kis) Co, 


Cra VEL RVC es (8) 


This system differs from the analogous Zener 
equations? in the presence of the quantity Ki 
This term Bes the form 


Ki in\ os = ~det = — ih \ 12(R Vat RoVs) xode 
= — ih (RaV a+ R,V»)i9- (9) 


It takes into account the dependence of the electron 
wave functions y° on the time through the radius 
vectors of the nuclei, which act as parameters. 
The process is thus adiabatic and the matrix 
element K?, can be considered constant in the 


vicinity of the point of “intersection.” Actually, 
Rdg 9 Pia 

Ki.— yi Vi—@ dR 7 (=a 2)? ’ (9a) 
Since 

Ga). (tea= ya - EA? 

OR /12 OR/1n Yi—q@aR ~ (Ei= Es)?’ 

d 
Fle = gp (Et — £3) 


The difference K,,—K}, is a function that as- 
sumes a large value at the point of pseudo-inter- 
section and diminishes rapidly with increasing 


P, MORDVINOV. and)O. Bow Fins Ow, 


we jg? f 10 10? 
udp Up 
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distance from this point. The difference E;—E) 
changes rapidly near R= Rp. This is due to the 
singularity of the quantities x, and x2, since the 
Hamiltonian H itself does not have any singular- 
ity as a function of R. It is therefore natural to 
assume that (9/9R)}, is a smooth function, since 
E} and E} are smooth functions, whereas Ce 
includes a rapidly varying term VF$,/(E,—E,)? 
[if we neglect (8/09R)4, then in general there will 
be no such transitions ]. 

We put 

Vi=V+ Ko. (10) 

The solution of the system (8) can be found in 
the papers by Landau and Zener.'>* For the prob- 
ability of transition of the system from state 2 
into state 1 we obtain the Landau-Zener formula 


S(1 2%), (11) 
2/ Rup | Fos |. (12) 


wm = 2e- 


= 2r 


Here vR= R is the radial component of the rela- 
tive velocity of the particle, while F{, =d (ES _ ES)/ 
dR. Formula (11) was derived under more general 
assumptions, with allowance for the dependence of 
the electron wave functions ee on the time through 
the parameters R, and Rp. 
We note that the matrix element Ky, has, gen- 

erally speaking, Galilean invariance. Actually, 


RaVa aia R5Vo= = (Re=— R;)(Va— Vo) 


) 


+ + (Ra+ Rs)(Va-+ Vs), 


Re Ro= R, Ve= Wp Wigs 

The first term of the expression in the right half 
has Galilean invariance, while the second does not. 
It is easy to show that 


(Va + Vo), = (Va-+ Ve)ie= 2D, (E;— E,), (18) 


where m is the electron mass and D is the dipole 
moment of the electrons. Therefore, in the case 
when E;—E, ~ 0, the matrix element Kj. is ap- 
proximately Galilean-invariant. 

It is seen from (10) that the matrix element Vv’ 
consists of a real and imaginary part. With allow- 
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ance for (9) and for the fact that V = 4 (E,-E,) 
=A /?, the square of the modulus of this matrix 
element is 


Vi P= [(AB)/4 + (fi (RVR)%,)* R=, = (AE)2/4 +R vzR?, 


k = (Va)?,, (14) 
where R is the radius vector joining the nuclei 
and v; is the component of the velocity v in the 
direction of the vector k. 

We thus obtain for S instead of (12) the ex- 
pression 
S'= a/0p+ bv?/ur, (15) 


(16) 


Us UR~v =|R|, 


a=n(AE)?/2K|F%,|, 6 = 2nhk?/| F%,|. 


From an analysis of the dependence of the prob- 
ability of transition w on the velocity v we see 
that the curve of this dependence has two maxima 
at values vy Vab /vp = avy /vR < % In 2; at values 
av /VR = In 2, both maxima merge into one. 

The total effective cross section of the process 
is 


(17) 


where p is the collision parameter. 

We note that there are two possible types of 
transitions (A is the projection of the orbital mo- 
mentum of the electrons on the axis joining the 
nuclei):<1) AA =.0 (then ve =vR); 2) AA =21 
(then vy =V,). For both cases we obtain one ex- 
pression for the effective cross section oa: 


1 


o = 2nRi \ Qe—Aln—Bn( | — e—A/n—Bn) ndn, (18) 
0 
and if AA = 0, then 

A = o04/0, BO) Sa: (16a) 

while if AA = +1, then 
A= a(Uo/0-+0/Uo), B= — av/v9. (16b) 

Here 
Up= Vajb = AE/2hk, a = rAER/|F ie |. 


The parameters A and B, generally speaking, 
vary within the limits 0<A<+* and -~<B 
<+0, In addition, A+ B>0O when AA =#1. 

We have calculated the cross section of the 
process by means of formula (18) for those values 
of the parameter a, at which the curves w =Ww (v) 
have two maxima, i.e., @ < y, In 2. In these cases 
the cross section a(v) also has two maxima with 


min 
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respect to the velocities; the two maxima are equal 
when AA =0 while the second maximum (at the 
higher velocity) is smaller than the first when 

AA =+1. The smaller a, the more separated are 
these maxima. It is obvious that when a « 0.3 
the first maximum in (15) is due to the first term 
at low velocities. This first term, as we have 
seen, is due to the minimal stationary splitting of 
the levels (spin-orbit and polarization effects ). 
The second maximum is due to the second term 

in the expression for V’ at high velocities. This 
term takes into account the dependence of the 
wave functions of the electrons on the time through 
the parameters (radius-vectors of the nuclei) 
i.e., it includes the interaction between the orbit 
and the motion of the nuclei. 

When a < 0.01 the two maxima are so sepa- 
rated, that in calculating the cross sections with 
these values of a, it is possible to consider in 
practice, for each of the maxima, either the first 
or the second terms in the expression (14) re- 
spectively. 

References 4—6 consider several charge- 
exchange processes. In calculating the cross 
sections of these inelastic processes as functions 
of the velocity, these references took into account 
this dependence only in the first term of (14). Con- 
sequently the curves given there have only one 
maximum. 

However, if @ reaches a value 0.1, o(v) 
varies significantly even in the region of the first 
maximum. In half of the cases calculated by Bates, 
Moiseiwitsh, and Boyd,‘ a is found to be of order 
0.1. For illustration, we give the plots of o(v) 
for a@=01 and AA ==] “and 0 (Figs 1) and-tor 
a= 0°25 and AN 0) (Fig. 2). In the last case 
we see that o(v) is approximately constant in 
the interval 0.6 v9 < v < 6 Vo. 


1T,, Landau, Physik Z. Sowjetunion 2, 41 (1932). 

2C. Zener, Proc. Roy. Soc. A137, 696 (1932). 

31,. D. Landau and E. M. Lifshitz, Kpanrospaa 
MexaHuka (Quantum Mechanics ) Gostekhizdat, 1948 
[Engl. Transl., Pergamon, 1958]. 

4D. R. Bates and B. L. Moiseiwitsh. Proc. Phys. 
Soc. A67, 805 (1954). B. L. Moiseiwitsh, Meteors 
(Special Suppl. J. Atmosph. Phys.) 2, 23 (1955). 
od) boyd and) iB.) Li Moiseiwitsh, Proc. 
Phys. Soc. A70, 809 (1957). 


Translated by J. G. Adashko 
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An expression is obtained for the form factor of a proton emitting bremsstrahlung radiation 
as a result of diffraction scattering in a nuclear field. 


Dirrraction radiation of photons by fast parti- 
cles of spin ¥, has been considered in the work of 
Akhiezer.! Sitenko, who calculated the effective 
cross section for radiation during the scattering 

of protons, took into account the Coulomb interac- 
tion.?- As shown in these papers, however, a con- 
sistent discussion requires that the anomalous 
magnetic moment and ‘‘diffuseness”’ of the proton 
should be taken into account. 

This is all the more important in light of exper- 
imental investigations of the scattering of fast 
electrons on protons conducted by Hofstadter’s 
group.’ As a result of this work, it was explained, 
in particular, that for large momenta of the recoil 
proton it is necessary to take into account the in- 
teraction of the proton with the mesic vacuum. It 
was shown that, for the calculation of this interac- 
tion, the operator y,, in the expression for the 
proton current density u,yyu; should be replaced 
by the vertex operator 


DP, = a(9’) t+ (1) 


where q is the difference of the 4-momenta of the 
proton in the initial and final states; a(q*) and 
b(q’) are real invariant functions, the first of 
which describes the charge distribution and the 
Dirac magnetic moment of the proton, and the sec- 
ond the distribution of its anomalous moment. 

Using the same method, we have calculated in 
the present work the influence of the proton struc- 
ture and anomalous magnetic moment on the brems- 
strahlung from the proton for diffraction scattering 
in the field of a nucleus. It is assumed that the 
form of ‘‘diffuseness’’ of the proton does not de- 
pend on the character of the electromagnetic proc- 
ess and is completely determined by the value of 
the proton recoil. 

The matrix element of the bremsstrahlung of 


ultrarelativistic protons in a central field has the 
form 


A Cl ae 
ay ged 


Ls 2rie 


In accordance with (1), we replace Yu in (2) by 


Sin — 2G) gh) ex exp (— ike) dr. (2) 


Aa 


Ay,— (iB/2M) tp b- (3) 


The minus sign in front of the second term corre- 
sponds to the radiation of a photon by the proton. 
In the general case, A and B are functions of the 
invariants 


Eo—pk,  E’w—p’k, —EE’— pp’— M?. 


If in the radiation process the proton acceleration 
is not too great and, consequently, the energies of 
the radiated photons are not large, one may neglect 
the quantities (Ew — p-k) — (E’w — p-k) and 
EE’ — p-p’ — M? in comparison with M*. Then A 
and B will depend only on Ew — p-k and will co- 
incide with the functions a and b describing the 
structure of the protons in elastic scattering of 
electrons on protons.* Carrying out the calcula- 
tion of the effective bremsstrahlung cross section, 
we obtain 


co 
_ @& B| RJy(MR|x+y]) 2in : 
do=TaR Ix+yl Re yy 4 oxP 2 Ente) 


—a(R)D J,(MR |x + y|p)dol (7-23 + p2e) 


CE Le ee Be 
1 EE” RAP) 


ra aetna +n —Beliae)| 


where » = B/A, the remaining notation being the 
same as in reference 2. Expression (4) differs 
from Sitenko’s formula by a factor F*. The form 
of the factor F* corresponds to the conclusions of 
Landau and Pomeranchuk, who base themselves on 
general considerations.° It should be noted that 
formula (4) ceases to be valid for Ew - p-k ~ M?, 


do 
ve = dxdy, 


(4) 


*They will differ only in their arguments: q? in the case of 
elastic scattering and 2pk in the case of bremsstrahlung. 
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The same factor F*, of course, enters into the 
formula relating the bremsstrahlung cross section 
and the elastic cross section obtained by Sitenko.? 

In a similar way, the influence of the proton 
*“structure’’ on the process of diffraction produc- 
tion of electron — positron pairs in the scattering 
of the proton in a central field may be taken into 
account. 


"A. I. Akhiezer, Dokl. Akad. Nauk SSSR 94, 651 
(1954). 

2A. G. Sitenko, JETP 32, 1505 (1957), Soviet 
Phys. JETP 5, 1223 (1957). 


3 Hofstadter, Bumiller, and Yearian, Revs. Mod- 
ern Phys. 30, 482 (1958). 

4A. 1. Akhiezer, L. N. Rozentsveig, and I. M. 
Shmushkevich, JETP 33, 765 (1957), Soviet Phys. 
JETP 6, 588 (1958). 

°L. D. Landau and I. Ya. Pomeranchuk, JETP 
24, 505 (1953). 


Translated by E. Marquit 
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The elastic scattering of gamma rays by oriented nuclei is considered. The possibility of an 
experimental study of nuclear optical anisotropy parameters, including the vector electric 


dipole polarizability, of nuclei is discussed. 

In earlier papers by one of the present authors!” 
the concepts of molecular optics (see Placzek’s 
monograph, for example) were extended to photo- 
nuclear reactions. It was noted! that an induced 
dipole electric moment in a nucleus may depend on 
the orientation of the nuclear spins with respect to 
the electric field. Certain effects were also dis- 
cussed, whose experimental investigation would 
enable us to establish the existence of optical ani- 
sotropy in nuclei and to measure its basic param- 
eters.” The elastic scattering of gamma rays by 
nuclei was considered in particular, but effects 
associated with the possible existence of vector 
polarizability were neglected without justification. 

The present note considers the elastic scatter- 
ing of gamma rays by nuclei, including the pre- 
viously uninvestigated case of scattering by 
oriented nuclei. Investigation of the latter effect 
would, in principle, enable us to measure the 
vector polarizability. 

The elastic scattering of dipole gamma rays is 
described by the following R matrix: 


ER ae [m 12 G0) Te) 
vl éj7mm’ | J(27 =f) | 2 BF MS vee 


AF (I41) 8; |m')+ RYE (m| Ly m' bri hy, (1) 


where m,m’ are the projections of the nuclear 
spin on the e; axis; A, A’ are the photon polariza- 
tion vectors before and after scattering, respec- 
tively; oe is the nuclear spin projection operator; 
R =RS — T; T = (w/c)%e2Z?/27AMw” is the ampli- 
tude of Thomson scattering by a nuclear charge Z; 
Ro (OCC (2n, RR? = (wiley chan, “RY = ole)" (2a, (1a) 
where c¥, cl and cV are the scalar, tensor and 
vector polarizability, respectively; ejjy is a com- 
pletely antisymmetric third-rank tensor (e193 = 1). 

The contribution of the vector polarizability to 
the absorption cross section is 


V 162°m 
ov = — = 
(w/c)*J 


Re RY - Im (A;42), (2) 


which differs from zero only in the case of 
elliptic (or circular) gamma-ray polarization. 
The results for the absorption cross section given 
in reference 2 pertain to unpolarized photons and 
are not affected by the vector polarizability. 

The cross section for elastic scattering of 
gamma rays by unoriented nuclei with vector po- 
larizability taken into account is 
do® 2n%¢2 { 


ao = oe (IR 


*[1-(k'k)] 


ALAA SR ie oa ns 
Paes aga hee ae S| 
Js / 2 
+ LE avpia— egy}, 3) 


where k and k’ are the unit wave vector of the 
photon before and after scattering, respectively. 

Equation (3) shows that investigation of elastic 
scattering by unoriented nuclei enables us to esti- 
mate only the combined effect of the tensor and 
vector polarizabilities. Information concerning all 
three parts of the polarizability can, in principle, 
be obtained by investigating the angular dependence 
of doH/dQ or by considering doH/dQ together 
with the cross section for absorption by both 
oriented and unoriented nuclei. These procedures 
require the solution of a system of equations; the 
experimental errors could increase as a result of 
several algebraic operations and thus greatly 
hinder detection of the effects in question. In con- 
nection with the foregoing it is of interest to con- 
sider the elastic scattering of gamma rays by 
oriented nuclei. 

The cross section for the scattering of unpolar- 
ized photons by a nucleus with spin projection m 
on the e3; axis is 
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do do®™ Qn%e2 (| 3RT [2 / an 5 
= Di ¥ 2 3 
dQ dQ ' ow? | 27 (27—1) | | J sa lis y (72?— m?*) 
8 ie ae | eit th tiet Ger Dew 
5 (m4— m*) ie ap Re kek2— iz as (k k)? 
| opr \2 
1 it BR ore et —s 
r |S [(—8/?— 8J-+ 5) (m?—m?) 


less San ¢ Oho , =} 2 1 r a 
+ 10(m*—m’*)] [2e2e3— RRa(k’k) — ig tas (k k)| 


iS aR o Ca 2 Tao [ , , 
6Re | Ola 1 Ro VWme— m*)| ke k2 — kik (k’k) 


} 


9 


oo| 


mie reverts : ,  Byeyly RY 
ree | = eee Be 
gS) elas, QF—1) J 


Bh) + | 


m= m*)\(k ek?) lei 


(m2 2) (K’K) [3K 


— (k’k)] + 2Re [ R” = ) m (k’k) [k’xk]s 


ape RY 
i ero = 7 «| 
xm [5m?— (3J?-- 3J — 1)] Rik; [k’Xk]s 
waste | eee 
Se) ae ET ee a 
Z Re \S7T@r=D V 
> m (mn®— m?) (k’k)[k’xk.h, (4) 
where a m=J 
mi= Ore if ae 


is the mean value of the n-th power of the spin pro- 
jection in the case of a nucleus freely oriented in 
space. 

The tensor and vector polarizabilities are re- 
vealed most strongly in the azimuthal scattering 
asymmetry. The evaluation of 


HK = 0, a= 0, k’'k = 0)— F (kL=1, be= 0, k’k=0)| 


(ds*/dQ) (k’k = 0) 


where m =J and the expressions for the tensor 
and scalar polarizabilities given in reference 2 are 
used as well as the giant resonance parameters 
for 73;Ta‘*! given in reference 4, yields 
O(he,— 12.5 Mev) — 1.2; 
The energy dependence of a for Ta’®! is shown in 
the figure, assuming RY = 0. A comparison of our 
results with estimates of the influence of tensor 
polarizability on photoabsorption by oriented 
nuclei indicates that the tensor polarizability is 
considerably more important in the case of scat- 
tering by oriented nuclei. 

The existence of vector polarizability can be 
established by measuring the difference 
do (k, k’ )/dQ —do(k’, k)/dQ. In the region of 
dipole resonance frequencies the vector polariza- 
bility of an axisymmetric nucleus can be put into 


& (fw.= 15.5 Mev) = — 0,4. 
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15 20 hw, Mev 
= = 


the form 


, K ho + i7,/2 
(BM cee f 
J+4 » (E,— £,2— w?— hoy, 
if 


x [0 | da] r)(r [dz | 0)—(0| dz | r)(r|dn}0)1, 


where K is the projection of the nuclear spin on 
its ¢ symmetry axis; &, 7, ¢€ is a right-handed 
system of orthogonal axes attached ‘to the nucleus; 
d is the dipole moment operator. It is easily seen 
that if the nuclear energy levels Er merge, so 
that all of them can be effectively replaced by one 
or two levels, we have cY = 0. Thus vector polari- 
zability is a manifestation of the fine structure of 
giant resonance. 

An indication of the possible presence of vector 
polarizability follows from the condition 


> (Er EO] del r)(r| 4 |0)—(] da | r)(r | de | 0)] 


a 
272 2 2 
__ eh (~ y mp4 iT, 


M (5) 


where mp, Mn are the projections of the proton 
and neutron orbital moment, respectively, on the 
nuclear symmetry axis.* The ratio of the right- 
hand part of (5) to the corresponding sum for 
scalar polarizability is of the order 1/A. On the 
basis of the foregoing the vector polarizability 
would be small in heavy nuclei, where giant reso- 
nance is unlikely to have a fine structure. 

The authors wish to thank Dr. E. Fuller for 
discussions of a number of questions concerning 
the optical anisotropy of nuclei. Dr. Fuller also 
privately communicated to us the advisability of 
investigating effects associated with vector 
polarizability. 


1a. M. Baldin, Nuclear Phys. 9, 237 (1958). 

2A. M. Baldin, JETP 37, 202 (1959), Soviet Phys. 
JETP 10, 142 (1960). 

3G. Placzek, Rayleigh-Streuung und Raman- 
Effekt, Handbuch der Radiologie Bd. 6, II, 209, 
1934, Russ. Transl. ONTI, Moscow, 1935. 

4m. G. Fuller and M. S. Weiss, Phys. Rev. 112, 
560 (1958). 


*Effects associated with exchange forces are not being taken 


into account here. 
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Integral equations for 7N-scattering partial waves in the low-energy region are derived on 
the basis of the Mandelstam representation. The kernels of the equations contain the lowest 


mr- scattering phases. 


1. INTRODUCTION 


diets Mandelstam double dispersion representa- 
tion! for a two-particle Green’s function makes it 
possible to consider the matrix elements of the in- 
teraction processes corresponding to this Green’s 
function as different limiting values of the same 
analytic function of two complex variables. This 
representation leads to simple dispersion relations 
in one variable, including the usual dispersion re- 
lations in the energy for arbitrary values of mo- 
mentum transfer. Using the unitarity condition for 
the imaginary parts of the different amplitudes, we 
arrive at the possibility of obtaining a system of 
relations between the amplitudes of the various 
processes. 

The unitasity condition, whichutilizes the expan- 
sionin acomplete system of intermediate states, intro- 
duces an infinite set of corresponding amplitudes. 
Confining ourselves in the unitarity condition to the 
lowest two-particle mass state, we arrive at a sys- 
tem of equations for the matrix elements of two- 
particle processes. The two-particle approxima- 
tion does not lead to an error in the imaginary 
parts up to the threshold of the next mass state, 
and consequently the integrated contribution of the 
latter can be considered small in the low-energy 
region. This approximation can be considered as 
formulated by Chew’s statement that ‘‘the behavior 
of the analytic function in a small region is deter- 
mined essentially by the nearest singularities.’’* 

The program developed here yields equations 
for two-particle amplitudes in the low-energy re- 
gion. It is clear that an important role is played 
here by the scattering amplitudes of the lightest 
particles. Neglecting electromagnetic effects, we 
obtain for ‘‘ordinary’’ strongly-interacting parti- 
cles the sequence of processes shown in Fig. 1. 

The scheme of Fig. 1 denotes, for example, that 
the system of equations for the processes aN 


x a, \ Ir 7. N Nv 
‘ A N\ ra 
ha SS 
CN IT N N N N 
EGael: 


— oN and rz — NN contains the amplitudes of the 
process mm— ma. For aa scattering, to the con- 
trary, the system of equations will be closed. 

Thus, the process mz — ma becomes very impor- 
tant in the theory of strong interactions, and serves 
as its ‘‘starting point.”’ 

The equations for the mz-scattering process 
were obtained by Chew and Mandelstam.? These 
equations, like the Chew-Low equations, are singu- 
lar nonlinear integral equations. We know‘ that 
such equations have sets of solutions. Even the 
determination of some definite branch of these so- 
lutions is a complicated task, which can be accom- 
plished only with the aid of high speed electronic 
computers. At the present time, a particular ‘‘ad- 
iabatic’’ solution of the Chew-Mandelstam equa- 
tions has been obtained,® with the s wave predom- 
inating. 

The block mzNN of Fig. 1, which describes the 
processes 


NDE 


was considered by Frazer and Fulco® as applied to 
the reaction III. They obtained for the amplitudes 
of process III equations, that contain the tN-scat- 
tering amplitudes and the mz-scattering phase 
shifts. 

Attempts to investigate the mNN block as ap- 
plied to mN scattering were undertaken by McDow- 
ell.’ He considered the analytic properties of the 
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partial amplitudes of meson-nucleon scattering * 


in the complex plane of the variable s — the square 


of the total energy of the meson + nucleon system 
[see (3.1) below] and established the kinematic com- 
plex singularities due to the inequality of the 
masses. These singularities make it difficult to 
obtain the integral equations. Recently, however, 
Chou Hung-Yuan (private communication) was 


able to carry the corresponding derivations through 


to conclusion and obtained a system of integral 
equations for the partial-scattering waves and for 
the process mz — NN. 

In the present paper we investigate the analyti- 
cal properties of the tN scattering amplitudes in 
the complex plane of the square of the momentum, 
variable q’, in the c.m. system for a fixed scat- 
tering angle. This approach is analogous to that 
of Cini-Fubini-Stanghellini® to the NN — NN proc- 
ess. 

In the plane of the variable q’, the kinematic 
singularities have the form of a finite cut on the 
real axis and can be eliminated by considering the 
corresponding symmetrized and antisymmetrized 
expressions. 

Confining ourselves in the unitarity conditions 
for reaction III to the two-meson state, we leave 
in the mz — mn amplitudes only the s and p phase 
shifts. This allows us to obtain for the amplitudes 
of processes I and II an integral equation that con- 
tains only the aforementioned two phase shifts 69 
and 6, for mz scattering. The use of the cited 
Chew principle allows us to neglect the non-physi- 
cal cuts due to reaction II and to obtain integral 
equations for the partial waves of aN scattering. 
Naturally, these equations can have a meaning only 
in the region of low energies. 

Section 2 contains a summary of the formulas 
for the matrix elements of processes I, II, and II 
in terms of the invariant coefficients of the two- 
particle Green’s function, and also the unitarity 
conditions for the partial waves. 

In Sec. 3 we choose the functions and the vari- 
able for the analytic continuation. This continua- 
tion, as well as the elimination of the kinematic 
cuts, is realized in Sec. 4. Next (Sec. 5) we ana- 
lyze the nearest part of the non-physical cut of 
reaction III, by means of an approximate unitarity 
condition which contains only the s and p phase 
shifts of the mz scattering. With the aid of the 
Muskhelishvili method we obtain for the amplitudes 
of «N scattering integral equations that contain 
integrals only over the physical regions of reac- 


¥McDowell actually considered the process K+N+K+N, 
but the kinematic singularities of this process are analogous 
to those of the process7+N>7+N. 
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tions Iand Il. The mm-scattering phase shifts en- 
ter into the kernels of these equations. In Sec. 6 
we go over to the partial waves in the final equa- 
tions. 

The foregoing brief survey of papers on the use 
of the Mandelstam representation is incomplete. 
Mention should be made of the very important paper 
by Ter-Martirosyan,® in which the unitarity condi- 
tions in the two-particle approximation, subject to 
an imposed crossing symmetry, are used to obtain 
equations for the spectral functions of the Mandel- 
stam representation. An interesting method for 
the approximate reduction of the double Mandel- 
stam representation to a sum of one-dimensional 
representations was proposed by Cini and Fubini. !” 
Their technique makes it possible to simplify the 
derivation of the equations for the partial waves. 


2. MATRIX ELEMENTS, UNITARITY CONDITIONS 


The matrix elements of processes I, II, and IH, 
described by the block mzNN, are represented in 
the form 


hf Sa ee 


= 3 8 (P+ P2+ 91+ 92) dane uTu, (2.1) 
p, and py, are the 4-momenta of the nuclei while 
q, and q, are those of the mesons. The two-par- 
ticle Green’s function T has the following struc- 
Lume: 
T=A+E(h#—@)B, T= de TO+ Slt to ITO 
4 a (2.2) 
The notation in (2.1) and (2.2) is standard; the 
Feynman metric is used: 4 = q°y) —yq, yj = 1, and 
Yorba: 

The matrix elements uTu coincide, accurate to 
within a factor M/4nW (W is the total energy of 
the process), with the ‘spiral states’ of Jacob and 
Wick. For the scattering process, these states 
have the form 
0 MA + (pW —M?) B 


9 
fi4= f_= cos 5 (f144 fz) = Cos = 4nW ’ 
a) : . @ pA + Mq°B 
f,= —f4=sing (fi— fa)= sin 5 g laW . (2.3) 


Here, as in (2.6) below, the azimuth angles are as- 
sumed equal to zero; @ is the scattering angle in 
the c.m.s. and f,; and f, are expressed in terms 
of the partial amplitudes: 


h= > {Fi+P it (cos 8) — fi P)-1(cos 0)}, 
1 


= 21—— fr.) Plcos®), (2.4) 


i] =" sind! exp (87 |). (2.5) 
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The spiral states for the process III will be 
(cf. reference 6) 


4 pA , qMcos 03 
J,=t_=_{- B+ BI, 
ee (2.6) 


Here 63 is the angle between the vectors p and q. 
The expansion in the partial waves has the form 


BASS! 1 jl 
Jee= sp i(l + zea Pe (cos %), (2.7) 


[+ 1) 
L= 9 Dyrepy ey LP meosts). (2.8) 


If we introduce into these formulas the isotopic 


indices + and —, then the summation goes only 
over even 7 for the + sign and over odd 7 for the 
— sign. 


We consider the antihermitian part of the third 
process, confining ourselves to the two-meson 
term in the sum over the complete system of func- 
tions. This system can be represented in the form 


Im J = ORAL a (= ORC 


647 aR 


—q/) m1" (q’, —q'; q, — 9). (2.9) 


Here II° and Il! are the mm scattering amplitudes 
with total isotopic spin 0 and 1, respectively [see, 
for example, formula (2.8) in the paper by Chew 
and Mandelstam®]. It is seen from (2.9) that ji) 
are the amplitudes of process III, with total iso- 
topic spins 0 and 1. 

We shall consider below the analytic continua- 
tion of (2.9) in the non-physical region of small q 
In this case we can confine ourselves to the s and 
p waves in the amplitude II. Expanding (2.9) in 
partial waves and expressing the results through 
A and B, we obtain in this approximation 


Im A = —4np fhe sin dq, 

Im BY? =6)V 2 nf e—~& sin 8,. 

Im A = 12 xgp7 cos 0, (27 “fl — Pee sesing,, 
lB 0. (2.10) 


Here 6) is the s phase with J =0 and 6, the p 
phase for J =1. 


3. KINEMATICS; CHOICE OF VARIABLES AND 
FUNCTIONS FOR THE ANALYTIC CONTINUA- 
TION 


We introduce the ordinary invariants 
S=(pPi+ 41)’, =— (P1 + a)”, £ = (pi + ps)?, 


st+stt=2(y2+ M?), (oa) 


EFREMOV, MESHCHERYAKOV, 


andi SHiRkov 


which have the following form in c.m.s. of the re- 
actions I and III 


s= M+ e429? +2VeR+ eV GP + Me, 


I s = M? + u2— 2q%cos8—2V G2 + wV g? + MP, (3.2) 
t = — 2q?(1 —cos 9); 
s = — 292 + M? — yp? + 2p.g3 Cos M3, 


— wu? — 2psq3.cos 93, 


(3.3) 


HE ¢ = 4(@2 = p*) = 2 (p24 1"). 

The analytic properties of the invariant scalar 
functions A‘*) and B), introduced in (2.2), are 
described by the Mandelstam representation! [see 
formula (2.12) of that paper]. It is important for 
what is to follow that the representations for hee 
contain the pole terms 

BO, 31) = jag ee 

while the representations for A‘*) do not contain 
these terms. 

We choose for the analytic continuation the four 
functions 9: 


(3.4) 


ran) (s, S, t) a Ac Oo, 8, BO. 
w=iAD /(s—s), >. 2 Bor seis). (3.5) 

All these functions have the property 
® (s,s, t) = ® (s,s, t). (3.6) 


In addition, they diminish at infinity not slower 
than A and B. Division by s —§ does not intro- 
duce any new Singularities. 

We shall consider the functions ® as applied to 
reaction I. We fix the scattering angle as cos @ 
=c, i.e., we consider the analytical properties in 
the variable a It is now convenient to rewrite 
(3.2) in the form 


SSG) = hg) DG )a-2K GQ), 
s = 8(q°) = R (q*) — D(q?) — 2K (q°), 
t = — 2q?(1 —c), (3.7) 
where 
R(G) = MP +? +g? (Il =e), Dg?) q(t oe), 
K@)=V(e +m) (e+e). (3.8) 


4. ELIMINATION OF THE KINEMATIC CUTS AND 
THE CAUCHY THEOREM 


The functions @(s, 5, t)=6 (q?) for cos@ 
=c), considered in the complex plane of q?, have 
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the following singularities: 1) a cut — « < q’ 

< — 2u*/ (1 —c) = — 3, connected with the denom- 
inator t’ —t in the spectral formula of Mandel- 
Sugiols 7) 2 Gut W< q? < «© due to the denominator 
s’ —'s; 3) a.cut —o <q?<—a (c) dueto 3’ —& 


nV 


a (c) = ] = ES 1/M 


Gig== (MPS 2Muc)(V— cc?) nf M Se — 1; 


(4.1) 

4) acut — M’<q?< —y?, due to the square root 
(3.8) in the dependence of 's and § on q?. We call 
this the kinematic cut. 

In addition, the functions B and BY) have poles 
connected with (3.4). 

On changing to the variable s, the kinematic 
cut — M?<q?< — uw” gives a complex cut lying on 
a circle (see reference 7). To get rid of this cut, 
we represent © in the following manner 


D (q’, K) = 1 (9°) + K (9?) D2 (9"), 


distinctly separating the irrational dependence. 


(4.2) 


The functions , contain no irrational dependences. 


They can be determined as 


3 (9%) = + [O(q?, K) + O(g?,— K)], (4.3) 
@, (g2) = 4 1 (G2, K) — © (@?, — K)] K2 (g?). (4.4) 
Let us explain the meaning of the function 
(q’, — K (q*). According to (3.7), we have 
®(q?, —K) = &(s*, 5*, t), with 
s* (9?) = R (q) + D(q’) — 2K (q"), ¥ (9") 
= R(q’) —D(q°) + 2K (9°). (4.5) 


The variables s*, and s* are given here in terms 
of the variables q? and c of reaction I. 

The point s*, 8*,t lies in the physical region 
of reaction II if (q’, c) lies in the physical region 
of reaction I. The connection between these points 
is given by 
9 M2 + p? + gq? (1 + c*) — 2cK (9°) 

M2 + p?2 — 2q2c + 2K (q”) ; 


Gg 


ae ae): (4.6) 


[for a geometrical interpretation of relations (4.6) 
see the appendix]. 

The functions ® (a —K), considered in the 
complex plane of a have the following singulari- 
ties: 1) a cut 0 < q?<~@ due to the denominator 
s’ — 8* in the spectral formula of Mandelstam; 

2) a cut — a, < q?< — M? due to the same denom- 
inator when c = p/M; 3) acut ~@< Q <- 2y/ 
(1 - c) due to the denominator et; 4) a Kine= 
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matic cut — M?< q? < —y*. In addition, the func- 
tions B and B‘~) of the arguments q? and K(q?) 
have poles. 

The functions 4, (q?) have all the singularities 
of the functions 6(q’, K) and 6(q?, — K ), with the 
exception of the kinematic cut. 

Writing the Cauchy formulas for these and re- 
turning to the initial function ®(q?, K), we obtain 
= (q?, K) = [Im (g", Kg") x, (42, g?) 

0 
+ Im @ (q?, — K’)x_(q?, q’”)] ra: g 


—A, 


a \ [Im @ (q”, K’) x, (q?, 9”) 


Ce 


OG 
Ty Oe eee es Se 
! \ OT NID ag? 
Oe Patt wml, ey eis 
Pe(c—F) | SOS NE CY) aq? + pole 
terms for awd Bo), (4.7) 


Here 
%2(F, 9?) = (EKG?) / KG): 


(4.8) 


Figure 2 shows the integration domains in (4.7) 
as functions of c. It is seen from this figure that 
the cases of backward and forward scattering are 
the simplest. Thus, when c = — 1 the non-physi- 
cal cut due to reaction (2) (domain II’) goes to 
infinity, only the cut due to reaction III remains at 
g <0. It can be shown that in this case the inte- 
gral contains the antihermitian part of the ampli- 
tude of the physical value cos 63 = — 1. 


ye ays? 


FIG. 2 


For forward scattering (c =+1), to the con- 
trary, it is the cut due to reaction III that goes to 
infinity. In this case the antihermitian parts under 
the integrals over the domains II’ and II’’ also de- 
pend on the physical value cos 6,= 1+ 1. These re- 
lations coincide exactly with usual forward disper- 
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sion relations in the energy variable E in the lab- 
oratory system of coordinates. The integration 
domains are as listed on the table. 


Domain of 


Domain of 
variable E 


variable q@? 


I 0,00 \, 00 

nt 0,00 —(M?-+-p2)/2M,—p 
aig —oo, —M? |—M,—(M?--p2)/2M 
V2 —oo, —M2 —-©007, —M 


5. INVESTIGATION OF THE CUT DUE TO 
REACTION III 


The second integral (4.7) contains the antiher- 
mitian part of the amplitude of reaction III in the 
non-physical region t < 4M’. We shall consider 
the quantities Im ® in this region as analytic con- 
tinuations of the corresponding functions from the 
physical region t > 4M’. Their explicit expressions 
can be obtained from (2.2) by recalling that s — § 
= 4p3q3 COS 63. 

In view of the fact that in our approximation 
(only the s and p phase shifts of the mz scattering 
are considered) the expressions (2.10) do not 
contain cos 63, they coincide with the numerator 
in the second integral of (4.7). In the more gen- 
eral case, when the higher-order phase shifts are 
considered, these expressions depend on cos 63 
and the following connection must be used 


2 (Ps qs) = + (s — s) = D(q?) + 2K (q°). 


It is seen from (5.1) that cos 6; becomes com- 
plex, but the numerator of the second integral in 
(4.7) remains real. In order to connect Im © with 
the functions @ themselves, it is necessary to 
turn to expansions of the type (2.7) and (2.8). 

These expansions are really in the parameter 
s — s. The radius of convergence of such an ex- 
pansion is determined by the singularities of the 
Mandelstam representation. The nearest singu- 
larities are the poles due to the single-nucleon 
denominators. In the approximation (2.10) these 
singularities are essential only for the function 
B‘-), We shall consider them later. 

The following singularities are due to the inte- 
grals of the double spectral representation. It can 
be shown that these singularities do not prevent 
expansion up to 


(5.1) 


q?~—2.3 w. (522) 


Therefore the expansions (2.7) and (2.8) are cor- 
rect only in the region (5.2). We assume that the 
terms of these expansions diminish rapidly and 

confine ourselves to the first terms. This yields 
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Im AH = AMe—®’sin 6,, Ima = ae—*: sin 6;. (5.3) 


Let us turn to Eq. (4.7) and let us compare the 
effect due to different non-physical contributions 
from the interval q’? < 0. Assuming henceforth a 
transition to the partial scattering amplitudes, i.e., 
averaging over cos @ = c, we should examine the 
roles of these cuts in the variable q® independently 
of c. It follows from Fig. 2 that the nearest cut, 
beginning with the point — u’, is connected with 
the reaction III. For arbitrary c, it is bounded by 
the curve t = 4”. 

The use of the unitarity conditions with two 
mesons in the intermediate state allows us to take 
accurate account of this cut up to the point — Au? 
(there are grounds’»® 12 for assuming that these 
relations will be true also in a certain region be- 
low — Au"). However, as noted earlier [see (5.2) ], 
formulas (5.3) cannot be correct for values lower 
than — 23". Thus, it is sensible to expect that 
formulas (2.3) will enable us to take into account 
the nearest non-physical singularities in the inter- 
Valer2sa u? gee ‘tig 

It is clear that we should therefore neglect com- 
pletely the contributions due to the nonphysical re- 
gions II’ and II’’, located behind — M’. The esti- 
mates for the forward scattering, when regions II’ 
and II’’ make up the entire non-physical contribu- 
tion, have shown that their neglect at small ener- 
gies, down to values of E on the order of 100 Mev, 
causes an error of approximately 10%. The global 
effect is expected to decrease after averaging over 
the angle. As a result we obtain the following 
equation for B: 


Cae. ee) g° 
PA) (M2 —s) (M2 — s) 


(oe) 


aig 1 per %4 (G2, @'®) dg’? 
“+= \ ImBqg YO Nr ra 


0 


[o.0) 


1 2, 7s — 2 x i) 
+—\ Ims(q’?, — KK) SO ag” 


0) 


(5.4) 


The corresponding equations for A‘*) and a 
can be simplified by returning to the functions 4, 
and $). In our approximation we have Im 4, = 0 
and Im 6, = dje"!5 sin 6 on the cut (- 2-31 as Je 
If we consider the integrals over the domain 0, 
cc to be known functions, then the equation for 4, 
will be a linear singular equation, which can be 
solved by Muskhelishvili’s method (see Chapter 5 
of the book by Muskhelishvili,'® and also the paper 
by Omnes"). In our case this method reduces to 
an examination not of 6,(q’) but of the function 
6; (q’)exp [- u(q?)], where 
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8 (—q'2 (1 —c) / 2 
Gee oF 


p?) dq’?, 


(5.5) 


which has no singularities when q? < 0. 
Solving the equation in this manner, we obtain 
after simple transformations 


1 \ Im ®; (q’*) x. (8, q?, q” 


a ae ) 
Gs eG) = -s q?—@ dq” 


By 


| r Im® (q’2) x_ (8, g?, q’2) ce ’ 
\ - q? —@ dq*, ®;, 1 = O(g?, + K), 
: (5.6) 
%2 (8,9, 9") = + [exp [u (q?) —u(q”)] + K (q?)/K (91. 
(5.7) 


We note that our approximation (5.3) is equivalent 
to the condition ,(q’) = 0 when q’< — a3. 

Let us return to the function B‘-), for which the 
Mandelstam representation contains pole terms 
which make impossible an expansion in the argu- 
ment s — § in the domain of the reaction III. We 
shall assume that the large values of the real parts 
of the higher partial waves fl (1 = 3) in the expan- 
sion (2.8) are due entirely to these pole terms. 
(Analogous considerations were used by Okun’ and 
Pomeranchuk” in an analogous analysis of the 
higher partial waves in NN scattering.) This 


enables us to write 
ine = (B — 92(h —¢A>,)¥ eo sind). 6.8) 


Here A denotes the pole term, and < A >, its first 
term in the expansion of the angle of reaction III, 


= = 
a | ° 2M? —s—s ‘eose 
Sawa 2 \ (M? — s) (M2 —s) a 
1 1, RO #2 
22 Ga RAD — 22 (B) 


Z(t) =V (t/4—p)(t/4—™), (5.9) 


where we choose that branch of the function < A >, 
which is real in the physical region of reaction I. 

Carrying out the transformation with e~4, we 
obtain 


Be 2 (Asac A>) 
© > 2 12 any libs 5 2 12 (=) 
1 RS eey Bs bees ) ina Big dq’. 
ane es (5.10) 


In our approximation, the part of the function 
B‘-) which is antisymmetrized in K is equal to 
the antisymmetrized part of the pole terms, ions 
BS) = g’A,. We note further that an analogous 
method of eliminating the difficulties connected 
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with the poles was recently proposed by Cini and 
Fubini.'° 


6. TRANSITION TO THE PARTIAL SCATTERING 
AMPLITUDES 


In order to convert relations (5.4), (5.6), and 
(5.10) into a closed system of equations, it remains 
for us to use the unitarity relations and to go over 
to the partial scattering amplitudes. From (2.3), 
with allowance for the fact that 


1 


S—§=2(1 + cos8) q? + 4q°p?, 


we obtain expression for the functions ® in terms 
of the variables and amplitudes of the reaction I. 
The ae which are contained therein depend on the 
arguments q? and cos@=c, and are expressed with 
the aid of (2.4) in terms of the partial waves fy, 
which according to (2.5), have the unitarity property. 

Thus, we can go over to the partial amplitudes 
fy either from the function ® or from Im 4, (are), 
which enter into the integral terms of the assem- 
bly (5.4), (5.6), and (5.10). In order to go over to 
f; from Im 47; = Im @(q’*, — K), we note, firstly, 
that formulas (2.3) retain their form also in the 
variables of the reaction II. For this purpose it 
is necessary only to go over in these formulas 
to the corresponding variables in the c.m.s. of the 
reaction II: cos @ > cos 6), q > q,, q — af, and 
ee Pee On the other hand, we transform to the 
variables of reaction II in the arguments Im 6] 
with the aid of formulas (4.6). 

From these we obtain 


2cK (43) 


cos 6, = [2 @? 


2 4 9 
2 2 
i ‘ 


+ (1 —c?) (M2 — 42)?)*. (6.1) 
Going over to the new integration variable ae 
in the integrals that contain Im ®y7 (q’*); 
gq’ = [3 (92, 6) + 2cig? + K 2] — WP — 4") /201 —e%), 
K (q’) = [2K (92) + 242 —¢(MP + yu? — 2 )) / 2 ee), 


dq? 2K (97) Ae YP Se Ie (Gj 2) 


- (6.2) 
K (qz) 


==) (Ge a) 


ial(gg}'e) 


we can represent these in the form 


° Ime(g2 Tk eels 
\ pata eg (8, 9°, q*)aq* 
Vis ome e 
UO 
Im ® Ge, (Gs 
— \ gq? Ge c) we) of 


0 


c)) } ee mee? 
D(q2, €)~ (8, q3, ¢, 9°) dq?. (6.3) 
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Here © (q}”, c,) denotes the amplitude of reaction 
II, written down in terms of the momentum qj) and 
the cosine of the scattering angle c, in its c.m.s. 
Im ® (ae c)) is determined from (2.3) — (2.5). 
The symbol k_(6, qa, c, q’) denotes the value of 
(5.7) after the substitution (6.2). 


7. DISCUSSION OF THE RESULTS 


Relations (5.4), (5.6), (5.10), and (6.1) — (6.3) 
form a complete system of equations for the par- 
tial waves of 7N scattering. In the derivation we 
took accurate account of the pole terms and of the 
contribution of the mm interaction up to q’” 
=I fit where the four-meson contributions to 
the process tz — NN and the contributions due to 
the Mandelstam double representations of the spec- 
tral functions become significant. The equations 
obtained can therefore give sensible approxima- 
tions only in the region of small energies, where 
we can confine ourselves to a small number of par- 
tial waves. 

The equations contain the phase shifts 6) and 
6, for the mm scattering. Since we have at present 
no direct information on these phase shifts, it is 
natural to use the obtained system of equations as 
an indirect source of information on these phase 
shifts. Of great interest here is the verification 
of the hypothesis‘'® that resonance exists in the 
mr-scattering p wave. Such a hypothesis leads to 
sensible results with respect to electromagnetic 
structure of the nucleon.'! 

We note that the procedure outlined for elimi- 
nating the kinematic singularities can be used from 
any other problems in the scattering of particles 
with unequal masses, for example, for Kz and KN 
scattering. 

The authors express their gratitudes to Prof. 
Chou Hung-Yiian and N. A. Chernikov for valuable 
advice, and also to the participants of the N. N. 
Bogolyubov seminar for useful discussions. The 
authors are also grateful to Messrs. Chew, Mandel- 
stam, Frazer, Ter-Martirosyan, Cini, and Fubini 
for preprints. 


APPENDIX* 


Let us explain the geometrical meaning of the 
transformation (4.6). We describe the kinematics 
of the reactions in a Lobachevskii-type velocity 
space.'® The usual connection between the elements 
of the triangle C? = A? + B? — 2AB cosy is re- 
placed here by cosh C = cosh A cosh B 


*The interpretation given here was proposed by N. A. Cher- 
nikov. 
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—ginh A sinh B cosy. The 4-velocity p/m of the 
particle is represented by a point in this space. 

We consider a plane in velocity space, passing 
through the velocities of the particles that partici- 
pate in reaction I: Py=p,/M, Qy=4,/u (i=1, 2) 
(see Fig. 3). 


FIG. 3 


The point 0 (intersection of the lines pyQ,; and 
P2Q,) represents the velocity of the center of mass. 
The invariants s and t can be expressed here in 
terms of the distances P,Q; and Q,Q): 


s= M?+u2?4+2Mucosh P,Q, t=2y?(1— cosh Q,Q.). 


In order to go over to the variable of the second 
reaction, we note that it follows from (8.2) and 
(4.5) that ss* = (M? — y?)?. It follows therefore 
that s* can be represe ited in the form 


s* = M? = uy? — 2 Mu cosh P3Q;. 

If we now identify pf with the velocity of the 
initial nucleon in reaction I], and Q, with the ve- 
locity of the escaping meson in the reaction II 
—Q§, then it follows from the invariance of t that 
the point Q, can be identified with the velocity Or 
Then P§ is the intersection of the segment 0Q> 
with the small circle. The velocity 0’ of the cen- 
ter of mass of the reaction II and the scattering 
angle 6) are determined by the intersection of the 
segment P5Q, and QP? and the angle between 
them. The momentum of reaction II is determined 
by the relation 


ga = M sinhO’P\ = p sinh O’Q\. 


It is seen from the figure that @, > 6, with the 
exception of the forward and backward scattering, 
when these two angles are equal, while Qo = q for 
backward scattering and is less than q for all 
other angles. 
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A new method of solving field-theoretical problems involving a static nucleon is proposed. 
The formalism is not connected with the magnitude of the coupling constant and is based on 
the matrix methods for solving linear differential equations developed by Lappo-Danilevskii. 
The solution is obtained in the form of a series for which the concrete form of the n-th term 
is known. The S matrix has been derived for a “charged” scalar theory with a static source. 
The renormalization constants are calculated by the method proposed. In this model, the 
transition to a point interaction does not lead to the appearance of logarithmic singularities 


in the renormalized charge gy. 


INTRODUCTION 


Tue assumption of weak coupling and the appli- 
cation of perturbation theory to the equations of 
mesodynamics lead to results which are not in 
agreement with experiment. It is therefore de- 
sirable to develop a method in which the coupling 
constant is not used as an iteration parameter and 
in which the approximations are based on a dif- 
ferent principle. In this respect the Tamm-Dancoff 
method turned out to be useless on account of the 
renormalization difficulties. The method of dis- 
persion relations has been advanced quite suc- 
cessfully in recent times; being based, however, 
on the most general principles of covariance, 
causality, unitarity, and the spectral hypothesis, 
this method contains less information than is in- 
volved in the specification of a Hamiltonian for 
the interacting fields. In view of the fact that the 
solution of the equations of quantum field theory is 
connected with great mathematical difficulties, var- 
ious theoretical models have gained their well- 
known popularity. 

The class of models with a ‘‘static source’’ 
attracts particular attention. In these models 
the fermion field is characterized only by the de- 
grees of freedom of the spin and the isotopic spin. 
The circumstance that the experimental data on 
the interaction of mesons and nucleons at low 
energies can be explained by the Chew-Low mod- 
el,! which belongs to this class, indicates that 
this type of model does describe the actual inter- 


action to some extent. It should be expected, 
therefore, that a number of problems of field 
theory are preserved under these simplifying 
assumptions. The knowledge of the exact solu- 
tions of such models may then be helpful for the 
understanding of the origins of the difficulties in 
the theory. However, even for the aforementioned 
class of models (with the exception of the trivial 
case of the interaction of neutral scalar mesons 
with a nucleon at rest”) there exist no methods of 
solution different from those enumerated above. 
In the present paper we propose a new method 
of solving the equations of mesodynamics for this 
class of models on the example of a system of 
charged scalar mesons interacting with a static 
source.* Our formalism is not connected with 
the magnitude of the coupling constant; it is based 
on the matrix methods for solving linear differen- 
tial equations developed by Lappo-Danilevskii.4 
In the conventional language, the new formalism is 
equivalent to perturbation theory if one chooses 
the Hamiltonian of a system of neutral mesons and 
a Static nucleon as the unperturbed Hamiltonian. 
However, the advantage is here that the n-th ap- 
proximation term is written down in closed form, 
whereas in perturbation theory we can only find 
an arbitrary given term of the series, but not the 
general, n-th term. This circumstance allows us 


in principle to investigate the divergence of the 
series. 


*For an application of this method to a scalar symmetric 
theory with a static source, see reference 3. 
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A METHOD OF SOLUTION OF KIELD-THEORETICAL PROBLEMS 


1. REPRESENTATION OF THE S MATRIX IN 
THE FORM OF A CONTINUOUS INTEGRAL 
Let us consider a system of charged scalar me- 
Sons interacting with a static ‘‘spread-out?’ nu- 
cleon. In this model the nucleon has only two 
isotopic degrees of freedom (proton and neutron). 
The system is described by the Hamiltonian 


H = mo ($*d) + = y \ ax : [2 (x) + (Vo, (x))? + Lp? (x)]: 
é=1 


to 


+2 >} \dx 4", 4) 9, @p(), (1.1) 
é=] 

where 7; (xX) and gy; (X) are the meson field op- 

erators, Y= VpCp + VnCy is the operator of the 

nucleon field, Cy (N = p, n) is the annihilation 

operator for the nucleon, Vy is the spinor de- 


scribing the nucleon. 
c4 

Up => ( a ’ 

Tj are the matrices for isotopic spin ey and 


(x) = 


=, 


> v (k) efkx 
k 
is the form factor of the nucleon. 
In the interaction representation the S matrix 
satisfies the following equation: 


DS Glo =H ()S.%),  Stt,t)|,_, =1; 

Hi (y= g y (p* (2 )er(t), ot) = gett, 
é=1 

9; (t) ae \ dx ¢. (x) 0 ps pre ae Ei say 


(1.2) 
The solution of Eq. (1.2) can be written in the 
symbolic form 
t 
S(t; &))= TeEeekp {— i \ a: H, (®)} (1.3) 

The basic problem of the theory — the repre- 
sentation of the S matrix in terms of normal 
products — can be partially solved in a general 
form. Indeed, it is possible to write the expres- 
sion for the S matrix in a form that is ordered 
with respect to the meson operators @. The nu- 
cleon operators 7 and %*, however, remain un- 
ordered (i.e., they remain under the sign of the 
T product). This partial ordering is achieved by 
representing the S matrix in the form of a con- 
tinuous integral. 

Following Feynman’ and Bogolyubov and 
Shirkov,® one can write the S matrix, expressed 
as a normal product in the meson operators, in the 
form 


SHIT 
S(t) = \\ 6M, 6@, exp | = aye dy D; (€) A (E —y) D; ()| : 
Bota 
t 
xexpfi | ds ¢ i(S) MD; (s yf: CG? \\ oA, BA, exp {— Eke 
hes 
x (s) O; (s)|5 (¢, fa AGAs : (1.4) 


where the causal function A(é — 1) is defined by 
<O|T £2 (€) 9; (m)} | 0 = 18, A (E— 1) 


=P Dizag 
k en Ae, 

The functional integration in (1.4) goes over the 
space of real scalar functions 6;, Aj; C is a nor- 
malization constant. 

The operator S(t, to| Ay Ay) has the meaning of 
an S matrix for a system ot a classical charged 
meson field A,(t), A g(t) and a quantized nucleon 
field #(t). It satisfies the equation 


eXp {— i, |&— y!}. (1.5) 


2 


g >) (Yt 9) Ar (2) S(t, fo | ArAs), 
t=] 


S (hipaa = bh (1.6) 


Q@= 
iz S(t, to | ArAs) ass 


The problem of finding the S matrix to the Ham- 
iltonian (1.1) is therefore divided into two parts: 
first, find the classical S matrix as a solution of 
Eq. (1.6) with arbitrary coefficient functions 
A,(t) and A,(t) and second, perform the func- 
tional integration over this matrix according to 
(1.4). 


2. DETERMINATION OF THE ‘‘CLASSICAL”’ 
S MATRIX 


Since the nucleon field has only two degrees of 
freedom and the operators of this field anticommute 
among themselves, the operator S(t, ty| A; A,) can 
be expressed in the form of the following expan- 
sion in terms of the nucleon operators yw and 7~* 
(which, as can be easily shown, is the most general 
one ): 


SiG tol As As) = 1 + [2(4*$) — $*4)?] 


+3 (p* tip) A; (t, to| Ay Ae) 
t=1 
where f and h; are ordinary scalar functions. 
This follows immediately from the relations 
(prs) (b*eph) = exis (Peep) + 8:12 (YP) — G9)", 
(d* te) [2 (b*h) — ($*9)"] = (P"e9) 
which can be easily proved. 

Substituting (2.1) in Eq. (1.9) and equating the 
coefficients of terms of identical structure, we ob- 
tain a system of equations for f and hj, which can 
be written in matrix form: 


HG to | A, Ay) 


(2a) 
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lt=t, 


2(¢)] Mats to| A, AQ), 
— Il, 


hy — thy 


z oo hy 
aC el aay, 


\Ay “bE ths 


(2.2) 


The solution of Eq. (2.2) presents considerable 
difficulties, since it reduces to the solution of a 
linear differential equation of second order with 
two arbitrary functions. Ordinarily equations of 
this type are solved by perturbation-theoretical 
methods, by expanding in terms of a parameter 
g which is assumed to be small. If the parameter 
g is large, on the other hand, Eq. (2.2) can be 
solved approximately with the help of the ‘‘quasi- 
classical’? method. However, in the last case one 
obtains expressions which are not amenable to 
functional integration. 

Lappo-Danilevskil has developed a method of 
solving a system of differential equations using 
the theory of matrix functions. In this method 
the expansion parameter is not the constant g, 
but certain invariants of matrices appearing in 
the equation. We shall not dwell on the procedures 
to obtain the solution, but instead refer the reader 
to the extensive monograph of Lappo- Danilevskii.‘ 
Omitting the long and unwieldy transformations of 
the recurrence relations of Lappo-Danilevskii 
for the Eq. (2.2), we give at once the final expres- 
sion for the solution: 


Y (t, to] Are) 


- ta II A, (&) [ cosh (ie ds A, (s) 


q=0 0 ty i=1 ey 


x i e(s—§))— ty sinh (laa, ()f] & ( (s—§))| 


in F1 


grate ( 
7 \ di Sins 


0 0 


2g++1 


cadaly A, (E;) [:cosh(ig 


2q+1 


« (asa TL 6-1) 


e 2q-+1 
ies sinh(ig\ ds As(s) I e(s—&))||., (2.3) 
to j=1 
where «(x) =1 for x >0 and ¢(x) =—1 for 
x <0. The functions A,(s) and A,(s) appear 
in (2.3) in a completely symmetric form, by ex- 
panding the hyperbolic cosine and sine in series 
and interchanging the order of summation we can 
obtain an expression for Y(t, ty|A, A.) in which 
A,(S), 7; and A,(s), T. change places. 
It can be seen by direct substitution that the 
solution (2.3) satisfies Eq. (2.2) with the required 
initial conditions. 
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It is easy to write down a maximizing functional 
for the series (2.3), since the cosine and sine do not 
exceed the value unity (A; and A, are real) and 


the remaining series are easily summed: 
t 


< (1 + 7) min {exp E \4s | A, (s) | (2.4) 


to 


Y (t, fo) | ArAg) 


STexp fa\as | Ag (s) iI} 2 


The solution of Eq. (2.2) is therefore given by 
the series (2.3) and a series which is obtained 
from the former by interchanging A, and A», and 
T, and Tj. These series converge uniformly and 
absolutely in the interval [t, to], if at least one 


of the integrals Jt,481 Ar (s)| or Jt, dsl Ae (s) 


is bounded in [t, ty]. (For the connection between 
the Lappo-Danilevski? method and perturbation 
theory for equations of the type (2.2), see reference 
3, Appendix A. 

If Y(t, to|A; Az) is known, it is easy to write 
down the expression for the ‘‘classical’’ S matrix 
given by Eq. (2.1): 


S(é, to| Arde) = 1 — [2 (9%) — $*4)"] 
ig)24 e 2q 
+S Laat eee 
a To t=] 
t 
— (b*d) *ycosh(ig\ ds Ag (s) Ile (s—t)) 
i 


j=1 


— (p* ty) ) sinh (/ ds ba Ag (s a e(s—§& ))] 

(2g + 4)t eae Ado TI Ay (&) [ ad) 
- ae ii 

x cosh (ig\ ds As(s) [Je 


f=1 


(Ss = )) 


+(p*709) sinh (ig \ Ag (s) THe (s — &) )) |. 


i=1 


(2.5) 


This formula is symmetric with respect to the 
interchange of the indices 1 and 2. 

We note that the foregoing criterion for the uni- 
form and absolute convergence is not sufficient 
for carrying out the functional integration, since 
the integration will always include functions A, 
and A, which do not conform to this criterion. 
However, we shall leave aside the question of the 
correct procedure for the functional integration, 
particularly since the existence of functional in- 
tegrals has so far been shown only for a very 
narrow Class of functionals. Let us assume that 
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the series can be integrated term by term. This 

unjustified operation can be vindicated by the cir- 
cumstance that the S matrix obtained as a result 
of the integration satisfies the basic Kiq. (1.2), as 
can be seen by direct substitution. 


3. DETERMINATION OF THE QUANTUM- 
MECHANICAL S MATRIX 


The functional integration of the ‘‘classical”’ 
S matrix can be carried out without difficulty, 
since the solution of the classical equation has 
a Gaussian form. The method of calculating such 
functional integrals has been known since the work 
of Wiener;’ its application to quantum-mechanical 
problems was developed by Feynman.> We only 
give the final expression for the S matrix (see 
reference 3): 


S (2, fo) = 1 — [2 ($$) — ($*4)"] 
cg meeeanin 
ES (ig) 
ba 2 > er — 2m)! 2 m! \ a 
q 


=0 m=0 to 
° 


I 1 (E:) 


é=2m+1 


t 

x \ | 96 Eee os 
t 

t 


2q 
-cosh(ig \ as ¢ Po (S al C.)). 


To al 


x [(2 (64) — 49)" 


— (ft) : sinh (i a\ds3 (8) [[ 2s —&)) | 


k=] 


deog+1 | { A (E43 —§; : 


j=2 


t 
1m Ada. : | 
(2q + 1—2m)!2™ m! Z 2 


t 


2g-Fl x ; 
x TE e):x [(¢*4): cosh (ig\\ ds G08) 

é=2m-+1 i, 

2g+1 


x [[ e(s—£e)): + i(p*54) : 
k=1 


us eq+1 F ; 
sinh (ig\ds [] es —&) (s)):| 
Ba (=—3h 


t 
x exp (— A \ ds,\dsz [ [2 (s1 — &) A (s1 — S2) €(s 
; (3.1) 


Expression (3.1) is symmetric with respect to 
interchanges of the indices 1 and 2; this corre- 
sponds to the symmetry of the classical function 
Y(t, tp| Ay Ag) reflected in the form of expression 
(2.3). . 

Our expression for the S matrix to the Hamil- 
tonian (1.1) is written in a form which is normal 


=} 


pe) 


in the nucleon as well as the meson operators. 
One sees by direct substitution that the S matrix 
satisfies Eq. (1.2) with the required initial con- 
ditions. 

Thus the operation of functional integration, 
which is without rigorous mathematical founda- 
tion, leads in this case to the correct result, as 
can be verified by direct substitution. 

By expanding in terms of the constant g we ob- 
tain the usual series of perturbation theory; how- 
ever, in this case we have the advantage that we 
obtain the explicit form of the n-th term of this 
series, whereas in the present state of perturba- 
tion theory we can only obtain an ordinary given 
term of this series, but not the general n-th 
term. This defect of perturbation theory is, in 
our opinion, the main difficulty in investigating 
the convergence of the perturbation series. 

To determine the physical meaning of the itera- 
tions in the § matrix (3.1) we turn again to Eq. 
(1.2). We have 


iOS (t, to) / Ot = g [(h*tr9) G1 (¢) + (P* tah) G2 (41S , to). 
(3.2) 


The charged meson operators are represented by 
the expressions 9; + @», while the operators 9, 
and @» create or annihilate a definite combina- 
tion of positive and negative mesons; for example 
the operator 9, corresponds to the combination 
(7 +*)/2. Instead of the basic nucleon states . 
°p and vy we introduce v, = (Vp + Vn )/V2 and 

= (Vp - vn)/V2. This TA een implies 
a Sraneition to new vectors in the isotopic space, 
in terms of which the Eq. (3.2) is written as 


iS (t, to) / Ot = g [(b'*zgh’) @, (£) 
+ (y'*t9tb") G2 (£)1 S (E, to). 


Here ~’ =v,c,+ v_c_; cy is the annihilation op- 
erator for the particles v4. 

The operator g’ enters Eq. (3.3) together with 
the diagonal matrix tT 3 and corresponds, there- 
fore, to the emission and absorption of a combina- 
tion of negative and positive mesons which does 
not cause transitions of the nucleon from the 
state v, to v_, and vice versa. If the right- 
hand side of Eq. (3.3) did not contain a second 
term, we would have a neutral theory, in which 
the absorption and emission of a meson does not 
cause any changes of the isotopic coordinates 
of the nucleon. Solution (3.1) is equivalent to 
the perturbation theoretical solution, if the 
perturbation is given by the expression 
(v'*T, b’) Gg (t), which gives rise to tran- 
sitions between the states v, and v_. 


(3.3) 
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We note that the matrix T, standing together Cv = lim[S* (0, + 00) OD, / (Dp, S* (0, + 00) O,)], (4-2) 


P A A : a0 
with the operator ¢, can be diagonalized by a where C, is a normalization constant and the 
different rotation in isotopic space: V+ 


signs + correspond to ‘‘outgoing’’ and ‘‘incoming”’ 
(Vp + iv, )/V2. Then the ‘‘perturbation’’ term 6 P - 


A , respectively. 
UE NT a ae Rates Goh a tek: facet 5 the energy for the state vo 
sponds to the aforementioned symmetry of the ; 
‘ ‘ a A is determined by the equation 

S matrix with respect to the operators g,; and gp. 
However, if we restrict ourselves to a finite num- E, =lim[(@n,, HS* (0, + 00) On) / (Bn, S* (0, + 00) ®,)]. 
ber of terms in the series (3.1), this symmetry Cra (4.3) 
will be destroyed (one operator appears in the 
exponent of an exponential and will turn up in all 
powers if the exponential is expanded, whereas 
the other operator will appear with a finite power ). 

Working with a cut-off series for the S matrix, 
we may encounter processes which violate the 
law of charge conservation. This occurs if we re- 
strict ourselves to n terms of the series for 
processes which involve more than 2n mesons. 
It is therefore necessary to compute the matrix 
element from the complete series for the S ma- 
trix; only in the series for the matrix element 
can we restrict ourselves to a finite number of 
terms. Speaking in the language of perturbation 
theory, we can say that the separate terms of 
the series (3.1) include also graphs for which the 
law of charge conservation is not fulfilled, cor- 
responding, for example, to the process n— p+ 7". 
The complete S matrix satisfies the law of charge 
conservation exactly, and if the matrix elements 
are calculated in the correct manner, this law will 
not be violated, as was pointed out earlier. In our 
formalism we can therefore speak of a violation of 
the law of charge conservation in the virtual proc- 
esses in analogy to the violation of the law of 
conservation of energy in virtual processes in the 
non-covariant formulation of perturbation theory. 


This quotient can be correctly defined by this 
limiting process, whereas the numerator and the 
denominator are indeterminate due to the pres- 
ence of a phase factor. 

The ‘‘adiabatic”? S@ matrix, which is the solu- 
tion of Eq. (4.1), can be easily obtained from (3.1) 
by replacing all differentials dé, by the expres- 
sion dé; exp (- a| § | ). We note’ that the in- 
troduction of compensation terms in the basic 
Hamiltonian leads automatically to the exclusion 
of infinite phases. Although the introduction of 
compensation terms is regarded as the more 
correct procedure, we find it more convenient 
to use the ‘‘adiabatic’’ theorems (4.2) and (4.3) 
in the calculation of the matrix elements. 

Since the S matrix is given in the form ofa 
series, the matrix elements will have the form 
of a limit for a — 0 of the ratio of two series. 
It turns out that, if one divides one series into 
the other and collects the terms corresponding 
to the same power of the coupling constant stand- 
ing in front of the exponential under the integral, 
the phase of the terms obtained in this way can- 
cels out, and we can therefore go to the limit 
a@— 0 in each term separately. This procedure 
was illustrated in reference 3 on the example of 
the calculation of the renormalized coupling 
4. RENORMALIZATION CONSTANTS constant. The computations for the other matrix 
elements are analogous. 

The resulting expressions are quite compli- 
cated. We therefore write down only the second 
and third approximations. The computation of 
the integrals is considerably simplified in the 
limiting case of a point interaction, where the 
form factor v(k) tends to unity. Let us choose 
the following form for the form factor: 


For the determination of the eigenfunctions and 
the eigenvalues of the Hamiltonian* (1.1) we use 
the adiabatic hypothesis for the inclusion of the 
interaction,?® which can be formulated in the follow- 
ing fashion. 

Let 6, be an eigenfunction of the free Hamil- 
tonian Hy. If further the solution to the equation 
for the S“ matrix with adiabatically increasing 
interaction, 


Oi?) = Oo {— fo, 21}, 
idS* (t, LP Oe a= Aye "St to), (Rk) Pp {— (@e — pv) / 2L} 


Saieieacls (4.1) where L is interpreted as the largest cut-off mo- 
mentum. The transition to a point interaction 
corresponds to letting L go to infinity. 

Let us consider first of all the eigenvalue of the 


*The Green’s function to the Hamiltonian (1.1) was ob- energy of the one-nucleon state. According to the- 
tained in an earlier paper® by the authors. orem (4.3) we find 


is known, then the eigenfunctions of the operator 
H = Ho + Hy will be 
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«| KO{'ey HS (0, = 00) e*| 0S 
Ey =lim x A # = ily Ont, 

ar0 <0 | ey 5% (0, — 26) by | > (4.4) 

, Ole H,S* (0, — 00) eh, | 05 g 00 
6m = lim ved N : eaieet 4 /—igr4 ,o ae = ; 

se OleuS™(0,—epeu joy = Hm | dee 22 a(e)) (SEY'ag | A (=e) ‘(| =—e@ yee 

= q=0 “q=0 7 a oF 
+ 2p? ( do A (s) ex 52 S12 (2) | — of%e7 7) 
ey p | g 2 a [ I (4.5) 

Here 

0 0 5 

a es a = 2q 

Ay = \ Cate « \ eng EXP {a (Ey +... + E,)} A —&)]] e(o —&)) 

Fas. 7 i=2 ji 

ie 0 0 
ig? 
Sues Be \ ds, \ dsert90 [] e(s 1 — &) A (sy — Ss) 8 (Ss. —&)t, 
60 —co j= | 
’ 0 0 2q os 0 0) 2q 
a= A dé, . De ag Xp {a (& +... +&,,)} A (&_, —&) exp {—'e \ ds, \ ds, | | & (Sy — &) A (s; — sy) € (So Sa 
co —oo —0o == 


In the limiting case of a point interaction the re- 
normalization of the mass is given by 
Sym clap [1 4 if ve ees 
ee ee a ae 
The renormalization constant for the fermion 
field Z, is, in conformity with its interpretation 
as a probability, given by 


| for £ => 6a, (4.6) 


Zy = |<0) ene (0, —=<o5).0y,] 02 2=|y oa (=#)'cs 2 


qI= 


co 


0 
= exp | ta g Re| an dv A (1) 


0 


xX exp ei [— 1+ e-7649 + e—fev — e~tooeny +. a : 


(4.7) 
The series inside the square brackets contains an 
undetermined phase factor elA/ @ which drops 
out when the absolute square of this series is 


taken. Restricting ourselves to the first two terms, 


we find in the limit L 
7 er a 
5 g?/n? +1 
The most interesting physical consequence of 
our discussion is the connection between the re- 
normalized (observed) coupling constant g, and 
the bare coupling constant g. This connection is 
given by the ratio 
Cues S* (00, 0) ("t,) S* Os mallets [> (4.9) 
<0 |, S* (ce, — 00) eF | 0> 


InL-. a (4.8) 


a0 


To facilitate the following analysis we shall as- 
sume that the field g, enters in the interaction 
Hamiltonian (1.1) with the coupling constant g; 
and the field @», with the coupling constant gp. 

Restricting ourselves to the first few terms of 
the series, we find after some calculation (see 


reference 3) 
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ue 


gi\ dex (>) = e-iwr) exp = 20; JF a z(1 — ene) 
i k 


co 00 2 2 
— gi \ dx,\ aes \ Ox ln oy a e~ fom) (> =. e~ tou) 


ni 0 0 k, k. 


x exp {— 20% py Ss (2 —e-tor - evan) 
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x [exp i J yy 2 (efoto) be folXrtas) 
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~ertetartees ) —grtenyh 1] 


co [o0) co v2 
=S \ ( S a eo 
ot dx \ dxz\ dxs2n|(S ore 
0 0 0 ky 


« (OS a e- ims (erb)) f (Bar 1 +0) (3) 8 aa) 
ke 


v2 rn . 5 
x exp ia Dg >, a3 | (2 —- efx, — gtx, aL eo(Xy +-x,) 
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4 e-toleetx) — e—iolartxetas) — etn) | Taos eS 0) 
We note that the constants g, and gy can be 
interchanged; this is a consequence of the sym- 
metry of the S matrix with respect to the opera- 
tors @, and @», as has already been emphasized 
several times. 
Formula (4.10) is remarkable in that it has a 
finite limit if the cut-off is removed, i.e., if 
L— ~ (see reference 3). Setting g; = 82 = g, we 


have 
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le + X1+ X35) (ql + Xe ++ Xg)* 


(4.11) 


XpXe 
(= Ba a aoa ey (Gh = Bl 


4 

(1 + X41 + X2 + %3)2 (1 + a . 

Let us consider the first term in expression 
(4.10) in more detail: 

oe \ xx (> a ges) exp \— 283) <5 (i — ey . (4.12) 

0 k k 

It is easily seen that we obtain a series contain- 
ing terms which are logarithmically divergent 
in L, if we expand the function under the integral 
in terms of ay The most divergent part of this 
series has the form 


gia (ein Ly fin 1)! 


n=0 


(4.13) 


in complete correspondence with the perturbation 
theoretical result. At the same time the expres- 
sion (4.12) has the limit — gj [g3(1 + g3/n’)]" for 
Bie +o, 

The integral (4.12), as a function of g3, there- 
fore has a pole at the point g = 0 and can thus 
not be expanded into a Taylor series in the neigh- 
borhood of g$= 0. The situation is the same for 
the subsequent terms of the series. However, the 
convergence radii for the integrals change from 
one order to the next. Thus the third integral in 
(4.10) converges already for g3/n? > 1, and in n-th 
order the integrals converge for g3/m’ > (n—1). 
It is therefore necessary that g3/7’ is assumed to 
be infinite in order that all terms of the series 
(4.9) be finite if the cut-off is removed (L— ~). 

These restrictions on the constant zs. which 
are different for each term of the series, seem to 
be rather meaningless. In order to find an explan- 
ation for this, we recall that the expression for the 
renormalized constant (4.9) is symmetric under 
the interchange g; — g»). Hence all conclusions 
concerning g» are also true for g, (since (4.9) 
can be expressed in the form of a series in gy, 
with g) appearing only in the exponent of the ex- 
ponential ), i.e., it can be asserted that we also 
have a singularity for g;=0. Thus gy =f (gj, gp) 
cannot be written as an expansion in the neighbor- 
hood of g;= 0 or g,=0. But the series (4.11) is 
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an expansion precisely about g,; = 0. This is 
apparently the explanation for the senseless result 
which we have been talking about. 


CONC LUSION 


Our method for solving field theoretical prob- 
lems involving a static nucleon leads to solutions 
in the form of a series for which the n-th term is 
known. The coupling constant is not an expansion 
parameter, so that we need not make any assump- 
tions concerning its magnitude. It can be hoped 
that the knowledge of the explicit form of the n-th 
term of the series representing the solution will 
allow us in the future to decide the problem of the 
convergence of the series, at least for separate 
models of this class. However, the investigation 
of the renormalized coupling constant seems to 
indicate that there exist poles at the point g = 0 in 
the exact solution for some models. This result 
casts serious doubt on all methods using an expan- 
sion in the constant g. In any case, it follows 
from formula (4.2) that the logarithmically diver- 
gent terms, which are absent in our solution, 
inevitably turn up in the expansion in g. We 
further note the following: the fact that the appli- 
cation of the largely unexplored method of func- 
tional integration leads in our case to the correct 
results gives rise to the hope that this method will, 
after some further perfection, be more effectively 
used in the solution of the exact equations of field 
theory. 

In conclusion we regard it as our pleasant duty 
to express our deep gratitude to Professor D. I. 
Blokhintsev and Academician N. N. Bogolyubov 
for very useful and stimulating comments on this 
work. 
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Expressions are given for B(E2) and Q for cases where these quantities depend not only on 
the direct matrix element, but also on the cross matrix element. 


Tue quadrupole moments Q of deformed nuclei 
and the reduced probabilities B for y transitions 
of type E2 between levels of a rotational band may 
have anomalous values for the case where K = 1 
or ¥, (K is the projection of the total angular mo- 
mentum on the nuclear symmetry axis). For K 
=1 and ¥, the quantities Q and B(E2) depend 
not only on the intrinsic quadrupole moment Q) 
=<xxk1QIlxx> but also on the cross matrix ele- 
ment <y_x«1QlxxK> (Q is the quadrupole moment 
operator, yK is the function characterizing the 
internal state of the nucleus). 

The anomaly in the values of Q and B(E2) in 
nuclei with K = 1 and ', is similar to the well- 
known anomaly in the magnetic moments p and 
reduced probabilities for rotational transitions, 
B(M1), in nuclei with K = 4, and is due to the 
equivalence of positive and negative directions of 
the nuclear axis. 

The quadrupole moment of a nucleus with 
angular momentum I and projection K = 1 can be 
written as follows: 


_ 9. 38=1U + 1) LL + (= 1)! 3b 9] 
Q Qo (I + 1) (27 + 3) : (1) 


In particular, for the ground state of the rotational 
band where I = K = 1, 


Q = Qo(1 + 6b) / 10. (2) 


The coefficient by) characterizes the ratio of the 
matrix elements <y_;|Q|x;>/<x,1Q|x,;>. The 
reduced probabilities for E2 y transitions between 
levels of a rotational band with K = 1 can be ex- 
pressed in terms of the same parameters Q, and 
by. For transitions with I+ 1— I, 


Bb) = Gs Cie alt ll ee GF, @) 


For transitions with I+ 2— I 


’ 


5) 9f2 G > a » 
B(E2) = 7 e?Q5(Citox; 20)? {b+ (—)* bol”, (4) 


where C::.. are Clebsch-Gordan coefficients. 

In the case of K = %, the quadrupole moment of 
the ground state of the rotational band I = K = / 
is identically equal to zero. The expressions for 
the reduced probabilities B(E2) for transitions 
between levels of a rotational band with K = Y, 
have the same form as (3) and (4), and differ only 
in the values of I and K. The coefficient by 
characterizes the ratio <x_14/2 1Q| X1/2 > 
/<xip!@ lxin>- 

The magnitude and sign of the coefficient by 
are determined by the internal state of the nucleus. 
In particular cases it may turn out that the cross 
matrix element is small compared to Q). How- 
ever, there is no basis for assuming that by « 1 
for all nuclei. Therefore the measurement of a 
single value for B(E2) in nuclei with K = 1 and 
¥, is insufficient for determining the intrinsic 
quadrupole moment and the deformation parameter 
of the nucleus. 

There are a considerable number of deformed 
nuclei known at present which have states with K 
=1 or %. But the corresponding experimental 
data are available only for five nuclei with K 
= ¥,. These data are given in the table. There we 
also give the theoretical values calculated on the 
assumption that by = 0. Agreement of experi- 


Nucleus Ratio Pifor? Experiment 
yp FET 1.50 | 4.49 [4] 

Tmi69 REL 0.28 | 0.34 [23] 
W1ss NE peaa 0.28 | 0.52 [4.5] 
[235 EDS 0.28 0.16 [6.7] 
P29 FED 0.28 | 4.04 [29] 
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mental and theoretical values occurs only for 
Yb'! and Tm?®9. For the other nuclei one ob- 
serves deviations, i.e., b) and consequently also 
<x_xKlQlxx> are different from zero. How- 
ever, the precision of the available experimental 
data is low, so that accurate measurements of Q 
and B(E2) for nuclei with K=1 and ¥, would 
have considerable interest. 
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The Riemann invariants are computed for simple magnetohydrodynamic waves. The change 
of velocity in fast and slow magnetoacoustic waves is determined for the case when the mag- 
netic pressure in front of the wave is much smaller than the hydrostatic pressure. 


1. BASIC EQUATIONS 


W: use the name ‘‘simple waves”’ for those 
solutions of the equations of magnetohydrodynamics,° 
which have the form of a traveling wave! 


eo GeV) (teal eae eee TE) (1) 


where uj, U2 ..., Un is the totality of the magneto- 
hydrodynamic quantities such as the pressure p, 
the density p, the three velocity components vx, 
vy, and vz, and the two transverse components of 
the magnetic field Hy and Hz (we confine our- 
selves to plane one-dimensional waves, propagating 
in the x direction, so that Hx is constant). In the 
magnetohydrodynamics of an ideally conducting 
non-viscous medium, there are seven magneto- 
hydrodynamic quantities n. It follows from (1.1) 
that in a simple wave all the magnetohydrodynamic 
quantities can be expressed in terms of one among 
them, for example p, which in turn depends on the 
coordinates and on the time.* 

The quantity V, which enters in (1.1), is a func- 
tion of p. This means that, in a simple wave, 
points which have different densities are displaced 
with different velocities. Thus, the profile of the 
simple wave is distorted as the wave propagates. 
It can be shown that the steepness of the wave de- 
creases in the rarefaction regions (dp/dt < 0) 
and increases in the compression regions (dp/dt 
> 0).48" This leads, in final analysis, to the 
formation of discontinuities (shock waves) in the 
compression regions. 

The simple wave plays a special role in mag- 
netohydrodynamics because in the absence of dis- 
continuities, only a simple wave can have a boun- 
dary with a region of a steady flow.*»” It must be 


*The first published paper on simple waves in magneto- 
hydrodynamics is that of Owens.” The investigation of simple 
waves for H, 4 0 is the subject of papers by Friedrichs and 
Lax,* Kulikovskii,* Akhiezer, Lyubarskii, and Polovin.*’ 


noted, however, that this theorem is somewhat of 
lesser importance in magnetohydrodynamics than 
in ordinary hydrodynamics. Thus, when a piston 
moves out in a non-conducting medium that obeys 
the equations of ordinary hydrodynamics, the 
region of steady flow along the characteristic 

dx/dt = c (c is a velocity of sound) bounds on a 
simple wave that reaches the piston (see Fig. 1A). 
On the other hand, if a piston moves in a magneto- 
hydrodynamic medium, two characteristics emerge 
from the point x = 0, t= 0: a ‘fast’ characteristic, 
dx/dt = U,, and a ‘slow’ characteristic dx/dt = U_ 
(U+ and U_ are the propagation speeds of the fast 
and slow magnetoacoustic wave, see Fig. 1b). In 
the region enclosed between the two characteristics, 
a simple wave is produced, whereas in the region 
enclosed between the slow characteristic and the 
piston, the motion of the medium is in general not 
described by a simple wave.* 


FIG. 1. Waves produced in the motion of the piston: a—in 
ordinary hydrodynamics, b~in magnetohydrodynamics. II —line 
of motion of piston; X — characteristic in ordinary hydrodynamics, 
dx/dt = vx + c; X,— ‘fast’ characteristic in magnetohydrody- 
namics, dx/dt = vx + U,; X_—‘slow’ characteristic in mag- 
netohydrodynamics, dx/dt = vx + U_; O-—standstill region; 
1-—simple wave; 2~—non-simple wave. 


However, if the piston moves with constant 
velocity, then the problem does not contain a 
parameter with the dimension of length. There- 

*This can be seen even from the fact that a simple wave 
is characterized by one arbitrary function,® whereas on the 
surface of the piston there should be satisfied boundary con- 
ditions® characterized by two arbitrary functions, Vx(t) and 
vy(t). 
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fore all the magnetohydrodynamic quantities de- 
pend on the coordinates and the time only through 
the combination x/t. Such waves, called self- 
Similar, are a particular case of Simple waves. 
Self-similar waves are always rarefaction 

waves .67 

In magnetohydrodynamics there are three types 
of simple waves:° fast and slow magnetoacoustic 
waves, Alfven waves, and entropy waves. The 
greatest interest attaches to magnetoacoustic 
waves. The latter are always plane: if the veloc- 
ity and magnetic field vectors in the xy plane 
(vz = 0, Hz = 0) at the initial instant then these 
relations will continue to be satisfied. 

If the medium is described by the equation of 
state of an ideal gas, pp~Y = const, then, as shown 
by Friedrichs (see reference 9), the integration 
of the equation of simple waves reduces to the 
integration of a linear differential equation 


dr fag. —9(rg2. — 1) /q2. (gq. — 1), 


aa NU pee ays ae 6=¥7/(2—y), 


gx = U%/ 02, Us = (U2 + @4V (U2 4 OP 42U? yy", 
(de) 


where c is the velocity of sound, equal to yp/p; 
U is the Alfven velocity, equal to H/V4mp. As can 
be seen from the definition, r is a dimensionless 
pressure. 

Equation (1.1) makes it possible to determine 
the quantity q, as a function of r, after which the 
velocity components are found from the equations 


d0|dr= ec Va I xr, (1.3) 


du, {dr = + Soy re (G2 == ly" a, Sol Sein (hl yi ,): 
(1.4) 

The upper and lower signs in (1.4) correspond 
to the fast and slow waves, respectively; « =+ 1 
for waves propagating in the direction of positive 
x and € = —1 corresponds to the opposite direc- 
tion. The subscript 1 (designating Hy) pertains 
to the region in front of the wave. 

The transverse magnetic field Hy isvaeter— 
mined from 


bs ALY (9. — 1)(rq,.—1)/q,, sign 4,,. 


(1.5) 


2. QUALITATIVE INVESTIGATION 


From the equations of simple waves it follows 
that the transverse magnetic field Hy decreases in 
a fast self-similar wave and increases ina slow 
wave.®*" If the wave propagates in the direction of 
positive x, then the longitudinal velocity component 
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FIG. 2. Integral curves of Eq. (1.1). The + sign designates 
the fast waves and the ~ sign the slow waves. The non-exist- 
ing portions of the integral curves (on which the transverse 
magnetic field Hy becomes imaginary) are shown dashed. The 
arrows indicate the direction of displacement in the plane (q, r) 
in the self-similar wave. The region of the abscissa axis on 
which a vacuum is produced behind the slow wave is designated 
by the letter B. 


vx decreases in both slow and fast magnetoacoustic 
waves. If, in addition, the quantity HxHy is posi- 
tive, then the transverse velocity component vy 
increases in the fast magnetoacoustic wave and 
decreases in a slow one. 

From the definition of the quantities r and qy 
it follows that the inequalities 


OP ee, Mh a Ao eg oe Te (2511) 
are satisfied in a fast magnetoacoustic wave, 
while in a slow wave we have 

Kj geal, nga (232) 


From inequalities (2.1) and (2.2) and from 
Eq. (1.2) it follows that dr/dq;> 0. Since the 
pressure r decreases in self-similar waves, the 
quantities q+ also decrease (in both slow and 
fast magnetoacoustic waves). The first inequality 
in (2.1) or (2.2), namely rq, = 1, determines the 
simple wave with maximum amplitude. Magneto- 
acoustic waves in which rq+=1 will be called 
complete. It is seen from relations (2.1) and (2.2) 
that the equality rq; = 1 can be reached behind a 
fast wave or in front of a slow wave. 

When rq+=1 the transverse magnetic field 
vanishes. The point r =1; q1+=1 is a singular 
point (node) of (1.2). In the vicinity of the singu- 
lar point, the equation of the integral curves has 
the form 


r=1—r(¢—1)/(y¥—1) + C(Q—1)", 


where C is a constant of integration. At the sin- 
gular point all the integral curves have a common 
tangent, with a slope 


dr fdq = —x/(x— 4). 
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At the point of intersection of the integral curves 
with the line rq’ = 1, the derivative dr/dq vanishes 
and the integral curves have horizontal tangents. 

The overall shape of the integral curves of (1.2) 
is shown in Fig. 2. The non-existent portions of 
the integral curves (corresponding to imaginary 
values of Hy) are indicated by dashed lines. The 
arrows indicate the direction of displacement in 
the plane (r, q) upon propagation of a self- 
similar wave. The fast and slow magnetoacoustic 
waves are marked ‘‘+’’ and ‘‘—’’ respectively. On 
the line r = 0 the pressure vanishes — cavitation 
sets in. This line is indicated in Fig. 2 by the 
letter B. As can be seen from Fig. 2, cavitation 
can take place only in a slow magnetoacoustic 
wave. It is also seen from Fig. 2 that the inequal- 
ity r< 1 is satisfied behind a complete fast wave, 
and the inequality r> 1 is satisfied ahead of a 
complete slow wave.* 


3. THE RIEMANN INVARIANTS 


In ordinary hydrodynamics, the Riemann in- 
variant is defined as a function J of the hydro- 
dynamics quantities uy, Ug, ..., Uj, which remains 
constant along a certain characteristic. Accord- 
ing to this definition, there are no Riemann invar- 
iants in magnetohydrodynamics. In fact, the equa- 
tions of magnetohydrodynamics can be written 
schematically in the form 


7 25E SCF ae ae i ore 
(@=1, oa) (3.7) 
Since the Riemann invariant J (uj, ..., Un) is con- 
stant along the characteristic, we have 
Sai ee) 0 (3.2) 


where V is the slope of the characteristic. 

Equation (3.2) should be the consequence of 
(3.1). There should therefore exist functions pj 
(uy, ..., Un) Such that the equation 


Ou, Ou, 
Des er > Yi X er = =0. (3.3) 
i i,k 


becomes identical with Eq. (3.2), which we write 
in the form 


1,, Of Pup 
4 2a, Ox 


y aj Ou; 


Ou, ot =. 


(3.4) 


é 


*It follows therefore that the fast and slow waves cannot 
be simultaneously complete. A complete slow wave can exist 
only when there is no fast wave and when the transverse mag- 
netic field Hy in front of the wave vanishes. 
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Comparing (3.3) and (3.4), we find 


i; = Od) OU;, (3.5) 


Div: Xin = VOI | Our = Vern (3.6) 
From relations (3.5) we obtain n(n—1)/2 
equations 


Op;|OXp a Op, OX; 


which must be satisfied by the functions p. The 
system (3.6) contains an additional (n—1) equa- 
tion. Thus, the n functions py, ..., Un must 
satisfy (n—1) + n(n—1)2 =(n—1) (n+ 2)/2 
equations, which is generally impossible if n> 2.* 
Consequently, the definition given above for the 
Riemann invariants cannot be extended to include 
magnetohydrodynamics. 

However, it is possible to modify the definition 
of the Riemann invariant so as to make it meaning- 
ful in magnetohydrodynamics.? We shall define as 
a Riemann invariant a function of the magnetohy- 
drodynamic quantities J (uj, ..., Uj), which re- 
mains constant in a simple wave. Inasmuch as 
simple waves are described by a system of 
ordinary differential equations, there exist (n—1) 
integrals of the system of equations, and these are 
the Riemann invariants. To each simple wave 
there correspond thus (n—1) Riemann invariants. 

A simple magnetoacoustic wave, according to 
(1.2) — (1.4), has four Riemann invariants: 


t=r(q—ly* + 60 g2(q—1) ag, (3.7) 


Jo = 0,45 ey | Cc Vor? dr, (3.8) 
Js = vy bey ‘sign (H.H,,) - NG — 1)" (rq —1)~“er> dr, 
(3.9) 


J4 = po-. (3.10) 


When y = ¥3, the invariant J; is expressed in 
terms of elementary functions: 
f= — 1g —17* 4 S(q= 1b @ Say 
+ 10g = 1)" — 25 (g — 1) * —5q4 + 30 In(g/q —1)). 
(3.11) 


The invariants J. and J; make it possible to 
determine the discontinuities in the quantities vx 
and vy: 


" 


Ayu, = — er | cV qr dr, 


2 


(3.12) 


*Equations (3.5) and(3.6) become compatible through acci- 
dental degeneracy. It is easily shown, however, that there is 
no such degeneracy in magnetohydrodynamics, and equations 
(3.5) and (3.6) are incompatible. 
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ne 


Axty = tey* sign(H.Ayy) - 


ieee) 


(3.13) 


The index 2 pertains to the region behind the wave. 


As was shown by Lax,® the Riemann invariants 
are conserved in shock waves of low intensity, 
accurately to quantities of second order inclusive. 


4. FAST WAVE WHEN U; « c; 


Equations (3.12) and (3.13) become much sim- 
pler when the magnetic pressure H?/87 ahead of 
the simple wave is much less than the hydrostatic 
pressure p, (this is equivalent to satisfying the 
inequality U;<«c,). In this case 


Ce i, 


Since the quantity qy, diminishes and becomes 
greater than unity in a self-similar wave, the 
quantity € =q, — 1 is positive and much smaller 
than unity. It follows from (3.12) that 


Quy. =14+ Ui, / 4+ 0Ut/ ch). 


Nite ie) 1) (4.1) 


In order to transform (3.13), we rewrite (1.2) 
as 


dr/di=8(r—1)€4+4+20, §&<1, 


hence 


p= tre ey (7 1) tt. (4.2) 


We denote the smallest value of € reached ina 


complete fast wave by m. It follows from (4.2) 


that 
Cele rl, (4.3) 


The corresponding value of r is determined from 
the expression 


lm — 4 == Em mS Ils 
If €, > &m, (3.13) becomes much simpler 
A Uy = &y Viet cy sign (HH yy) 


a \ poorer C= ig ar. 


T2 


(4.4) 


The expression (4.4) can be used for any value 
of €, since the main contribution to the integral 
(3.13) is made by values & > £m. In fact, when 
& ~ Ey, the value of r is close to unity, and 
therefore cy © cyry-(Y—1) /2Y. The contribution to 
the integral (3.13) from the values ~&m is 
given by the formula 


C1 ( [ore te — 7 ty — 1) 4) ae 


ares ' [nee os —(¥ — 4)72]'2 


, — 
A’, = 


(== Die(rg 1); “ere drs 
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where &¢ satisfies the inequalities Em K fe 
< &r,;~'/9, The main contribution to the integral 
A’vy is made by the quantities* & ~ 5. Therefore 


/ £Y/2(y—1) —Yox¥(y—1) 
Ady ~ C5; fa ; 


which is much less than 
1/5 ee | Pa 
Avy ~C5i'7; a 


If r. — 1, it follows from (4.4) that 


Ay = Uy (Ure / ¢1)""h (x) sign (HA), (4.5) 
eS Oy ee a) BY os 
h(y) ai (Garewal ; Ol) = BIO oo 
5. SLOW WAVE WHEN U; « c, 
In front of a slow wave, where rj, >> 1, the 
quantity q, is defined by the expression 
Qu.=n7 +0(Ui/c)<1. (5.1) 


As a result of the decrease in pressure r ina 
self-similar wave, the inequality r > 1 is valid 
only in front of the wave, and relation (5.1) soon 
ceases to hold. However, since q decreases, the 
inequality q « 1 holds over the entire slow wave. 

From (1.2) it follows that when q « 1 


f= (lee t)qrt tq (5.2) 


From (5.2) we find that at the point where cavita- 
tion sets in (r, = 0), the value of q is determined 
by the relation 


Jo = 191 / 2. 


Using (5.2) we find the discontinuities in the 
velocity components in a slow wave 


1 

eU 
Av, = 1 | 
i V2y 3 


ot T1)/2% dg 
[t—s@+ 47% 


(5.3) 


1{—os 
8, (5.4) 


o=r/r,. If cavitation sets in on a slow wave (0 
= 0), then the expressions for A_vx and A_vy are 


A_v, = — Uf (7), 


1 ——————————— 
Me o sign (HH) « \ yy a. o-+0)/27 da, 


(5.5) 
A_vy = — ecyg (x) sign (HA iy), 
where 
4 ¢ oY +1)/2¥ 
== ——— 1 do, (5.6) 
f(x) V 27 [4 —o (0 + 1) 4] /2 
1 oS 
oe { \V 1— aE 1) g—ry/2¥ do, (5.7) 


7 
0 


*This can be readily verified by comparing the contribu- 
tion to A’vy made by the quantities E/Em » 1 and €/&m > 1. 
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To calculate the quantities f(y) and g(y) itis 
necessary to expand [1—0o(@ + 1) ']¥2 in powers 
of 0. Integrating term by term, we get 


| 4 re pe! 4 
iy RO ae 


f(y) = V 24 


« thes} 1 1 
Te im eee: 
V = [(y — 1) / 27) [4 ie 
~ «TP [(2y — 1) / 27] 2021) ay — 1 
7 1 y—1 3y—1 
8 (0 + 1)? 2y—14y —1 ae 


When y = 7; we have cys) = 2.78... and g(7) 
= 3.67... The transverse magnetic field Hy is 
given by the relation 


g (7) 


haS V 8rp,(1 So) iy Crote ela ye (5.8) 


The formulas obtained make it possible to solve 
the problems of the magnetohydrodynamic piston 
and of the escape of a magnetohydrodynamic 
medium into vacuum. 

The author expresses his gratitude to A. I. 
Akhiezer and G. Ya. Lyubarskii for valuable dis- 
cussions. 
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The energy and angular distribution for the decay Hey — He? + p+ _ is calculated in the 
impulse approximation. It is shown that by including the interaction in the proton — He® sys- 
tem one obtains satisfactory agreement with the experimental data. The energy distribution 


of m mesons from the He? 


Recenrry there has been obtained quite exten- 
sive experimental material concerning three-par- 
ticle s” meson decays of light hypernuclei.!’? It 
appears that the energy and angular distributions 
for such decays have a whole variety of interesting 
properties. Thus, for example, in the overwhelm- 
ing majority of cases the energy of the mesons 
lies in a narrow range near the upper limit of the 
energy spectrum; for Hej and Hex one observes 
a marked asymmetry in the angular distribution, 
etc. According to the proposal of Dalitz, sucha 
situation is related to the presence of a strong in- 
teraction in the system of products of the decay of 
the hypernucleus. 

In the present work, we consider the effect of 
strong interaction on the energy and angular spec- 
tra of the decays 


Hex >He?+p+nr, Haodt+p+q, 


and we also make a comparison with similar cal- 
culations for the decay of He>.*~® 
The amplitude for the decay of the A particle 


in the hypernucleus has the form 
M =s- pk, '(ck). (1) 


Here k is the momentum of the m~ meson, ky is 

its value for the decay of a free A particle 

(~101 Mev/c), s and p are the amplitudes for 

the decay of the A particle in the channels with 
= 0 and 7 = 1 respectively. 

We shall neglect the interaction of the 7 
mesons with other decay products, since it is small 
at the energies considered (for more details con- 
cerning this, cf. the paper of Byers and Cotting- 
ham®), and shall take into account only the inter- 
action in the system proton plus residual nucleus. 
Corrections related to the deformation of the 
meson cloud of the A particle were discussed by 
Szymanski?® and were insignificant for light hyper- 
nuclei. 


a d+p+a decay is also discussed briefly. 


Since the binding energy of the A particle in 
the Hea and HR hypernuclei is small, we may 
assume that the wave function of the hypernucleus 
is expressed as a product 


be = ba da (9) %z, (2) 


where %, is the wave function of the nuclear core, 
~, (p) is a function describing the motion of the 
A-particle with respect to the center of mass of 
the nuclear core, x, is the spin function. 

As was shown by Byers and Cottingham,® the 
energy and angular distributions for three-particle 
decays of hypernuclei are determined by two non- 
trivial kinematic variables which can be selected 
to be k, g or Py, 6 (we shall use the notation of 
reference 6: g is the angle between the vectors k 
and ke, where kg is the relative momentum of the 
system proton plus residual nucleus; Py is the 
vector sum of the momenta of the m meson and 
proton; @ is the angle between the vectors Py and 
q, where q is the relative momentum of the 1 
meson and proton in their center-of-mass system ). 
In the following we shall use both the variables k, 
gy, as wellas Py, 0. 


He, — He® +p +a Decay 


Using (1) and (2), we find (after averaging over 
spin states) for the square of the matrix element 
of the process, as a function of the spin j of the 
hypernucleus Hej, the expression 

|My P= {EP + pk |’? for i= % 
Mip |2 = 2 p2R*kiy? | 15 2 + (s?@ +} pee Ro) | for j se 
Here 
ptt [gts (p) eel Oa (0) dp, 


b5(p) = 5 3 i’ (214-1) (hr? (ky 0) 
4 exp (—2i8/'*) A (hy p)] Px (cos 1), (4) 


~ 
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a cay of He}: 1— without inter- 
: action in the final state; 
Ol ! 2 —including interaction. 
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ni? and ie are spherical Hankel functions of the 
first and second kind. 

The problem of finding the phases oe for scat- 
tering of protons on He® nuclei was considered by 
Bransden and Robertson,’ who started from a po- 
tential for the interaction between the two nucleons 
without including spin-orbit or tensor forces. As 
the comparison of the results of their calculations 
with experimental data® showed, in the case of Ser- 
ber forces one obtains satisfactory agreement with 
experiment for proton energies up to 10 Mev. We 
shall therefore use the phase shifts calculated by 
Bransden and Robertson for Serber-type interac- 
tion, and shall include only states with 1 = 0 and 
1 =1, since phase shifts with 7 = 2 are small at 
the energies considered here. 

For the function ~,(p) we shall choose the ex- 


pression 


1 


byl) ~ lee — 


By means of a variational procedure similar to 
that used by Derrick,? we find that B = 3.8a. The 
Coulomb interaction is included in the same way 
as in the work of Tang.*® In accordance with the 
result of Dalitz,! the spin j = 0 was chosen for the 
hypernucleus Hej. 

In Fig. 1 we show the energy spectrum of the 
m™ mesons (in arbitrary units) which has the form 
aig 
( | Miz (2, cos ¢) |2R ky d cos @. (5) 
=1 
Curve 1 was calculated without interaction in the 
proton — He® system, and curve 2 including such 
interaction. Both curves were calculated on the 
assumption that | p/s | = 1.!° 

As the experimental data’? show, in almost all 
the decays the momenta of the  -mesons lie ina 
narrow range of momenta from 80—100 Mev/c 
(there are no more than 10% of all the decays out- 
side this interval). The energy spectrum calculated 
without including final state interaction (curve 1) 
shows that in this case, for approximately 35% of 
all the decays, the momenta of the mesons will 
lie below 80 Mev/c, in contradiction with the ex- 
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perimental data. The spectrum, calculated includ- 
ing such an interaction, shows that in approximately 
90% of the cases the momenta of the 7 mesons 
should lie in this interval, i.e., agreement with the 
experimental data is satisfactory. 

In Fig. 2 we show the angular distribution 
PA max 
\ | Mig (P 


0 


ds 


Baan Ghee cos 8) |? PixgdP. (6) 


ins 
The comparison of the calculated angular distribu- 
tions with the experimental data!» clearly shows 
the presence of strong interaction in the system of 
decay products. Curve 1 (no interaction) in- 
creases very slowly with increasing cos @. The 
number of decays for which cos@ <0 is ~ 45% 
which sharply contradicts the forward asymmetry 
observed experimentally in the decay of Hej. On 
the other hand, when we include interaction in the 
proton — He® system (curve 2), the number of de 
cays for which cos @ < 0 is 15%, which is in satis 
factory agreement with the experimental data. 

We note that the energy and angular distribu- 
tions presented in Figs. 1 and 2 depends very 
slightly on the value of the variational parameter 
B in the wave function ~,a(p) (cf. the paper of 
Picasso and Rosati!*), Including the interaction of 
the m mesons with other decay products also does 
not essentially change our results. 

Several authors,*»® especially and in detail 
Byers and Cottingham,® have discussed the energy 
and angular distribution from the He? — He‘ +p 
+m decay. Byers and Cottingham® came to the 
conclusion that these distributions (and especially 
the angular distribution) are essentially deter- 
mined by the resonance character of the phase 
shifts for scattering of protons by Hey. However, 
our calculations do not confirm the conclusion 
that the presence of resonances plays such an im- 
portant role (cf. also reference 5), at least for the 
decays of light hypernuclei. As we know, the phase 
shifts for scattering of proton by He® do not have 
resonance character, '8 but nevertheless the angu- 
lar distribution calculated using them for the He! 
— He? +p + decay has a marked asymmetry, ~ 
in agreement with experiment. 


ANGULAR DISTRIBUTIONS FROM DECAYS OF HYPERNUCLEI 
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The Hi —-d+p+m Decay 


The square of the matrix element of the decay 
for a spin j = / of the Hi hypernucleus has the 
form 

| Mag |? = (s? ++ p?k® kp *) | 1° |? + © pe? kD? 19 


is) 


2 (7) 


Here 
124 \ gh (per akel (p)dp. (8) 


The function ¥%4(p) is obtained from (4) by 
replacing the phase shifts ates by the phases 694, 
which were calculated by Massey.'! For the func- 
tion ¥,(p) we chose the expression” 


ba (p)~e?, y= 0.75. (9) 

Using (7) — (9) we computed the energy spectrum 
of the mesons, which is shown in Fig. 3. Curve 
2, computed including interaction in the proton- 
deutron system, shows that ~ 80% of all the decays 
are contained in the interval 85 —100 Mev/c, which 
is in satisfactory agreement with experimental 
data. '? 
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Thus the results of our computations show that 
the effect of final-state interaction essentially de- 
termines the shape of the energy spectrum and 
angular distribution for decays of hypernuclei, 
even when this interaction is described by non- 
resonant phase shifts. 

In conclusion, I express my gratitude to Prof. 
D. D. Ivanenko for support in carrying out the 
present work, and also to N. S. IVina for carrying 


out the numerical computations. 
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The mean square radius of the pion charge distribution is estimated on the basis of the rela- 
tionship between this radius and the pion-pion scattering resonance energy derived from the 
dispersion relations. The mean square radius of nucleon charge is calculated within the 
framework of the Chew-Low-Wick static theory by taking the electromagnetic structure of 
the meson into account, and good agreement with experimental data is obtained. 


1. INTRODUCTION 


‘Tue investigation of the pion-pion interaction 
aroused great interest in recent years after it be- 
came evident that knowledge concerning this inter 
action is required for further progress in the 
study of strong interactions.! Chew and Mandel- 
stam” have studied the pion-pion interaction using 
a double dispersion representation, and have con- 
cluded that the amplitude of pion-pion scattering 
must exhibit resonance in the state with total 
angular momentum and isotopic spin both equal to 
unity. Since the amplitude of pion-pion scattering 
is still unknown because it is impossible to per- 
form a direct scattering experiment on a system 
of unstable particles, it is interesting to consider 
every possible procedure for attempting to deter- 
mine the basic parameters of this amplitude by 
analyzing the contributions of the pion-pion inter- 
action to different experimentally observable effects. 
Frazer and Fulco® have shown how to take into 
account the contribution of the pion-pion inter- 
action to the isotopic-vector form factor of a nu- 
cleon. However, their work is not entirely correct. 
For example, their solution for the annihilation 
amplitude of a nucleon-antinucleon pair [Eq. (4) ] 
is wrong, as can be seen by comparing the imag- 
inary part of the solution in Eq. (4) for s> 4y’c 
with the corresponding imaginary part of the exact 
solution. Another shortcoming lies in the fact 
that the expression for the spectral density ne- 
glects corrections for secondary pion-nucleon 
scattering, which plays an essential part.° 


2. MEAN SQUARE PION CHARGE RADIUS 


We shall point out a simple possibility of relat- 
ing the resonance energy in the pion-pion scatter- 


ing amplitude to the mean square pion charge 
radius. We know that the dispersion equation (in 
subtracted form) for the meson form factor G, 
after making the reasonable assumption that the 
largest contribution comes from two-meson inter- 
mediate states, has the solution® 


(1) 


Ss c 8 (s’) ds’ 
G(s) = exp {= \ we} 
4p? 
where 6(s) is the pion-pion scattering phase in 
the state with J = I=1 when the total energy in 
the center-of-mass system is Vs. (1) leads toa 
mean square charge radius represented by 
a) r 5 (s’) ds’ 
s=0 eee \ Sr , 


2 


0G (s) 
Os 


cr) = 6 (2) 


4p. 

We know nothing concerning the energy depend- 
ence of the phase. Assuming that resonance exists 
in the state of present interest and that this reso- 
nance is quite narrow (i.e., that the scattering 
amplitude is large only in the resonance region), 
the behavior of the phase can be approximated by 
the function 


8 (s) = 78 (s — 59), (3) 


where So is the square of the resonance energy 
and @(s) is a step function that vanishes for 
negative values of its argument. We may expect 
that the total error associated with the approxi- 
mation (3) will be small even when the resonance 
is not very narrow. Integration leads to the fol- 
lowing relationship between the mean square pion 
charge radius and the square of the resonance 
energy: 


ie So 0s (4) 


Using the tentative value sp = 22u” for the reso- 
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nance energy,’ we obtain 
(<r?) _)2 = 0.52u14 = 0.73 f. 


It is necessary to verify the extent to which this 
unexpectedly large value of the pion radius is con- 
sistent with the experimentally observed nucleon 
charge distribution. 

Riazuddin® has calculated the mean square pion 
charge radius by assuming equality of the experi- 
mental and the theoretical mass difference be- 
tween neutral and charged pions. This work was 
limited to only a one-meson intermediate state in 
the expression for the amplitude of a virtual 
Compton effect for the pion. However, in view of 
the resonance character of the pion-pion inter- 
action the virtual photoproduction amplitude is not 
small, so that two-meson intermediate states can- 
not be neglected. Therefore the result (<r’?>,)¥2 
= 0.5 f must be regarded as the lower limit of the 
pion radius. 


38. ELECTROMAGNETIC STRUCTURE OF THE 
NUCLEON 


For the purpose of estimating the role of pion- 
pion interaction in the electric charge structure of 
nucleons, the vector part of the mean square nu- 
cleon charge radius was calculated in the static 
theory of Chew, Low, and Wick.’ We know that 
with a suitable cutoff constant this theory yields 
the same basic results as local-field theory with 
dispersion relations.°’!? 

Although the dispersion-relation method pro- 
vides a more consistent approximation, and takes, 
for example, relativistic corrections into account, 
it requires that we know the pion-nucleon scatter- 
ing amplitude for non-physical momentum trans- 
fers s;> 4”. Because of the strong pion-pion 
interaction, this amplitude is not analytic with re- 
spect to s; for s; > 4y, and cannot be continued 
outside of the physical region by expansion in 
Legendre polynomials. The problem of analytic 
continuation does not arise in the static theory, 
which from this point of view yields more reliable 
results than the dispersion relations. 

Earlier calculations using both the static and 
the dispersion theory yield comparatively accept- 
able results in the approximation where the pion- 
nucleon scattering amplitude is represented by a 
one-nucleon term.!” !* However, this agreement 
with experiment must be regarded as accidental; 
it was shown in reference 5 that consideration of 
secondary pion-nucleon scattering seriously 
changes the results and leads to a very small 
proton charge radius that conflicts with the experi- 


mental results obtained by Hofstadter’s group. The 
same authors pointed out the necessity of taking 
into account the pion electromagnetic structure, 
which they estimated by means of perturbation 
theory. 

In our case the pion-pion resonance interaction 
is partially accounted for phenomenologically 
through the introduction of an electromagnetic 
form factor for the pion. The pion-nucleon scat- 
tering amplitude is effectively corrected by means 
of a suitable cutoff parameter. v(k) = L*/ (L? + k’) 
was used as the cutoff function; the cutoff param- 
eter L = 6.54 was chosen to give the correct value 
for the vector part of the anomalous nucleon mag- 
netic moment. Secondary scattering terms were 
subject to the same assumptions as in reference 
13, where small phase shifts of the pion-nucleon 
scattering amplitude were calculated. 

A similar calculation was performed for the 
mean charge of the meson cloud, which determines 
the degree Q of virtual dissociation of the nucleon 
into a nucleon and charged pion. We obtained Q 
= 23%, which results from a semi-phenomenological 
analysis of experimental data on nucleon structure 
when a physical nucleon is regarded as a system 
consisting of a nucleonic core and a virtual pion 
cloud. 

For the vector part of the mean square of the 
nucleon charge radius we obtained 


<r?yy = 0.047 p? + 0.063 pw? +.0.039 p? = 0,149 p; 


the first term accounts for the charge distribution 
of the cloud of virtual point pions; the second term, 
which is Q<r*>z, is the contribution of the meson 
electromagnetic structure. The last term, which 
is (3 — 6Q) [8v(k)/%k’];, _ g, takes into account 
the charge distribution of the meson core as well 
as the contributions of virtual high-energy pions 
and the possible contributions of other heavier 
particles. 

It is impossible at present to calculate the 
scalar part of the nucleon form factor, since this 
part results from a photon-nucleon interaction 
through a three-meson intermediate state. Ampli- 
tudes corresponding to diagrams with three ex- 
ternal meson lines, knowledge of which is required 
for such calculations, have thus far not been inves- 
tigated. We may assume, however, that the vector 
and scalar parts of the mean square nucleon charge 
radius are equal, as is indicated by the experi- 
mentally observed vanishing of the neutron electric 
charge. The rms radius of the proton charge then 
becomes 


(<r2>p\' = 0.77 
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in good agreement with experimental data. 


4, CONCLUSION 


We have thus shown that the hypothesis of a 
pion-pion resonance interaction makes it possible 
for the static theory to describe experimental data 
regarding the mean square nucleon charge radius 
if resonance occurs for sp = 22u?.’ Our results 
indicate, furthermore, that corrections for sec- 
ondary pion-nucleon scattering, which had pre- 
viously been considered small, !°~'?>"4 actually 
played an important part, as has been confirmed 
in reference 5. It should be noted that the point 
pion cloud, which has thus far been regarded as 
most important, actually plays only a small part. 
On the other hand, the electromagnetic structure 
of the pion is very important. The static theory 
may be corrected through the use of dispersion 
relations, but this evidently requires a previous 
solution of Mandelstam’s equations. 
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The problem of the Knight shift in superconductors of small size is discussed. 


It is shown 


that the derivation of a finite value of the shift at absolute zero obtained in the papers of 


Schrieffer® and of Anderson! is incorrect. 


rcnrny a number of papers!~‘ has been de- 
voted to the theory of the so-called Knight shift in 
superconductors, i.e., the change in the nuclear 
resonance frequency as compared to dielectrics. 
The aim of these papers is to explain the experi- 
mental data obtained by Reif for superconducting 
emulsions.° 

As is well known, the cause of the Knight shift 
in metals is the paramagnetism of the conduction 
electrons. Because the electron wave function is 
anomalously large in the neighborhood of the nu- 
cleus, the magnetization of the electrons changes 
the magnetic field acting on the nucleus. The dif- 
ference between the effective and the external field 
has the following form 


AH = (8m/3Net )|*p (0) 2 44, (1) 


where | (0) |? is the probability density of finding 
the electron at the position of the nucleus, Nat is 
the number of atoms per unit volume, y is the 
paramagnetic susceptibility of the electrons, and 

H is the external field. 

Since the conduction electron states are altered 
in superconductors, one should expect a change in 
the magnitude of the Knight shift. Formula (1) is 
still valid in this case, with the susceptibility evi- 
dently undergoing the principal change in compari- 
son with the normal metal. The observation of 
this effect is made difficult by the fact that the 
field does not penetrate deeply into a bulky super- 
conductor. A homogeneous field can be produced 
only in superconductors of dimensions much 
smaller than 6, the penetration depth for a static 
field. It is just for this reason that an emulsion is 
utilized in Reif’s experiments. 

In Yosida’s paper! a bulky superconductor in a 
homogeneous field was considered. Such a formu- 
lation of the problem does not correspond to actual 
experimental conditions. In order to be able to 
completely leave out of account the effect of the 


boundary conditions and of the inhomogeneity of 
the field it is necessary that the depth of penetra- 
tion of the field and the dimensions of the sample 
should be large compared to the principal parame- 
ter of the theory &) ~ hv/kTg, the characteristic 
correlation radius. Only in such a case could 
Yoshida’s results, obtained for an infinite super- 
conductor, be used for the interpretation of Reif’s 
experiments. However, it is well known that for 
the majority of superconductors 6 is considerably 
smaller than £). From the formal point of view 
the calculations of the susceptibility in reference 1 
for a bulk sample are of course correct, since in 
order to calculate the coefficient of proportionality 
between the magnetic moment and the field (as- 
suming the latter to be homogeneous ) it is not nec- 
essary to solve the problem of the penetration of 
the field into the sample. We are here simply dis- 
cussing the fact that actually the field remains 
homogeneous at distances smaller than 6 « &). 
The attempt by Martin and Kadanoff? to take into 
account the inhomogeneity of the field in the sample 
cannot lead to any improvement, since such an in- 
homogeneity increases first of all the line width. 

The problem can be formulated quite correctly 
for superconducting alloys. If the concentration 
of the impurities is sufficiently great then the role 
of the correlation parameter is played by the mean 
free path 7. Under these conditions the situation 
described by London (6 >J/) arises in the super- 
conductor, and it becomes possible to regard the 
field in the sample as homogeneous. 

As has been pointed out earlier,’:® actual sam- 
ples of small dimensions are conglomerates of 
crystallites with dimensions of the order of or 
smaller than the sample dimensions. Because of 
this, such samples have properties which are 
rather close to superconducting alloys with an ef- 
fective mean free path of the same order of mag- 
nitude. The paramagnetic susceptibility of super- 
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conducting alloys has been recently investigated by 
Schrieffer® and by Anderson.‘ In particular, in 
these investigations the conclusion was reached 
that the presence of impurities leads to a finite 
Knight shift at T = 0 which is in agreement with 
the extrapolation of Reif’s results to T= 0. In this 
note it will be shown that such a conclusion is er- 
roneous. 

The method for the study of superconductors 
containing impurities has been developed by us 
previously."° In the present case it is necessary 
to evaluate the spin magnetic moment of the system 
of electrons in a homogeneous magnetic field. It 
is given by 


O+ Ny — H 
M= 9 Sp[exp (——) bt (x) Sap bp (x)], (2) 
where py is the Bohr magneton and o are the 
Pauli matrices. The Hamiltonian for the interac- 
tion between the electron spins and the magnetic 
field has the form 


H, = — po | $3 (x) (ag H) dp (x) d?x. (3) 
By utilizing the techniques used in quantum field 
theory at finite temperatures®? and by restricting 
ourselves to terms of the first order in H we ob- 


tain 
i/T 
M=— us lim \ dry \ d?y Sp [exp 


X!—>X 


Ts (ba (x) bt (y) da (y) oF (%')) a8 (218 H)| (4) 


In this formula the operators 7» are not free, but 
include the interaction with the impurities: 


Jit =\ 48 (x) 4, 09) SV (x — xa) ax, 


(een ests 
aaa 


(5) 


where Xg is the position vector of the impurity 
atom. 

Further calculations have been carried out in 
complete analogy with the way this was done in 
references 7 and 8. It was shown there that aver- 
aging over the coordinates of the impurity atoms 
leads to the introduction of a special diagram 
technique. Each impurity line in a diagram arises 
from averaging two factors corresponding to scat- 
tering by one of the impurity atoms. It is suffi- 
cient to retain only the non-intersecting lines in 
order to obtain a result which differs from the 
correct one by small terms only. If we apply this 
procedure to formula (4) then the calculation of 
the magnetic moment obviously reduces to the 
evaluation of the sum of loops with two spinor ver- 
tices Oy B and with all the nonintersecting impurity 
lines. 
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In averaging over the impurity coordinates we 
must take into account the fact that, for example, 
G(x, y)G(y, x) is not equal to G(x, Vv) Gt yeex je 
In the opposite case this expression would simply 
be given by 


Go (x — y) Go(y — x) exp(—|x—y]/4), 


where J is the mean free path, while G)(x -—y) 
is the Green’s function for the pure superconduc- 
tor. This incorrect assumption is the one made 
in Schrieffer’s note’ and leads to an erroneous 
result. 

If we denote by Ti o(Ps wy) the Fourier com- 
ponent of 


1/T A A 
Q ; Np —H 4 \ 
\ dt, \ d°y Sp [exp (——=} 
XT (be (x) 9+ (y) $5 (Y) $¢ (x) a8, 
we can easily relate this quantity by means of ap- 


propriate equations to Fourier components of 
three other similar quantities: 


a8 y [5 (2) 4 (Y) YY) YO) Bal ers, 


\a* y ed (x) $5 (Y) $0 (Y) dX) 88, 


8 y ad" (x)) a% (Y) $5 (Y) (P(#) Bal Br8, 


where 


The magnetic moment is expressed in terms 
of De by means of the relation 


M=—ploxsT 51 (2x) 8) HMA: (on, p)d?p, (6) 


Lar) 
n 


where wy, = mT (2n+1). 

Since all these calculations corespond com- 
pletely to those carried out in reference 7, we 
shall not dwell on the solution of these equations, 
and shall simply state the answer: 


(7) 
where Xy is the susceptibility of the normal metal, 
and Ny/N is the ratio of the number of ‘‘normal’’ 

electrons to the total number of electrons given by 


fee) 


== Qu2 (impo | 28%) (Nu | N) = %n NaN, 


N 1 


Sse Taewy 


ede 


He Ye—® (T)cosh?(¢/2T) 


The function Ng = N — Ny determines the penetra- 
tion depth for a pure superconductor of the London 
type. 

Formulas (7) and (8) agree with Yosida’s re- 
sult’ obtained formally for the case of a bulk of 


(8) 
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pure superconductor in a homogeneous field. This 
is explained by the fact that these formulas do not 
contain the mean free path. We also note that in 
the case considered here / >> 1/pp the size of the 
gap A(T) agrees with the same quantity for the 
case of a pure superconductor. 

From our results it follows, in particular, that 
for T= 0 the susceptibility y vanishes, i.e., that 
no Knight shift should be observed. This conclu- 
sion is perfectly natural. In its ground state the 
superconductor has no magnetic moment, and the 
excited state is separated from the ground state 
by an energy gap. This applies not only to pure 
superconductors, but also to alloys with nonmag- 
netic impurities. Nevertheless, this result con- 
tradicts Reif’s experiments,® which, as has been 
noted by Yosida, give values of y larger than those 
given by formula (7). The quantity y does not 
vanish when we extrapolate to T = 0. 

In this connection it is necessary to subject to 
some criticism the interpretation of Reif’s experi- 
ment. As we have already mentioned, in these ex- 
periments emulsions were used, i.e., an aggregate 
of small spherical samples of different sizes. Ap- 
parently at the present time this is the only method 
for investigating nuclear resonance in supercon- 
ductors, and it can give rise to no objections if 
the particles are sufficiently small. In this case 
they had a diameter d on the average equal to one 
third of the penetration depth. However, the dis- 
tribution of particles with respect to size is fairly 
broad, and since the effectiveness of individual 
particles is proportional to their volume the most 
important role is played by the large particles, 
even though they are less numerous. In such par- 
ticles the field is inhomogeneous, which is in com- 
plete agreement with the large width of the reso- 
nance line obtained by Reif at low temperatures. 

One other essential circumstance should also 
be noted. As is well known, the transition from 
the superconducting to the normal state in particles 
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of dimensions smaller than the penetration depth 
is a phase transition of the second kind for which 
the superconducting ‘‘gap’’ in the spectrum van- 
ishes in a continuous manner. This means that 
particles for which the external magnetic field is 
only slightly lower than the critical value (we re- 
call that He ~ 1/d) will be very close in their 
properties to the normal metal right down to very 
low temperatures. From this it follows that in the 
given external field (which, incidentally, was ap- 
proximately equal to 1000 gauss) the particles 
cannot be separated into completely normal ones 
and totally superconducting ones with correspond- 
ing resonance frequencies, but give rise to various 
intermediate values of the resonance frequency. 

In view of the foregoing, it appears to us that at 
the present time it is premature to speak of the 
existence of a contradiction between theory and 
experiment. 

In conclusion we express our gratitude to Aca- 
demician L. D. Landau for discussion of this work. 
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The asymptotic behavior of the four-vertex function in the infrared region is studied in the 
quantum electrodynamics of particles with zero spin. A procedure for removing the infra- 
red divergences and summing the probabilities is discussed for the process of scattering of 
charged mesons by charged mesons with the emission of an arbitrary number of soft quanta. 


le In spinor electrodynamics the methods for find- 


ing the infrared asymptotic behavior have been stud- 


ied thoroughly.'~* In the electrodynamics of spin- 
less particles there is an additional complication 

owing to the necessity of including the four-boson 

interaction. 

As has been pointed out previously,°’® the group 
of multiplicative renormalizations in scalar elec- 
trodynamics has two invariant charges: e’d and 
hd}, where d, dy, and 0, are the scalar func- 
tions that appear respectively in the transverse 
Green’s function of the photon, in the Green’s func- 
tion of the meson, and in the part of the retarded 
interaction of mesons with the matrix structure 
Xapryd [X is the Kemmer matrix (cf. reference 
5)]. In the infrared region the photon propagation 
function is regular, and therefore the invariant 
charge that describes the electromagnetic interac- 
tion is a constant.” 

The situation for the four-boson interaction is 
more complicated. As has been shown by Gor’kov,’ 
the Green’s function of the scalar meson has an in- 
frared singularity. If it turns out that this is not 
compensated by the singularities of the function 
CJ, in the expression for the second invariant 
charge, then to find the correct asymptotic behav - 
ior of any function that depends on h one will have 
to take into account the behavior of the quantity 
hd5 04 in this region. As for the meson Green’s 
function and the vertex part, their asymptotic ex- 
pressions do not depend on the second charge h.°’® 

The situation is different in the treatment of di- 
agrams with four external meson lines. Let us 
first find their behavior in the infrared region in 
the low orders of perturbation theory. We confine 
ourselves to those parts of the diagrams of the re- 
tarded interaction of mesons for which the matrix 
structure is determined by a direct product of X 
matrices. For such a structure infrared singular- 


ities can be given only by the diagrams shown in 
Fig. 1. The required expressions are obtained by 
the calculation of the corresponding Feynman inte- 
grals having singularities at k ~ 0 (k is the vari- 
able of integration) when the squares of the exter- 
nal four-momenta simultaneously approach m?. 


FG ae: 


The calculation is made with the photon Green’s 

function adjusted to dy = 1. One then gets different 

expressions for the index of the infrared singular- 

ity, depending on whether the particles involved in 

the scattering process have like or unlike charges. 
We have 


(2) (22 — me : 
2. ( ya. it Sir San8ay e*, h) = 1+ [efi (Si, S2, $3) 


p? — m2 


ets (ns S358) | ga ers (1) 


m2 


where Cy is a finite arbitrary constant, the un- 
certainty to within which 0 is calculated. For the 
scattering of particles with like charges 


S— fs int tV@=D)is 
Vati—1) 1-Va—1/a 


4 
hh (Si, S82, S3) = at 


| s2{ + 4/2 pLeV [sel / G+ 521) 
V jslA+f{sf) 1—Vi[sel/ 4+] se) 
[s3| + Ye st Visi C ris) 
Vissi@+ 1s) 1—Viss{/4+/ sp)’ 


(Ssi— 1/2)? sa+ S31, 1+ V(—1)/% 
Vati—1) 425  1—-V@—D/s 


n 1+ V |se|/(1 + | s2)) 
1—Vi[s2//(4 +] se) 


‘Visits is) | 
1—V{ss|/(1+ | ss) 


1 
fo (Si, Se, Ss) = 16n2 | 


| (| 82 | ++ */2)? 
483 V | s2| (1+ | sz |) 


(| 83 | + 4/2)? 
4s2 V | ss | (1 + | ss |) 
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for the scattering of particles with opposite charges 


the expressions for f; and f, are obtained from 
Eqs. (2a) and (2b) by the interchanges s, = S3, So 


— 8). Here 
8, +s,+s,;=1, Seale Ss =< 0. Oy << WR (3) 
si=(p+q)/4m?, sy = (p' — p)?/4m?, 
Ss = (p' — q)? / 4m; (4) 


p and q are the initial four-momenta of the parti- 
cles, and p’ and q’ are the final four-momenta. 
Thus it turns out that the four-meson function 
OO; has a logarithmic singularity when the squares 
of the external momenta approach m2. Further- 
more, the coefficient of this singularity depends on 
the two independent momenta. Finally, an essen- 
tial fact is that 0, depends on h, so that in the 


summation of the maximum powers of the divergent 
logarithms it is important to take account of the be- 


havior of the invariant hd, Cl, in the infrared 


region. 

2. Let us derive the functional and differential 
equations for finding the infrared asymptotic be- 
havior of the function 0. 
of the condition (3) and the dependence of the coef- 
ficient of the logarithm on the momenta sj itis 
impossible to normalize 1, to the same normali- 
zation momentum for all three independent squares 
of momenta. Therefore the normalization condi- 
tion for 0, must be chosen in the form 


p sari 


a ee » Sis Sey Sz, es h) pss == jl. (5) 
sz; =s(0) 


Using the given condition to fix the arbitrariness 


contained in 0,;, we write the function normalized 
to unity in the form 


2 m2 ,2—m? 
ee —= Ey (? — ? m2 ? Si, So, S35 si), 500); s(), a h) , 
(6) 
so that the condition (5) takes the form 
}2— m2 )2—m? (5a) 


s), 3, e, h)=1. 
? V2 ? ij ? ? ) 


’ m2 
Using the fact that in the infrared region d=1, 
we get a functional equation for the normalized Oj: 


2 py 2 — m? \ 
1 (ee z m2 SS e h) 


? 


3h as —— ay 3, eh 

xo (FS™ AS, si? h'), (7) 
where 
ht = hd (ST, e?, h) 

OBES Me. 


Because of the existence 


; GW) . Sen : 
ee Sj; is the normalization point for the second 


function QO, in the right member of Eq. (7). The 
relations (7) and (8) are obtained by substitution of 
Eq. (6) into the system of equations of the renor- 
malization group, Eq. (2) of reference 5. 

The functional equation (7) is very cumbersome. 
To simplify it, we represent 0, in the following 
way: 


p?—m? )2— m2 (0) 
Oi (5*, 2 » Si, Si er h) 


m m 
eo 2 — m? (0) 
mop =o.(-—3" ea ail Uy a, h) 
F p?— m= h2—m | 
«ThA BS 51,502, he), (9) 
where 


w— Mm? r»~z— 
he =hOi( = ’ ed Si, a” e, h) ’ 


m2 m? 
du(1.e, A) = 1. 


The equation (9) can be obtained by setting )/? = r°, 
g; = s; in the right member of Eq. (7). The con- 
venience of this representation is that the factors 
in the right member of Eq. (9) are separately nor- 
malized to unity, the first for s; = si} and the sec- 
ond for p* = )*. Therefore in virtue of the fact that 
O, is a homogeneous function of the momentum 
arguments we can always set 


Noe? 


Say v Sis ere x) = (Gs 


pee 


oO (-5*, 


p? — m? 
— m2’ 


Si, é, ha) ’ 
so that Eq. (9) takes the form 


2 __ 2 Nei (0 
C1 (° ’ » Sir Sf 4, e h) 


m2 m? 
2 — wus A? — m? a 
rm =C) A= ? m2 » St; Ss e*,h) 
mw p?— m 
Seles G—, Se), ha) : (10) 


We emphasize that the infrared singularity is en- 
tirely contained in 0. 

Representations analogous to Eq. (10) can also 
be obtained for the other two functions 0, involved 
in Eq. (7). Making the respective replacements 


0 1s, 
pene a athe and (A? ==2A/2, s\ a st in 


Eq. (10), we get representations of the type (10) for 
the first and second factors in the right member of 

(7). Substituting in Eq. (7) all the relations of 
the type (10) obtained in this way, and then setting 
8; =, in the resulting equation and cancelling a 
orm factor, we find a functional equation for 
the function [);. Introducing the dimensionless 
variables x = p/n, y= m7’, t= n7/r*, we get in 
the usual way a Lee differential equation of the fol- 
lowing form: 


342 Vinee 
PEGSL, 5,0 t) 

= 0: G4. e*, hs) 

x F(s:, e?, hap = S, Z, ha), 


5 0 f 2 
F (si, €2, ha) = [5 Oa 816%, fa) | 


Poel ON eee 
hap = Hodes eae ) Fale Si, @, ha) : (11) 


In a similar way one derives an equation for the 
second invariant charge in the infrared region for 
the four-vertex function: 


(6) So — . 2 = i 
slap (G—, S;, e , ta) = — 


) aay ) ; 
xD (Si Cz. hap = 5 DA (Bm. ha)) 9 


SY a ha) 
5 fae (Fay Si &, a 


9 (6) fe 9 
O (Sz, e, hy) = Faz Si, @, ha) | (12) 


Thus to find the infrared asymptotic behavior 
of the four-vertex function it is necessary to solve 
the equations (11) and (12) simultaneously. 

3. Let us first solve Eq. (12) by using for ® 
the expression obtained in low orders of perturba- 
tion theory. We get 

x—yY 


fine (Ga SC, Ba) = z( pe eB a) (AaB + e*fs), (18) 
8=fi(s)—l/4m%, a = e%fa(si)/[haB + e%fe(si)]- (14) 


Then taking F from the perturbation-theory 
calculations and substituting the value of hyg from 
Eq. (13), we get the solution of Eq. (11) in the form 


Fh G=2, 8, €, he) =] zap 
(15) 


x—y 
bi 


e*f, (s; ) x—y 


Ly) 


Thus the existence of an infrared singularity of the 
function 0, is determined by the sign of the func- 
tion f,;(s;), which is given by Eq. (2a). 

For f,(sj) < 0 and in the region x ~ y the func- 
tion ay takes the form 


 (eSaD a= pee 
C1 (FE4, 81, 02, ta) 


—e? | fils; )I 


x—y 
i) 


(16) 


4. So far we have been considering the asymp- 
totic behavior of four-vertex diagrams in the infra- 
red region. A matter of much interest is the pro- 
cedure for removing the infrared divergence from 
the probability for the meson-meson scattering 
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process. It is well known that in low orders of per- 
turbation theory after the removal of the infrared 
divergence one gets an incorrect dependence of the 
scattering cross section on the maximum energy 
of the soft photon that is emitted.® The simplest 
way to get the correct result is to apply the method 
of the renormalization group to sum the probabili- 
ties of processes with emission of arbitrary num- 
bers of long-wavelength photons (cf. reference 4). 
Here, since in scalar electrodynamics the renor- 
malization group is a two-charge group, and the 
second invariant charge has an infrared singularity 
[cf. Eq. (13) ], the question arises as to how one is 
to remove the divergence that can be introduced 
into the probability of the process on account of the 
second invariant charge. 

Let us first examine the procedure for removing 
the infrared catastrophe in low orders of perturba- 
tion theory. For this we shall use the method of 
generalized diagrams for the probabilities of the 
process that has been suggested by Abrikosov.' In 
the present case we must consider three separate 
sums of generalized diagrams, each of which does 
not contain an infrared divergence. All three sets 
are shown in Figs. 2, 3, and 4. The diagrams of 
Figs. 2a, 3a, and 4a represent the zeroth approxi- 
mation of the scattering cross section for two me- 
sons. The diagrams of Figs. 2b, 3b, and 4b repre- 
sent the next approximation with respect to e’ for 
the pure elastic scattering cross section. Finally, 
Figs. 2c, 3c, and 4c give the lowest approximation 
for the process of meson-meson scattering with 
emission of a soft photon with energy not exceed- 
ing Wmax: 

In calculating the contribution of each diagram 
we must take into account the possible interchanges 
of the initial and final momenta of the particles. 
The diagrams of type c have not all been drawn, 
since they are very numerous. The diagrams 
shown represent the mutual scattering of particles 
of like sign. The total probability of the process 
of meson-meson scattering with the emission of an 
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arbitrary number of soft photons can be written in 
the form 


a 


FIG, 4 


M(o, si, e, h)= My (a, s;, €?, h) + he®Mz(o, s;, €, h) 
eis (ay 1S), 2; hk): (lg 


where the first terms of the expansions of Mj, M,, 
and M; are given respectively by the diagrams of 
Figs. 2, 3, and 4. 

Since the emission of soft quanta is possible 
only owing to electromagnetic interactions, the 
breaking up of the probability into three terms as 
shown in Eq. (17) is entirely unambiguous. For 
example, a term ~h’e? In (w/m) can formally be 
assigned to either the first or the second term in 
Eq. (17). But if in the first term it gives a physi- 
cally reasonable correction to the zeroth approxi- 
mation for the process, proportional to e? In (u/m), 
in the second term it would give a correction 
~h1n(w/m), which makes no sense, since the 
emission of a soft quantum cannot occur as a con- 
sequence of the four-boson interaction. We now 
note that the expansion of each term M; ina power 
series in the interaction constants begins with 
unity, that is, they are all of the same order and 
can be separately normalized to unity. 

We now assume that the constants e 
isfy the requirement 


e<h<il. 


2 and h sat- 


(18) 


In this approximation the second and third terms 
in Eq. (17) are small in comparison with the first, 
and we can drop them. Following the work of 
Blank‘ we get for the function M,(w, sj, eo ht) 
the group equation 


M,(o, S:, &, haz 2°M, (O, 82, €, iii) (19) 


Introducing normalized functions and repeating the 
arguments of Sec. 2, we get the following Lee dif- 
ferential equation: 


OM, (x, Si, e*)/0x a x1My Cs; Si, e”) My (Si, eo), (20) 


where 


0y 
My (Sz, e”) = E M, (5, Sis |e # 


a aN oan) 
There is no dependence on the second charge h, 
since the lowest approximations SJt,, which are 
used to get the main term of the renormalization- 
invariant expansion M,(x, s;, e’, h) do not con- 
tain the constant of the four-boson interaction. The 
first two terms of the expansion h’M, are calcu- 


lated from the diagrams of Fig. 2a, b, ce and are of 
the form 
Az mM (Ca hy Co aU EC ee Avia, | PAL) 
Here 


Sleep 


4 1+ V (sy — 1)/sy 


2 e 
9 (Si, Se, S3, €”) = an2 [1 1. 4 


el Vagal Sos 
4a tise) yy t+ Vise + | 52) 
Visl@+i[sf 14—Viss(/4+ 1s) 
1p + | se | 4+ V1 sa l/( + | ss 1) 
22 
V sa Geese) ee ( ) 


for the scattering of particles of like signs. 
Solving Eq. (20) by the use of Eq. (21), we get 


mM, (@/ Wo, Sz, e”) 


= My (01/0, :, ) exp [9 (s:, €) In (o/@1)]. (23) 

Thus one gets the physically correct dependence 
of the cross section on the maximum energy of the 
soft quanta that are emitted. 

If we now replace Eq. (18) by a different condi- 
tion, h « e* « 1, then in Eq. (17) the third term 
is the largest, and we can get for M; a result ana- 
logous to Eq. (23). The investigation of the inter- 
mediate case, for which h ~ e? < 1, encounters 
serious difficulties. 

In conclusion the writer takes occasion to ex- 
press his deep gratitude to D. V. Shirkov, under 
whose direction this work was done. The writer 
is also grateful to I. F. Ginzburg, L. P. Gor’kov, 
and L. D. Solov’ev for interesting discussions. 
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It is shown that due to the effect of multiple scattering the proper field of a fast charged par- 
ticle passing through a medium decreases at a higher rate with increasing distance from the 
axis of motion than in the vacuum. This effect leads to the emission of radiation when the par- 
ticle passes from one medium to another and affects the direct pair interaction. 


ib. Gol’dman! (see also reference 2) has shown that 
an ultrarelativistic electron entering a dense med- 
ium emits radiation with a spectrum which lies 
precisely in the frequency region of the quanta 
whose emission in the slowing down of a particle 
in an infinite medium is hindered by multiple scat- 
tering. Garibyan® established even earlier that the 
transition of a charged particle through the inter- 
face of two media with different dielectric proper- 
ties is accompanied by the emission of radiation of 
a different type due to the readjustment of the 
proper field of the particle. 

In the present paper it will be shown that the 
emission of the transition radiation predicted by 
the theory of Gol’dman is also connected with a re- 
adjustment of the proper field of the particle, which, 
however, is due to the effect of multiple scattering. 
This problem will be considered in Sec. 2, where 
we shall compute the number of quanta per unit in- 
terval of the spectrum which are equivalent to the 
proper field of the particle moving in the medium 
[formula (6) ]. It will also be shown [formula (9) ] 
that the number of equivalent photons in the vacuum, 
as determined by the well-known Weizsacker-Wil- 
liams formula,‘ agrees with good accuracy with 
the number of transition quanta added to the num- 
ber of photons which are equivalent to the field of 
the particle in the medium. 

At distances from the point of entry into the 
medium which are smaller than the cascade unit of 
length, where the transition quanta have not yet 
succeeded in being absorbed, the cross section for 
the direct creation of pairs will of course be pro- 
portional to the number of equivalent photons in the 
vacuum. Far away from the point of entry, at 
places where the transition radiation does not pen- 
etrate, the number of pairs created directly by the 
field of the particle will become proportional to the 


number of equivalent photons in the medium. A de- 
tailed review of this very reasonable situation will 
be given in Sec. 3. 

Finally, in Sec. 4, we shall investigate the proc- 
ess of pair creation by a particle passing through 
a medium for the case where the distance at which 
the radiation field is formed is comparable with the 
cascade unit. Here it becomes impossible to sep- 
arate out the cross section for the direct creation 
of pairs, and the total number of pairs at a depth 
much larger than the cascade unit is determined 
by formula (19). 

2. To determine the number of photons equiva- 
lent to the proper field of the particle in the medium 
we obtain first an expression for the number of 
pairs in the first cascade unit created by a fast 
electron passing through the medium with energy 
Pp > 1, and separate out the pairs which are cre- 
ated directly by the field of the particle. The num- 
ber of the latter, as is well known,‘ is proportional 
to the number of photons connected with the proper 
field of the particle. 

We shall start from the expression for the prob- 
ability for bremsstrahlung per unit length of path 
in an infinite medium, derived by Migdal.** This 
expression has the following form for k « Po:* 

W-(Po. k) = Fe F(d)adt, 


0 


TO Reet | (En) we, t, n) dtdn, (1) 


where w is the Fourier component of the usual 
distribution function of the trajectories, w =k/Ve 
is the energy of a quantum with momentum k, ¢ 
= 1 — wj/w? is the dielectric constant of the med- 


: 2 5 : 
ium, w5 = 4mnZe’*, and n is the number of nuclei 
per unit volume. 


*We use a system of units in which h =m=c=1. 
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When the emitted bremsstrahlung quanta are 
absorbed they create pairs, which can, however, 
also be created directly by the field of the particle 
itself. To account for this effect it is sufficient to 
introduce under the integral sign in formula (1) the 
factor exp [— not/2], which corrects for the ab- 
sorption of quanta in the radiation process itself. 
The expression ng is the total cross section for 
the creation of pairs by a y quantum with energy 
k per unit length of path in the medium. This pro- 
cedure is equivalent to introducing an imaginary 
part of ¢€ due to the absorption of y quanta through 
pair creation. It can be shown that the correspond- 
ing change in the real part is negligibly small. 

We thus obtain the following expression for the 
total number of pairs created per unit length of 
path in an infinite medium: 


Wp (R, p_) (ns)W, (Po: k) dk apm 


V, = 5 | ried) Gs ) dt (2) 


oO 


1 ae 
We(k, p)dp_=>,[1+2——,— lap. (3) 
Here Wp (k, p_) is the probability for pair crea- 
tion by a y quantum per unit length of path with an 
electron energy between p_ and p_+dp _, and L 
is the radiation length. If we denote the important 


time interval in the integral (1) by 
= min {2p2/k, V p2L /2nk- 137} 


we can expand the factor exp [— not/2] in formula 
(2) in a series, provided that not,«1. Then Eq. 
(2) takes the form 


VW, +noq(k), q(k)=—- =, \tatf (4) 


Comparing (2) and (4), we see that Wpq is the 
cross section for direct pair creation, which means 


that gq (k)dk is the number of y quanta in the spec- 


tral interval k, k + dk which are equivalent to the 
proper field of the particle. 

Methods for calculating expressions of the type 
(2) or (4) have been discussed by various 
authors!»*»> These expressions have the feature 
that they contain logarithmic divergences for large 
radiation angles, because our method becomes in- 
valid when the angular width of the radiation ex- 
ceeds the average angle between the directions of 
emission of the particles of the pair. The latter is 
of the order of magnitude of k-!, If we cut off the 
integration over angles at 7 ~ k7!, we obtain 


=f Rel (coth x — =) (1 — p’x) ewe dx} Z (5) 


1 and 


eo ees 


where k & 
s’'=s(1-+5), 
s = 1.37-10°V RL/p?. 


6 = wzp?/R?, 


Here k, pp, and wy are in mc? 


centimeters. 

The integral in formula (5) reduces to zero when 
s’ > 1 and is approximately equal to log s’ when 
s’ <1. For arbitrary values of s and 6, formula 
(5) can therefore be replaced by the simple approx- 
imate formula 


HO ae V pee | 


the inaccuracy of which shows up in the presence 

of the unknown factor k ~ 1 in the argument of the 
logarithm. This factor will be omitted in the follow- 
ing. 

As is known,‘ the number of photons in the spec- 
tral interval k, k +, dk which are equivalent to the 
field of an electron moving in the vacuum with en- 
ergy Py > 1 is given by qg(k)dk with 


units, and L is in 


(6) 


2e? 1 Pmax 


go (8) = = In 


ee? Po 


(7) 


Pmin 
where Pmin ~ Ac = h/me = 1 and pmax ~ Po/k is 
the maximal distance from the axis of motion at 
which the Fourier component of the field of the par- 
ticle is still appreciably different from zero. Com- 
paring (6) and (7), we see that, due to the effects of 
the polarization of the medium and of multiple scat- 
tering, the field of the particle differs from zero 
only at distances of order piyax = (Po/K)VS/(1 +8’). 
The same result can also be obtained directly 
through a study of the important values in the 
expression for the Fourier component of the field 
of the particle in the medium. 

If the particle makes a transition from the med- 
ium to the vacuum, radiation should be emitted as 
a consequence of the readjustment of the field of 
the particle. It has been shown earlier!” that the 
number of quanta of the transition radiation in the 
spectral interval k, k + dk can be written in the 


approximate form 
Va + oe ri) 
= dk In Po V ! E 2 2] . 


k 


N (k) dk = (8) 


Comparing expressions (6) — (8), we find that 


qo (k) ~ N(R) + 9 (R). (9) 
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This result has important consequences for the 
theory of the direct pair creation. 

3. If the transition radiation occurs at distances 
of order T, « 1/no, one can assume that at time 
t the quanta of the transition radiation create 

W,(R, p_) N(R) Sete yin 

pairs with total energy k, with electron energies 
between p_ and p_ +P ClO) o 

The number of pairs created directly by the 
field of the particle in time t is equal to 


W p(k, p_)q(k)tdp_dk. 


For t « 1/no, the number of pairs created by 
the field of the particle is given by the expression 


Wo lq + N]tdkdp_~ W pq, tdk dp_. (10) 


If t > 1/no, the quanta of the transition radia- 
tion are completely absorbed, and the number of 
pairs created per unit length of path directly by the 
field of the particle will be equal to q(k)Wpdkdp , 
where q(k) is given by formula (6). If here 10°L 
> py > 10°VL = p, (L is measured in centimeters 
and py in units of mc’), the total cross section for 
the direct creation of pairs is given by the expres- 
sion 


7 Ps 
In 


0 
= grata 1 GP (11) 


which is proportional only to the first power of the 
logarithm of the energy. 
Itepp> 0° Ia and 


Sz 1.37-108(AL/p_(k—p)I?<1, 


we must take account of the effect of multiple scat- 
tering on the pair creation by y quanta.®»’ Here 
the average angle between the directions of emis- 
sion of the particles is widened and reaches the 
value k~!§-1/2, In the integration over 7 in for- 
mula (4) we must therefore take k~![(1+3)/8]¥/? 
as the upper limit. We then find 


nf yf ae 


Using the result of reference 7 for the cross sec- 
tion for direct pair creation per unit length of path 
in an infinite medium, we obtain the expression 


Za BOE 


(1 +s) 4s 
2D) Fen j =— ut 2) 


sss) sis 


3) ak dp_ ~ p?_+(k—p_)? ~ 5 
do, = co - 2 R2 ® (s) [ey 
(13) 


where G and ® are the functions introduced by 
Migdal,*»® and 
£55) ! . 


cond ls 
E(s) = min Jy wz Vii + 3/5) 
In 190 Z—*/» 
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Formula (13) differs from the formula quoted 
in reference 7 by a factor in the argument of the 
logarithm which takes account of the effect of mul- 
tiple scattering on the proper field of the particle. 
It describes the direct creation of pairs at large 
distances from the point of entry of the particle 
into the medium. 

The results of reference 7 remain valid near 
the boundary. For the total number of pairs at an 
arbitrary depth t we find the expression* 


E (Ss) pa p_+(k—p-_)? ~ 
= [G(s), + 2 n> _ ®(8)] 


x tae ; [Pate OsF ee ine 
wk k2s(1 + s’) ns 


Daay 


(14) 


{ {= —not 4 
5 E Es | a © (s) bdkdp_.. 


4, All the results mentioned above are valid 
only if the absorption of the quanta in the process 
of radiation itself is small. If this condition is not 
fulfilled, expansion (4) becomes incorrect and it 
becomes generally impossible to separate out the 
bremsstrahlung cross section.t The ee 
not}, > 1 is equivalent to the condition pj 2 /k 
>> 10'*L(L in cm) and can be satisfied only for 
very soft quanta at reasonable electron energies. 
We shall therefore neglect in the following the ef- 
fect of multiple scattering on the creation of pairs 
by y quanta. 

Carrying out the calculations, we find from for- 


mula (2) 
__ tR(A+8) 1 ain i po ty 
pe E amv ? ss 2 ) 


(15) 


+ In 


P 
UPS 
GR |(? 


ye=2(1 2) 7, rz4-10°V peel, 


and ~ is the logarithmic derivative of the y func- 
tion. 

For r<1 or s’ >r formula (15) reduces to 
(4), while for r>>1 or s’ « r (15) leads to 

aS 
a é (16) 
If L is measured in centimeters and k in units of 
me’, we have pis/k’*r = 10!L/k. 

Under these conditions we must also change the 
expression for the number of transition quanta. 
For this purpose it is sufficient to introduce in the 
expression for « in formula (16) of the author’s 


V, =ne Sin 


*The last term in the curly brackets describes the contri- 
bution from the bremsstrahlung quanta. 
tThis was first pointed out by Landau and Pomeranchuk.® 
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paper? an imaginary part due to the absorption of 
y quanta through pair creation. We then obtain 


Ne Re {2 (w+ v) 


tk 

esas 
x \ A =| exp [— (v’ + v)t — uz tanh 1] dt 

0 0 

co 

1 , 

+ | (coth i =U (H+ vy) t] 

0 
xexp[—(w’ +9) 2] ds—2— In +¥l (17) 
For r > 1 and r>s’ we find from (17) 

e r 


and for the total number of pairs with energy k at 
the depth t > 1/no we obtain the expression 
e2 A { o 
no q(t In — wel 
The region of .alidity of expressions (16), (18), 

and (19) is determined by the inequalities r > 1 
and r >’. In order for these two conditions to be 
fulfilled simultaneously, we must have 


(19) 
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where \g =fhi/me, and pp, k, and wy are measured 
in the units mc”. The inequality (20) can be fulfilled 
only if pp > pp = 10wW9L/Ac.- For lead py = 7.5 
x 10’? ev, and for aluminum fy Se a Se 
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Application of isotopic invariance principles to light nuclei yields a very simple relation be- 
tween the neutron and proton binding energies in distant mirror nuclei. This relation enables 
us to establish the limits of stability of neutron-deficient isotopes of light nuclei with respect 
to proton emission and to predict the existence and properties of approximately 90 such iso- 
topes. Nuclei are indicated for which proton radioactivity or the very unique phenomenon of 
two-proton radioactivity can be observed. The chief properties of this interesting phenomenon 


are analyzed. 


By using the principles of isotopic invariance we 
can readily show that the difference AEnp between 
the binding energy Ey of the Z-th neutron ina 
nucleus Ne and the binding energy Ep of the 
Z-th proton in the mirror nucleus es is deter- 
mined by the relation 


AE np = En (MZ) — Ey (z My) 
= [Ecout (zMy) a E cout (24 hae) 
ei LEcout (vMz) — Ecout (wMZ=})], (1) 


in which the first two terms describe the change in 
the Coulomb energy when one proton is removed 
from the nucleus, while the last two terms take 
into account the corresponding change when one 
neutron is removed from the nucleus (owing to 
the reduction in the nuclear dimensions ). 

Accurate to about 1%, the value of 6Epp should 
in general be independent of N and determined 
only by the value of Z, so that instead of the rela- 
tion 6Enp © 1.2(Z—1)(Z + N-1)7'? which is 
expected at first glance, we obtain 


AE np =~ AE, = En(zM?) 
Beenie) (ZZ 4) (2) 


It can be readily shown that another simple ex- 
pression of the consequences of the principles of 
isotopic invariance is a relation that characterizes 
the difference of masses of the remote mirror 
nuclei 


zMx — nM? ~(Z— N)AM,, (3) 


where 


AM, = apis; Maju, — slay, Magey.. tor odd As 
AM, => {4 ots EG us tee aves for even A. 
In many cases this formula may be useful and 
even more convenient than relation (2), which we 
use in this paper. As can be seen from Table I, 
relation (2) is confirmed by all the experimental 
data available for nuclei up to scandium (Z = 21). 

Making use of (2), i.e., comparing O6Enp with 
AE», or (if AE; is unknown) using the calculated 
value of the Coulomb energy, we can predict the 
properties of a rather large number of neutron- 
deficient isotopes of light nuclei (thereby adding 
to the similar isotopes discussed in the papers of 
Baz’! and Zel’dovich?) from the known properties 
of the corresponding mirror neutron-rich nuclei. 
Among the particular properties are the binding 
energies of the neutrons and the protons, the mass 
defect, the half lives of B* decay and its mechan- 
ism, and the possibility of observing proton and 
two-proton radioactivity. 

A summary of all these properties, for almost 
100 presently unknown isotopes, but which are 
stable to the emission of protons, is contained ina 
detailed communication which is now in press.° 
We give here only a general illustration (Table IL) 
of the stability limits of the neutron-deficient iso- 
topes of light nuclei. The conclusions regarding 
the position of these limits do not change if cor- 
rections similar to those considered by Swamy and 
Green‘ are introduced. These corrections are 
due to the Coulomb exchange interaction of the 
protons. 

Proton and two-proton radioactivity should be 
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TABLE I. Difference between the binding energy of 
the Z-th neutron in the nM3 


energy of the Z-th proton of the nucleus 


nucleus and the binding 


oNe (AER): 


45 


N 50 


TABLE II. The continuous line outlines the area of the 
isotopes already known; +— predicted isotopes, stable to the 
emission of p and n, ? —doubtful p-stability,o— possible 
2p-activity, —— isotopes known to be unstable to the emis- 


sion of p or n. 


observed near the stability limits of the neutron- 
deficient isotopes shown in Table II. 


a 
sll 


The probability of observation of the generally- 
trivial proton radioactivity is relatively small, for 
great difficulties are encountered in its experi- 
mental observation if the lifetimes of the p-decay 
are excessively short, while in the case of long 
p-decay time, this effect will be strongly 
screened by the 8” decay. In the interval of ob- 
served p-decay times, from 10° '* sec (emulsion 
method) to 10 sec, the corresponding energies of 
the emitted protons range up to 0.04 Mev for Z 
= 10, 0.1—0.35 Mev for Z = 20, 0.2 —0.7 Mev for 
Z = 30, and 0.35 — 1.1 Mev for Z = 40. 

A much more interesting consequence of the 
considered properties of the neutron-deficient 
isotopes of light nuclei is the feasibility of two- 
proton radioactivity. The point is that for isotopes 
with even Z, instability to simultaneous emission 
of two protons can occur even when the binding 
energy of one proton is still positive; this takes 
place, for example, for Be® (reference 5). How- 
ever, the presence of the Coulomb barrier, can 
cause such an instability to lead to two-proton 
radioactivity of many isotopes which are stable 
both to proton decay and to @ decay. 

Inasmuch as the width of the ground state of the ie 
nucleus, which is formed in the decay Be®— Li? 
+ p, exceeds the instability of Be®, we can con- 
sider in this case the emission of each of the two 
protons as independent. 

On the other hand, if the energy that must be 
expended to detach one proton exceeds greatly the 
half width (reduced by the action of the Coulomb 
barrier) of the level from which the emission of 
the second proton takes place, we should have a 
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very unique phenomenon of two-proton radio- 
activity — detachment of one proton is impossible, 
and correlated proton pairs are emitted. 

One must not confuse this phenomenon with the 
usual chains of successive B* and (or) p decays 
of the type 


789 > Yes 5 5,97 4 Rbss Po Ks P, pst & Sess 
B+] Bt B+l Bt) a+) B+] a+] 


yoo ©, sros & Rpes7 Po Kr 98 (Bro) Se% , 


g+| Bt] { 6+ iN e+ 


! | 
e 3+ gt 
Bry ¢) 1, y 


although even in chains of p-decay the possibility 
of two-protons emission can reduce substantially 
the lifetime of p-radioactive isotopes with even 
Z = 2m + 2, in those rare occasions when the 
energy of the 2p decay is 


Esplem --2=5 2m) > EB, (2m 4 2—> 2m = 1). 


Two-proton radioactivity, which is also conve- 
niently observed with the aid of nuclear emulsions, 
can take place for Ne!®, Mg!™(18?), gj21(22?) 25(24?) 
Ar2928?) 493384?) 7538 Cyl? prefs (43?) N{46(AT? ) 
Zn53 (54?) Ge 5958?) G_63(62?) Ky67(66?) The pro- 
bability of the sub-barrier emission of two protons 
at the same time contains the product of two coef- 
ficients of penetrability of the barrier for protons, 
or else the product of the coefficient of penetra- 
bility for a doubly-charged particle and a small 
factor in front of the exponent, characterizing the 


probability of two-proton correlation in the nucleus. 


Consequently the lifetime of the isotopes relative 
to two-proton radioactive decay falls within limits 
that are convenient for registration in an energy 
interval which is considerably greater than that 
for proton radioactivity. 

The possibility of emission of two protons in 
the case when the nucleus is stable to single- 
proton decay is a direct consequence of the excess 
of the binding energy of the even proton over the 
binding energy of the preceding odd proton, i.e., 
it is a consequence of the pairing effects. It is 
therefore clear that two-proton radioactive decay 
should exhibit the properties of a diproton that is 
stable within the confines of the nucleus, and that 
the angle and energy distributions and correlations 
of the emitted protons are connected with the char- 
acter of the paired interaction of the protons and 
the original nuclei. On the other hand, inasmuch 
as the diproton breaks up in a ‘‘tunnel’’ under the 
barrier, this break-up determines the effective 
height of the barrier and its penetrability. 

The simplest approach to the development of a 
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uct of two ordinary proton barrier factors, i.e., an 
exponential multiplier of the form 

=, { _2n (Z—2) 2 VM E a) 

Oe acy iV 2E,, LV Vi-x){ 


where Epp is the sum of the energies of the two 
protons (energy of the emitted diproton), x and 

(1 — x) are the fractions of the energy belonging 
to each of the protons, and M is the proton mass. 
It is easily seen that w(E) has a maximum when 
x = 0.5, i.e., when the energies of the two protons 
are equal. In this case the quantity in the exponent 
is the same as for the subbarrier emission of the 
diproton of energy Epp as a whole. 

Thus, the break-up of the diproton under the 
barrier does not change the penetrability of the 
barrier if we disregard any supplementary inter- 
actions (for example, Coulomb repulsion) between 
two protons. The probability w, (E) of sucha 
two-proton decay, in which the one proton has an 
energy (0.5 + kK) Epp the other (0.5 — k )Epp, 
with K « 0.5, is connected with Wmax (E) = Wo (E), 
by the relation 


w,, (E) Ae f 
tay (E) ~~ 


6x (Z—2)2VM _ 9} 
—— x . 
eran 

It is obvious that the energy correlation be- 
tween the two protons, in the case of two-proton 
decay that leads to nearly equal proton energies, 
is very strong. This correlation (the closeness 
of the energies of the subbarrier protons) can be 
noticed even in the almost instantaneous 2p decay, 
so that the probability of observing a two-proton 
radioactivity, say in emulsions, is greatly in- 
creased. 

The interesting question of two-proton radio- 
activity of neutron-deficient isotopes of even ele- 
ments is undoubtedly worthy of a more detailed 
special examination. 

The most realistic way of obtaining neutron- 
deficient isotopes of light nuclei is to bombard the 
lightest stable isotopes of the neighboring nuclei 
with protons or He® nuclei of near-threshold 
energy and, in particular, to use reactions in- 
duced by heavy ions. It must be borne in mind, 
however, that owing to the smallness of the energy 
of the Coulomb barrier, the ‘boiling off’ of the 
protons will not be suppressed, and consequently 
the cross sections for the production of neutron- 
deficient isotopes should prove to be small. 

In conclusion we note that in the case of a 
neutron excess we can observe a phenomenon 
analogous to two-proton radioactivity. The exci- 


theory of two-proton decay is to introduce the prod- tation energy of nuclei with an even number of 
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protons and a large excess of neutrons, at which 
the emission of two neutrons is possible, may 
prove to be lower than the threshold for the emis- 
sion of a single neutron, owing to pairing effects. 
Therefore there may exist for such nuclei an in- 
terval of excitation energies corresponding to the 
emission of pairs of neutrons correlated in angle 


and in energy, without emission of single neutrons. 


Cases which are even more frequently realizable 
are those in which the strongly excited states of 
neutron-rich nuclei with an even number of neu- 
trons can disintegrate, with emission of botha 
single neutron and a correlated neutron pair. If 
similar excited states occur after the preceding 
B decay, they can be detected by the coincidences 
of the delayed neutron pairs. 
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Zel’dovich for useful discussions. 
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It is shown that the Righi-Leduc coefficient does not change when a metal changes from the 


normal to the superconducting state. 


V VE shall write down a transport equation for the 
distribution function for the electronic excitations 


to study thermomagnetic effects in superconductors. 


Changing in the Hamiltonian for a system of 
electrons in a magnetic field from the second-quan- 
tization amplitudes to the amplitudes of the elec- 
tronic excitations, following Bogolyubov,'! we find 
an expression for the Lorentz force acting upon an 
excitation 

- = = [vxH] é 


ES 


where 
v = Oc/Op, se) ee cap" =" pom 


(€ is the energy of an electron in the normal metal 
calculated from the Fermi surface, and A is the 
gap in the energy spectrum). The transport equa- 
tion for electronic excitations, when there is a tem- 
perature gradient along the x axis and a magnetic 
field perpendicular to the thermal current, is 

then of the form 


Of « OT al of of } 8 fealty (1) 


oT Or. 6 Zope Vx Op, [él «4 


It was shown in reference 2 that the relaxation time 
T is equal to T= Ty) é/|~|, where Ty is the relaxa- 
tion time for the normal electrons. We assume 
that either the dimensions of the solid are less than 
the penetration depth, or that 9H/8z = 0 [in the 
latter case one must average Eq. (3) given in the 
following over z]. 

Solving Eq. (1) by the method of successive ap- 
proximations (f = f) + fl) + ¢2) we find the addi- 
tional terms in the distribution function which are 
caused by the presence of the temperature gradient 
and the magnetic field: 


Px Ofy 8. OT & 2 8 eHOE Chie 
PS eat Oe T Ox |E|? Be “0 T cmax [E| Oe ys 
fo= (ert 1) *. (2) 


The magnitude of the Righi-Leduc effect, which 
is well known to be the appearance of a tempera- 


ture gradient perpendicular to the direction of the 
resulting heat current, is determined by the coef- 
ficient 

= OT agar 


Lira) oR 


(the x’ axis coincides with the direction of the re- 
sulting heat current). One can show easily that L 
= Qy /QxH, where 


Q, = 2h? (evs fdo; 0,—2h* \ ev, f®) dp. 


From (2) we find 


eae fae Orphan 
Qu = 2h "0 T me ee vy dp, 
ee le ee 
Or 2h om a \Tel de ox AP 


We have thus 
Q,/Qs = % eH /me (3) 


This relation is independent of the magnitude A of 
the gap. The magnitude of the Righi-Leduc coeffi- 
cient is thus not changed when the metal changes 
from the normal to the superconducting state and 
is equal to L= tT e/me. 

The Nernst-Ettingshausen effect which is the 
occurrence of an electric field perpendicular to 
the direction of the resulting heat current is clearly 
absent in the case of superconductors. 


'N. N. Bogolyubov, JETP 34, 58 (1958), Soviet 
Phys. JETP 7, 41 (1958). 

2B. T. Geilikman, JETP 34, 1042 (1958), Soviet 
Phys. JETP 7, 721 (1958). 
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DM cemanite to presently available methods, 
time is measured by the frequency of any given 
periodic process. The accuracy of the time 
measurement is determined here by the stability 
and the accuracy of the measurement of the fre- 
quency. The most accurate types of ‘‘frequency’’ 
methods for measuring time involve so-called 
atomic and molecular clocks, which use the fre- 
quency of the electromagnetic radiation generated 
during transition from one energy level to the 
next. The exceptionally high stability of these 
clocks is due to the fact that changes in external 
conditions have relatively little effect on the 
atomic or molecular energy spectra. However, 
the accuracy of these clocks is limited in prin- 
ciple and is determined by the characteristic 
width of the spectrum lines and hence by the life- 
times of the energy levels. The time intervals of 
the electromagnetic transitions in atoms and 
molecules which can be recorded as continuous 
electromagnetic radiation (not as particles, or 
y quanta) range from 107° to 10°® sec. These 
figures also determine the accuracy limit at- 
tained up to now in the measurement of time. 

Another method for measuring time, different 
in principle from the ‘‘frequency’’ methods, is 
described below. By applying this method it is 
possible to increase considerably the accuracy 
of measurement. The principle of this method, 
which we shall call ‘‘nuclear,’’ is very simple 
and is based on utilizing the number of disinte- 
grations of radioactive nuclei (or unstable par- 
ticles ). 

The components of the proposed method for 
measuring time are essentially as follows: 
a) a source — radioactive nuclei (or unstable 
particles) b) a transducer to record the par- 
ticles or decay products, c) an electronic scaler 
and d) the display device —a counter calibrated 
directly in units of time corresponding to a given 
number of decay particles. 
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The stability of this ‘‘nuclear’’ clock exceeds 
the stability of atomic and molecular clocks be- 
cause changes of external conditions have prac- 
tically no influence on the decay constant of the 
nuclear transition.! At any rate the changes pos- 
sible in this case would be far less than the corre- 
sponding changes in the energy spectra of the 
atoms or molecules. 

Let us examine the basic limits in the proposed 
method for measuring time. This method is based 
on the uniformity of the decay process as a func- 
tion of time, which in turn enables us to take into 
account the decay probability per unit of time. 
However, as has been shown previously, accord- 
ing to the general premises of the quantum theory, 
the law of decay is in principle not homogeneous 
in time (the decay law deviates from exponential ) 
and hence the concept of decay probability per unit 
of time is in general only an approximation.” It 
is precisely this deviation of the decay law as a 
function of time which sets the basic limitations 
for the accuracy of the measurement of time in 
the proposed ‘‘nuclear’’ method. However, as has 
been shown previously, the condition under which 
the law of decay will be homogeneous in the time 
(i.e., with small non-exponential corrections ), is 


(Ti (nye "ss (1 EY, (1) 


where [ is the width of the decaying energy level 
and E, is its energy. It appears from (1) that the 
decay law becomes more homogeneous in time as 
I'/E,) decreases, i.e., the smaller the value of T 
and the larger Ey. We therefore conclude that for 
the purpose of measuring time it is desirable to 
select a decay state with small IT, i.e., witha 
long lifetime. On the other hand, the selection of 
a long lifetime is justified because no corrections 
are needed to compensate for the decay of the 
source.* Let us make some elementary esti- 
mates on the basis of (1) in order to ascertain 
the fundamental limits of the proposed ‘‘nuclear”’ 
method for time measurement. For instance if 
the aw emitter U?* with Ty. = 4.5 x 10° years is 
used as the radioactive nucleus and if the energy 
level of the a particles is Ey ~ 4 Mev, then the 
(nonexponential ) correction factor for a meas- 
ured time interval of ~ 1000 years will be of the 
order of 10~®°. Thus, though in principle the 
‘‘nuclear’’? method for measuring time also has 
an upper limit of accuracy, this limit can be 
moved very far away by a choice of nuclides with 
long lifetimes (small I’) and high values of the 
energy Ep. 

If the decay law is considered homogeneous in 
time, and has been shown to be true with a very 
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high degree of accuracy (practically ‘‘infinite’’), 
then the degree of accuracy of measuring time by 
the proposed ‘‘nuclear’’ method will be limited 
only by the statistical accuracy, i.e., the value of 
NvY2, where N is the number of disintegrations 
recorded by the counter. Thus a specified high 
accuracy in measuring time can be attained by 
selecting a sufficiently large N. This evidently 
reduces in turn to the choice of a high source 
power (number of disintegrations ) and a low- 
inertia transducer capable of recording (without 
being ‘‘swamped’’) all the disintegration events. 
In order to obtain some practical figures let us 
consider the following examples: 1 g-atom of 1h 
is needed to measure 0.1 sec with an accuracy of 
107!!, ~1 g-atom of C! is required to measure 
1 min with an accuracy of 1071! and to measure 
1 year with a degree of accuracy of 107'!, either 
~ 108 g-atoms of U?*® or 10 g-atoms of Ni®? are 
required. To achieve 100% registration of all the 
disintegration events, one can use either a large 
number of ordinary (inertial) transducers or 
low-inertia ones recording the particles through 
stimulation of very short-lived nuclear energy 
levels. 

It is evident that the accuracy of the proposed 
‘‘nuclear’’ clock increases with increasing time 
interval to be measured, i.e., with increasing 
clock operating time. 

Even though various technical problems may 
be encountered in the course of developing the 
proposed “‘nuclear’’ method for measuring time 
(such as the production of thin films of very 
large amounts of radioactive substance, the need 
to eliminate ‘‘collective effects,’’ etc), it would 
be natural to attempt it experimentally, because 
the method enables us in principle to obtain a 
sharp increase in the accuracy of time measure- 
ment, in comparison with even the most highly 
developed contemporary ‘‘frequency’’ methods. 

Finally, let us note that the development of a 
very accurate method for measuring time will 
permit a detailed investigation of the decay law 
of short-lived physical systems (especially the 
deviation of the decay law from the exponential ), 
particularly of elementary unstable particles, 
thus yielding valuable information on elementary- 
particle interactions.” 

In conclusion, I express my gratitude to Acade- 
mician I. E. Tamm, Professor V.L. Ginzburg, 
Professor E. L. Feinberg, and to all the partici- 
pants in the theoretical seminar at the Physics 
Institute of the Academy of Sciences, and also to 
Professor G. I. Petrashen, Professor S. E. Khaikin, 


THE EDT OR 


Yu. N. Demkov, and A. M. Khalfin for valuable 
discussions and comments. 


¥[. must be noted, to be sure, that it is not absolutely 
necessary to use very long-lived states for the proposed 
method of measuring time, because corrections for decay can 
be obtained by determining the lifetime by means of an ex- 
periment on resonance scattering of decay products, which is 
independent of the experiment on the time measurement. Let 
us also note that the choice of very long-lived states is not 
convenient for practical purposes, because it will involve a 
very large amount of radioactive substance. 
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AT 290 Mev 
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V. M. SIDOROV, and V. A. YARBA 
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Submitted to JETP editor June 7, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 506-509 
(August, 1960) 


Tre importance of studying 7-7 interactions is 
evident and has been reiterated earlier.!>* How- 
ever, the experimental determination of 1-7 
scattering data is very difficult because one has 
to use only indirect methods. All the available 
information on 7-7 interaction is given in Table I. 
It should be pointed out that only order-of-magni- 
tude measurements of the 7-7 interaction cross 
section were attempted in references 1, 2, and 3. 

In the present paper use was made of photo- 
emulsion data (200 events) obtained from the 
study of the reaction 


wm + pon +n*+n (1) 
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TABLE I. Data on 2-7 interaction 


cross sections 
Loli ic Sat IN I a Real 


Process Sy, mb Initial reaction 
mt tt gt > gt 4 gt =O) YES | Geiss Gg lle ee aL Ge 
Tt + e- —> et 1 ~20 § ** mt +portt+nrcoy) 
(960 Mev) 
Tm = 7°—> g- + 9 ~40 2 ¥*k | ao 4+ pon- 4+ no4+p 
(960 Mev) 
tT + 79> g- + 0 ~30 9 ** m+po>n +79+ p 
(1 Bev) 
mt + n-— 70+ 70 (47%) *, KEK to 22 p> ot eb we =k on 
aa 7 t 
(290 Mev) 


* At zero meson energy. 
** Averaged over meson energy. 
*** Present paper. 


The emulsion stacks were irradiated in the nega- 
tive-pion beam of the synchrocyclotron of the Labo- 
ratory of Nuclear Problems (Joint Institute for 
Nuclear Research). The average energy of the 
primary pions was found to be 290 + 15 Mev, after 
correction for the slowing down in the emulsion. 
The preliminary results on the energy and angular 
distributions of the secondary particles from re- 
action (1) were reported at the Kiev Conference on 
High Energy Physics in July, 1959, and published.’ 

As a theoretical basis for the reduction of the 
experimental data we used the results of A. A. 
Ansel’m and V. N. Gribov‘ in which it is shown 
that the amplitude of the charge-exchange process 
a +1*— 7° + 7° at zero energy can be determined 
from the energy distribution of secondary par- 
ticles in a reaction such as (1) near threshold. 
The inclusion of the interaction of particles in the 
final state, under the assumption that the interac- 
tion is non-resonant, permits one to write for the 
energy distribution of the secondary particles 
(correct to terms linear in krg, where k is the 
meson momentum and is of the same order as the 
total kinetic energy of the three particles in the 
c.m.s. and ry is the reaction radius ) 


ds di A(lap ck + dha) (2) 


Here A is a constant determined by the total 
cross section for reaction (1). The coefficients 
c and d are associated with the 7-7 and 7-n 
charge-exchange amplitudes at zero energy, kyo 
and kj; are the absolute values of the relative 
n*-n~ and 7*-n momenta, respectively; dI is 
an element of phase volume. Making use of iso- 
topic invariance one can write: 


c/d = (a2 — a) /V 3 (by, — bp), 


where ay and a, are the amplitudes of pion-pion 


(3) 
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scattering at zero energy in states with isotopic 
spin 0 and 2, by. and bs. are the amplitudes of 
pion-nucleon scattering at zero energy in states 
with isotopic spin Wp and Whe Since the difference 
(by — bg) is known,” one can find the difference 
of the amplitudes a, — ay and, hence, the exchange 
amplitude ay) = ¥, (a, — ay) from the experimen- 
tally determined ratio c/d. However, this theory 
may not be quite applicable at 290 Mev. The point 
is that the theory is linear in kr, so that it is 
necessary that terms quadratic in kry be small 
compared to the linear terms and, hence, that the 
P phase shifts of the m-n and #-7 scattering be 
small. In our case the kinetic energy in the c.m.s. 
is about 90 Mev. The average energy of the par- 
ticles in the final state is about 40 Mev. At this 
energy one of the P-phase shifts of m-n scatter- 
ing, 633, is comparable with the S phases 63 and 
O4. 

Nevertheless, we attempted to reduce the ex- 
perimental data in an effort to find out how well 
Eq. (2) describes the experimental situation. With 
this aim, the entire kinematically available region 
in the kj», ky3 plane was divided into regions con- 
taining 13 points or more, the density of points 
within a region being approximately constant. 
Thus, the whole region was divided into 9 parts. 
Owing to the energy dispersion (+15 Mev), only 
those events were chosen which were situated in 
a region internal to the limiting values (see Fig. 1). 
If Eq. (2) is correct, the points having the coordi- 
nates Xj, yi, Zi Should lie on a plane. Here xj 
and yj are approximately equal to the average 
values Kis and kj) for each region and zj; is equal 
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FIG. 1. Distribution of events form +p2m7 + m+ +n reac- 
tion at 290 + 15 Mev in the k,,,k,, plane. Here k,,,k,, are the 
relative momenta (7* — 7) and (7* — n) in units of 7c. Curves 
1, 2, 3 restrict the kinematically available regions for energies 
of 275, 290, 305 Mev, respectively. 
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to the total number of points in each region di- 
vided by the average value of the phase volume. 
The analysis carried out with a x? distribution® 
has shown that within the experimental errors the 
points lie on a plane. The ratio c/d as obtained 
from the equation of the plane is equal to — (0.76 
+ 0.65). It should be noted that other divisions 
analogous to that shown in Fig. 1 lead to the same 
value of c/d. From Eq. (3) one obtains a value 
—(5+4)x 10cm for the difference (a, — a); 
this corresponds to a charge-exchange cross sec- 
tion O7+_ _-—»q0+q0 = 47at, = 4°} mb. The given 
experimental errors are determined by statistics 
and not by inaccuracies of the theory at our energy 
which have not been included. 

All the data available at present concerning the 
amplitude of S-wave 1-7 scattering are listed in 
Table II. As is seen from the table, the results of 
various authors differ both in absolute value and 
in sign. In such a situation it is of great interest 
to obtain more accurate data. Since in our treat- 
ment the accuracy of the theory is the main prob- 


TABLE II. S wave m-7 scattering 
lengths (h/ure units ) 


4 ge Oper Initial reaction 
Al tt = mt + gt + ee [7] 
—(0,35-L0, 30) ™ : p + ot L ¢- t nxk 
~1 zr+N—>n+N [19] 
—0, 48 —0,8 0,3 ee ee Sn [Py 
—0),3 —( On7 K= > 3x [22] 
ais rt+N +x+N [3] 


* Present paper. 


lem, it is more useful to run an experiment at 
lower energies, where the theoretical assump- 
tions are more valid. At present such an experi- 
ment is being performed at an energy of 240 — 250 
Mev (40—50 Mev in the c.m.s.). 

The authors are grateful to Prof. V. P. Dzhele- 
pov for his interest and attention and also to A. A. 
Ansel’m and V. N. Gribov for valuable discussions 
and advice and to S. N. Sokolov for help in the data 
reduction. 
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SHOWERS 
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In a previous article,! the existence of a peculiar 
feature in the lateral distribution of shower par- 
ticles in the core region of extensive air showers 
(EAS) was reported. Narrow beams consisting of 
a large number of particles (from four to fifteen) 
were detected in studying the core structure by 
means of a diffusion chamber. The experimental 
results obtained previously made it possible to 
regard the observed particle beams either as the 
cores of electron-photon showers produced by 1° 
mesons, or as groups of high-energy » mesons. 
It will be shown that the second hypothesis is the 
more likely one. 

Let us assume that the beams under considera- 
tion represent the cores of electron-photon show- 
ers initiated in the decay of 7° mesons produced 
in nuclear interactions. We shall estimate the 
energy of the primary particle which produced 
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the shower, and the altitude of shower production In the experiment, the lead glass covered half 
above the observation level. For this purpose, it of the diffusion chamber. During 850 hours of 
1s necessary that, in a circle with 4 cm radius operation, 16 particle beams with =>4 particles 


(which corresponds to the maximum dimension of were detected in the uncovered part of the cham- 
the observed particle beams), the average number’ ber. The number of particles in the beams, their 
of particles be n = 7 (which corresponds to the distance from the shower axis r, and the total 
average number of particles in the beams). From number of particles in the shower to which the 

the results? of the electromagnetic cascade theory beam belongs N, are shown in the table. Measure- 


for the lateral structure of an electron-photon ments were made under the lead glass during 440 
shower initiated by a particle with a finite energy hours. The features of the beams observed under 
Eo we find that the required number of particles the lead glass are also presented in the table.{ 
in a circle with the given radius can, at any stage On the average, one should observe, during the 
of shower development, be produced only for Eo above-mentioned period, 8 beams with =15 par- 
ei ey. Moreover, at Ep = Oe ev, the maxi- ticles under the lead glass. In reality, no beams 
mum number of particles in a circle with the with >8 particles were observed under the lead 
given radius is attained at the depth of ~ 2t, and glass. In order to assess the probability of such 
is equal to ~6, which is in agreement with the an event, it is necessary to know the character of 
experiment.* the fluctuations in the development of showers 
The energy spectrum of electrons and photons produced by electrons and photons in the lead 
in a shower produced by a 10” ey particle has, at glass. Calculations** show that in spite of the 
the depth of 2t, the following form (where Ne and small thickness of matter, fluctuations do not play 
Nph are the number of electrons and photons re- an important role, since many particles are pres- 
spectively with energy greater than E): ent in the beam. 
E 108 109 10% 40u The diffusion chamber was placed above a two- 
Ne(>E) 9.9 40 2.5 0.5 row array of ionization chambers.‘ The first row 
N ph(>E£) 10 8.0 4.0 0.8 rye : : 
of ionization chambers was shielded by a 5t layer 
In order to study the shower-producing proper- _ of lead, and was used for determining the energy 
ties of the particles belonging to the bunches, a flux of the electron-photon component. The sec- 
TF-1 glass plate with a high lead content was ond row of ionization chambers, placed under a 
placed on top of the diffusion chamber in the pres- composite lead and graphite absorber, was used 
ent experiment. The plate was 0.8t thick. (The for the determination of the energy flux of the 
critical energy in glass is 6B = 14 Mev, and the nuclear-active component. Unfortunately, it was 
radiation length is ty = 9 g/em*.) According to not possible to trace fully the transformation of 
the calculations of Arley,? the number of particles a particle beam in the absorber, since it is ac- 
in the beam should, after traversing 0.8t of lead companied by the electron-photon and nuclear- 
glass, multiply by a factor of four. Moreover, active components of EAS. The observed large 
one should consider only those particles under the multiplication during the passage of the beam 
glass having an energy above 10° ev, since the dis- through the first row of chambers may be due to 
tance between the sensitive layer of the chamber the electron-photon component of EAS, since the 
and the glass amounts to 25 cm, and particles area of an ionization chamber is roughly 20 times 
having lower energies may, because of a large greater than the dimensions of the particle beam. 
deflection angle, merge with the background. Ionization bursts in the second row of chambers 
Thus, beams with four or more particles should, are also observed during the passage of the beam. 
after traversing the lead glass, contain on the av- Although a fraction of the bursts are possibly due 
erage =15 particles.f to the nuclear-active component, the bursts ob- 
Open part of Part of the chamber Open part of Part of the chamber 
the chamber under the lead glass the chamber under the lead glass 
r,m |N-40- n r,m | N-10-? n | rm IN n Eye ON 105 n 
| j { 
4 5 5 1 22 5) 5 50 at 6 880 ; 8 
(Silo OO) iOloat 20 5 5 208 Menee al a 120 7 
We 3 10 4 10 6 6 | 100 5 10 60 6 
2 400; 6 4 34 5 & 4) 00a | 1 P40 600 4 
2 60 | 13 ABE (oon ee 9 BO WG) HAD 500 4 
fa) 150 5 2 100 4 40 , 100 5 
4 20 0b ate oanle? Br aiees | Sh 11100.) 12 | 
5 BO oe lee. | 6a0 Go 12 200 Fe 
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served in the second row of chambers character- 
ize the passage of the beam through the absorber 
more directly than the bursts in the first row, 
since the flux of nuclear-active particles in the 
shower core amounts to about 1% of all charged 
particles. The experimental size distribution of 
bursts in the second row of chambers is as follows 
(where AE is the energy interval, and $y is the 
observed number of events in the given intervalfT ): 


AE, ev <2-109 2-409—2.1010 = > 2. 4010 
On 39 if 2 
Os 40 5 3 


Let us assume that the observed particle beams 
consist of high-energy » mesons. The main 
process leading to the appearance of bursts of 

the size given above is the production of electron- 
positron pairs by » mesons. Assuming a w-meson 
energy E = 10!3 ev, as found in an earlier esti- 
mate,! we find that the probability that a single u 
meson produces a pair of >10° ev in the lead- 
graphite absorber (~10t) is 0.3. This means 
that the passage of 4 mesons should, in general, 
be accompanied by small bursts in the second row 
of ionization chambers. A comparison of the ex- 
perimental distribution of bursts in the second row 
of ionization chambers with the theoretical distri- 
bution @p, obtained taking pair production by p 
mesons into account,” is given above. 

If we assume that the particle beam consists of 
p mesons, then the relative increase in the par- 
ticle number during the passage through 0.8t of 
lead glass due to electromagnetic interactions of 
41 mesons should be negligible. This is borne out 
by the experiment. 

Thus, the absence of multiplication during the 
passage of the particle beam through a 0.8t thick- 
ness of lead glass strengthens the hypothesis that 
the beam consists of high-energy uw mesons. Also, 
this assumption is not contradicted by the ioniza- 
tion chamber data. 

In conclusion, the authors would like to thank 
L. G. Smolenskii and B. A. Zelenov for help in 
carrying out the experiment, and S. F. Semenko 
for help with the calculations. 


*For t, = 10°" ev, the maximum number of particles in the 
circle with the given radius is roughly 50 times smaller than 
for E, = 10*? ev. 

tThe observed particle beams cannot be due to low-energy 
(E, < 10° ev) electrons and photons, since, in that case, the 
trajectories would not be collinear. 

tAlthough the difference in the frequency of beams in the 
open part of the chamber and under the lead glass lies within 
the limits of statistical error, it is possible that a certain in- 
crease in the beam frequency under the lead glass is due to 
the multiplication of single high-energy electrons and photons 
in the lead glass. 
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**We have carried out the calculations assuming a Furry 
distribution for the fluctuations (which leads to a large over- 
estimate of events with a low multiplication). Even in this 
limiting case, we would be able to observe a picture under the 
lead glass for which the table predicts a probability of only 


<10=. 
+tThe detection threshold is equal to ten relativistic par- 


ticles, which corresponds to an energy of ~10° ev transferred 
to the electron-photon component. 
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We carried out preliminary experiments on 
measuring the reactive part of the surface imped- 
ance of Sn at 1.9 Mc/sec and helium tempera- 
tures. Samples of a cylindrical shape were placed 
in the coil of an oscillating circuit. On applying 
the magnetic field the frequency of the generator 
was changed by change of reactive component of 
the sample impedance. The frequency shift was 
measured to an accuracy of 0.01 cycles by means 
of apparatus, the detailed description of which 
will be published shortly. 

In the diagram are plotted the results of meas- 
urement on one of the samples placed in a mag- 
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netic field which was parallel to the axis of the 
coil and the specimen. Along the ordinate axis 
is plotted the relative change of the reactive com- 
ponent of the impedance relative to the total mag- 


nitude, the latter being determined from the change 


in the oscillator frequency when the sample has 
passed into the superconducting state. In the top 
portion of the diagram are plotted the first parts 
of the curves at various temperatures on a larger 
scale. 

The samples, to which the quoted results apply, 
consisted of some large crystals, whose orienta- 
tions differed by 2 — 3°, and, obviously, were 
grown from one seed. The [001] axes of these 
crystals were at an angle of ~ 35° with the sample 
axis, and the angle between the [100] axis and the 
projection of axis of the sample on the (001) plane 
was ~ 30°. Similar results were obtained on an- 
other sample, the axis of which made an angle of 
~ 70° with the [001] axis. 

These two specimens were prepared from tin, 
containing approximately < 10-4% impurities 
[p (4.2°K)/p (20°K) = 1x 107°] and cast in cyl- 
indrical quartz ampules, the ends of which were 
drawn out (sample diameter 8 mm, length of the 
cylindrical portion 40 mm, total length of the 
sample 60 mm.) The inner surface of the ampule 
was covered with a layer of carbon before casting. 
The sample was placed in the apparatus together 
with the ampule, which protected it from damage. 
After one of the samples had undergone a series 
of changes, it was removed from the ampule and 
the investigation repeated. In this case the char- 
acter of the AX/X dependence was completely 
altered. Instead of a curve with two extrema, a 


monotonic reduction of X was observed in all the 
ranges of the field investigated. For a series of 
samples, prepared from some less pure tin and 
removed from the ampule before the measure- 
ments, the X-H dependence was also monotonic- 
ally decreasing. 

At present it is difficult to state any definite 
conclusions about the nature of the observed phe- 
nomena. A cyclotron-resonance experiment to 
explain its origin would require the introduction 
of a mean free path on the order of several centi- 
meters. There is a striking similarity between 
our results and the oscillations of surface imped- 
ance at 9400 Mc/sec in a field of the order of sev- 
eral oersted, observed by M. S. Khaikin, for which 
there is still no explanation. A conjecture can be 
made that both the two effects are based on a 
mechanism which is independent of the frequency. 
To us it seems advisable to measure the imped- 
ance at still lower frequencies and make a static 
measurement of the magnetic susceptibility in the 
weak-field range. 

We express our thanks to M. S. Khaikin for ac- 
quainting us with his results prior to their publi- 
cation. 


1M. S. Khatkin, JETP 39, 212 (1960), Soviet 
Phys. JETP 12, 152 (1961). 
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Institute for Physical Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor June 22, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 513-516 
(August, 1960) 


iF order to use cyclotron resonance studies! to 
explain the features of the structure of the Fermi 
surface of a metal, it is necessary to develop 
methods for analyzing cyclotron resonance spec- 
tra, which sometimes contain several tens of 
minima of the metal surface resistance.” The 
Kaner and Azbel’ investigation! of the relative 
depth of resonances as a function of the order of 
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resonance is unreliable, primarily because the 
depth of resonances can only be determined ap- 
proximately. This is clearly illustrated by the 
spectrum in Fig. 1, where the observable reso- 
nances partially overlap. However such indeter- 
minacy occurs also in the more favorable spectrum 
of Fig. 2, and at the same time it is always made 
worse by the strong dependence of the depth of 
resonances on temperature and on the inclination 
of the magnetic field relative to the surface of 
the sample. A study of the depth of resonances 
as a function of the electromagnetic-field fre- 
quency! is also inadvisable, owing to the difficulty 
of varying the frequency substantially; a small 
frequency variation, which is relatively easy to 
realize, obviously cannot give precise results. 


—— 
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FIG. 1. The effect 
of inclination of a con- 
stant. magnetic field to 
the surface face of a 
specimen on the char- 
acter of cyclotron-res- 
onance spectra. The 
ordinates represent 
the logarithmic deriv- 
ative of the surface 
reactance of tin (in 
relative units). The 
angles of inclination 
of the field are indi- 
cated to the left of the 
curves, with an accu« 
racy of +1’. The tem- 
perature of the sample 
was 2.4 deg K. 
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FIG. 2. The effect of the sample temperature on the nature 
of the cyclotron-resonance spectra. The temperature in deg K 
is indicated on the left of the curves. The magnetic field is 
directed along the bisector of the angle between the tetragonal 
and binary axes of the tin crystal. 
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Chambers? noted that the dependence of the 
depth of cyclotron resonances on the inclination 
of the magnetic field ought to be different for dif- 
ferent groups of electrons: strong for electrons 
with velocity along the field, and weak for elec- 
trons which do not have such a velocity and move 
in closed (or almost closed) orbits.* Observa- 
tion of this effect should obviously facilitate the 
analysis of cyclotron resonance data. Fawcett? 
has observed a different dependence of the depth 
of two broad minima in the surface resistance of 
aluminum on the field inclination, within the lim- 
its of +4 deg. 

Figure 1 presents the results of an experiment 
on the effect of a small inclination of the magnetic 
field to the surface faces of the sample on the 
character of the cyclotron resonance spectra. 

The measurements were carried out by the fre- 
quency-modulation method.*»® The sample was a 
single crystal of very pure tin with dimensions 

13 x 6x 1mm. The tetragonal axis of the crystal 
was directed along the sample, and the binary 
axes were parallel to its two smaller dimensions. 
The high-frequency current flowed along the 
sample, and the high-frequency and constant mag- 
netic fields were parallel to the binary axis in the 
face of the sample.’ 

As is apparent in Fig. 1, inclination of the mag- 
netic field by a few minutes of angle affected 
strongly the depth of resonance of one sequence 
without affecting the five deeper and sharper reso- 
nances. These latter are related to the main se- 
quence of resonances, found in reference 2 for a 
given field orientation, which correspond to an 
effective mass 0.27 me. The insensitivity to the 
inclination of the field indicates that these reso- 
nances are caused by electrons which do not have 
a significant velocity along the field direction, i.e., 
by electrons belonging to the central section of the 
Fermi surface by the (100) plane perpendicular to 
the constant magnetic field. 

The other sequence of resonances, which dis- 
appear rapidly with increasing inclination of the 
field, is due to the group of electrons which have 
a significant velocity along the direction of the 
magnetic field. This group of electrons, the ef- 
fective mass of which is equal to 0.49 Me, Should 
belong to a non-central extremal section of the 
Fermi surface by the (100) plane. 

Experiments, the results of one of which are 
presented in Fig. 2, have shown that the depth of 
cyclotron resonance increases quickly with de- 
creasing temperature of the sample, and that their 
width also decreases somewhat; for several other 
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orientations of the field such a relation is even 
steeper than in Fig. 2. This indicates that the 
parameter wT is not large enough in spite of the 
fact that the samples were made of very pure tin 
(an estimate yields wt ~ 50) in which the mean 
free path of the electrons, is possibly already 
limited by isotopic inhomogeneity of the metal.’ 
Obviously a lowering of the sample temperature 

is necessary to resolve the resonances and to in- 
crease the accuracy of measurements of the reso- 
nant field values. However a more important re- 
sult of these experiments is that, as seen from 
Fig. 2, the resonant field values do not depend on 
the temperature, at least, in regions below 3 deg K 
(an insignificant increase in the resonant fields 
values is noticed above 3 deg K). This fact permits 
us to assume that the values of the effective masses 
found from the cyclotron-resonance spectra actu- 
ally correspond to definite sections of the Fermi 
surface. The insufficient value of the parameter 
wt could lead to an averaging of the experimen- 
tally-obtained effective masses over a consider- 
able region of the Fermi surface, thus greatly re- 
ducing the value of these data. A similar partial 
averaging apparently takes place at temperatures 
above 3 deg K. 

It is appropriate to note the sharp increase in 
the number of observable resonances in each se- 
quence with decreasing temperature, owing to the 
increase in the value of wt. This guarantees a 
substantial increase in the accuracy of measure- 
ments of the effective mass at lower sample tem- 
peratures. 

The author thanks P. L. Kapitza and A. I. Shal’- 
nikov for their interest in this work. 


*The fundamental theory of cyclotron resonance in an in- 
clined magnetic field is examined by Kaner.* 
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2M. S. Khaikin, JETP 37, 1473 (1959), Soviet 
Phys. JETP 10, 1044 (1960). 

3R. G. Chambers, Can. Journ. Phys. 34, 1395 
(1956). 

4. A. Kaner, JETP 33, 1472 (1957), Soviet 
Phys. JETP 6, 1135 (1958). 

5m, Fawcett, Phys. Rev. Lett. 3, 139 (1959). 

8M. S. Khaikin, [pu6oppi u Texuuka 9KCMepuMeHTa 
(Instr. and Exptl. Techniques ), in press. 
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(August, 1960) 


Ir is obvious that the occurrence of inhomoge- 
neous magnetization in magnetic systems in a 
constant external magnetic field leads to a break- 
down of the uniform precession. We shall con- 
sider therefore that the homogeneous precession 
is unstable if small fluctuations lead to growing 
magnetization waves. We shall investigate the 
stability of the uniform precession of a series 
of ferromagnetic and ferrimagnetic systems. 

1. The change in the magnetization of a ferro- 
magnet can be described by the equation 


M=—y7[M ; Here], 


Hege = Hy -- AM ~- Hex (/° / M) VM ~- Ha, (1) 


where Hp is the external field, A the constant of 
the molecular field, Hex the magnitude of the mo- 
lecular field, / the interatomic distance, and Hg 
the demagnetizing field. 

If we seek a solution of (1) in the linear ap- 
proximation in the form of magnetization waves 
(spin waves) with the frequency w, and the wave 
vector k, then the waves of wavelengths smaller 
than the dimensions of the system®* satisfy the 
following dispersion relation 


On = Y((Hi + Belk?) (A; + Hed?k? + 4nM sin? 6)|”, (2) 


where Hj = Hy — 4mMNz, Nx = Ny and Nz are de- 
magnetizing factors, the field Hg is along the z 
axis, and @ is the angle between k and Hy. The 
nonequilibrium state will be unstable with respect 
to spin waves if the following relation is satisfied 


— An < Hy a tet tk = OF (3) 


(In this case the frequencies w, become imagi- 
nary.) 

For magnetostatic types of oscillation (for small 
k)! we must replace sin?@ in (2) by 


Bamr = o (1 pas Ppa i o (1 =a eae) == ee 
where 6 is the ratio between the major and the 
minor axes of the ellipsoid, and z3my is the 
square of the r-th root of the associated Le- 


gendre polynomial Pi(z) with 0< Zam vesle 
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We must take k= (n, m, r) and eliminate the 
terms He,/’k’.+ It is clear that the oscillations 
begin to build up when Hj < 0. 

Formula (2) is correct if the angle between Hy 
and M is close to 0 or 7; however, calculations 
show that instability appears always whenever 9, 
the angle between Hy and M, is greater than 1/2, 
since the spectrum for an arbitrary gy (but not 
close to 7/2) has the form (for a spherical 
sample ) 


on = 1 [((H’ — + 40M cos 9 sin? 9) 
xCHo Se = 4nM cos ¢ sin?6)|"", 


H’ =H, + (cosp + + tan qsin@) (Hexl?k? — + 1 M) 


i dl 


cos p4aM sin? 0 + = 4n M sin p tan @ cos? 6. 


From the above formula it is clear that it is 
impossible to have a stable uniform precession 
of the magnetization of a ferromagnet if the angle 
between H and M is obtuse. In this sense the re- 
sult of reference 2 on coherent radiation from in- 
verted systems is incorrect when applied to ferro- 
magnets. The same is true of the paper of Mor- 
genthaler,? in which the question of ferromagnetic 
systems (ferrites) especially is discussed. 

We notice that the characteristic time of oc- 
currence of spin waves is of the order of 
T= yi TyM. 

2. For a ferrimagnet near the compensation 
point we can find a dispersion relation by using 
equations analogous to (1) (but with two sub- 
lattices). Analysis of this relation shows that 
the spin waves with @ = 0 build up the fastest; 
for them 


Or = ial + ark + KG — walk”, 


K ==(t1— 12) Ay + = (t+ Ye) Ha 


The instability occurs when 


Wex ~ YH exe 


2WexK + K? + 0 exl*h? < 0, (4) 


Here y; and y2 are the gyromagnetic ratios for 
the first and the second sublattices, and Hag the 
effective anisotropy field, which is the same for 
both sublattices. 

We note that in the case of a ferrimagnet at the 
compensation point the frequency can become com- 
plex if condition (4) is fulfilled and k = 0, i.e., for 
uniform precession (with a build-up time smaller 
than for spin waves). This means that uniform 
precession predominates in the linear approxima- 
tion considered here. In reference 4 account is 
taken of nonlinearity for uniform precession. 

3. Suhl° has shown that there exists a nonlinear 
mechanism for the build-up of spin waves as a re- 
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sult of their interaction with the uniform preces- 
sion. It was shown that for small angles ¢, in- 
stability appeared if sin’gy > /4nMy, where 7 is 
the coefficient of relaxation of the spin waves. The 
characteristic instability time is T » (4m™My 

x sin? g — n)e. 

A calculation for a ferromagnet shows that for 
an arbitrary angle (but not close to 1/2), insta- 
bility occurs, the spin waves build up exponentially, 
and T = 1/47Mysingtang. In making this conclu- 
sion it is assumed that there already exists a uni- 
form precession at an angle g (in general not 
small) and we investigate its instability. The 
question considered above will be discussed in 
the journal Usp. spicm. uK., Paguopusuxa (News of 
the Colleges, Radiophysics ). 
~ *Rough calculations show that the dispersion relation (2) 
is correct for waves with wavelength ten times shorter than the 
dimensions of the sample. 

tWe note that the dependence of the magnetization of the 
magnetostatic oscillations on the coordinates is not described 
by the function eik:r 

17, R. Walker, Phys. Rev. 105, 390 (1957). 

2V.M. Fain, JETP 34, 1032 (1958), Soviet Phys. 
JETP 7, (14 (1958). Op rcit. ret.745 07 75 (1o5e). 

3F. Morgenthaler, IRE. Trans. Microwave 
Theory and Techniques, Jan. 1959, page 6. 

4V.M. Fain, Msp. By30B, Pagvodusuka (News 
of the Colleges, Radiophysics) 2, 876 (1959). 

°H. Suhl, J. Phys. Chem. Solids 1, 209 (1957). 
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IK a recently published article! we solved the 

problem of calculating the absorption coefficients 
of an oscillating magnetic field polarized in a di- 
rection perpendicular to the axis of easiest mag- 
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netization. Initially we had started with the 
Hamiltonian of the system which included only 
the exchange interaction. 

Subsequently one of us (Tsukernik) showed that 
in this case there occurs only resonance absorp- 
tion of a homogeneous oscillating magnetic field, 
since the total magnetic moment commutes with 
the Hamiltonian of the system. The results ob- 
tained in reference 1 are, thus, incorrect. 

The erroneous result is due to the fact that in 
calculating the matrix transition elements we had 
confined ourselves to the first perturbation- 
theory approximation. Account of the second ap- 
proximation shows that the matrix element be- 
comes, with corresponding precision, zero.* 

Nonresonance absorption of a homogeneous 
field is connected with relativistic interactions 
within the system (dipole-dipole interactions, the 
energy of anisotropy, etc.). This problem is stud- 
ied in detail in an article which will be published 
later. 

Here we will only cite the value of the absorp- 
tion coefficient of a transverse magnetic field 
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whose frequency is considerably greater than the 
frequency of the spin wave with a zero quasi- 
momentum: 


29 a2 i) 
oLt w 
oM 


u Mo ho 
15V 2. ely 0, V hw 


G 
coth aT 


Wie 


where w= w/a (the notation is the same as in 
reference 1). 

The absorption described by this formula is 
caused by the dissociation of a photon into two 
spin waves with opposite quasimomenta. 


*For this remark we are indebted to V. G. Bar’yakhtar and 
S. V. Maleev. We take this opportunity to express our gratitude. 


1M. I. Kaganov and V. M. Tsukernik, JETP 38, 


1320 (1960), Soviet Phys. JETP 11, 952 (1960). 
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